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PREFACE 

In presenting this book to the public the authors have had in 
mind primarily the needs of their own students in mathematics; 
they hope, however, that the book may be found of service to other 
colleges and technical schools. 

In the development of the subject the method of limits has been 
used exclusively. A discussion of the various orders of infinitesi- 
mals is thereby avoided, and the student is made familiar with the 
use of limits as the basis of a rigorous demonstration, a drill that 
will be of service to him in his subsequent study of mathematics. 

The book has not been divided into Differential Calculus and 
Integral Calculus. The arrangement adopted has certain distinct 
advantages. The student becomes familiar with integration as 
an inverse operation as soon as he has learned to differentiate, thus 
making it possible to introduce early a broader field of simple appli- 
cations of the calculus. Furthermore, by this arrangement, it is possi- 
ble to postpone until late in the course a consideration of some of the 
more difficult topics; thus the expansion of functions, singularities 
of plane curves, etc., are postponed to such a time as the student's 
knowledge of the fundamental principles of calculus makes it possible 
for him more fully to appreciate a more rigorous treatment of the 
subject. 

Throughout the book an attempt has been 'made to select such 
problems and applications as arise in the actual experience of an 
engineer without introducing technical difficulties beyond the experi- 
ence of the average sophomore student who has had the usual course 
in high school physics. The book has not been written, however 
solely from the point of view of the engineer. The applications are 
such as the general student will find both helpful and stimulating 
in showing the broad use of calculus in practical problems. 

More attention is given to the elementary applications to mechanics 
than is usual in calculus and perhaps less to geometry, it being the 
thought of the authors that the two should stand in about the same 
relative importance. 

m 



iv PREFACE 

The miscellaneous problems at the close of each chapter afford 
a general review of the calculus up to that point. Some of these 
problems will doubtless be found sufficiently difficult to test the 
mathematical ability of the strongest students. 

Another feature of the arrangement worthy of mention is the 
use of the spiral method so commonly employed in elementary 
mathematical texts. For example, when the subject of maxima 
and minima is first discussed, only a geometric proof is given. Sub- 
sequently a more formal proof is introduced with additional exercises 
of a more difficult character. The same statement applies to other 
important topics. 

The addition of a carefully prepared index makes the book readily 
available for reference purposes. 

The authors take this opportunity of expressing their appreciation 
of the assistance and helpful suggestions that their colleagues in the 
mathematical and engineering departments at the University of 
Illinois have given them during the preparation of the book. They 
wish to acknowledge their obligations to Professor Alexander Ziwet 
of the University of Michigan, to Professor E. W. Davis of the Uni- 
versity of Nebraska, and to Professor A. H. Wilson of the Alabama 
Polytechnic Institute, who have read the manuscript; also to Pro- 
fessor C. N. Haskins, Professor A. G. Hall, and Dr. E. L. Dodd, who 
have rendered valuable assistance in seeing the book through the 
press. 

E. J. TOWNSEND. 
G. A. GOODENOUGH. 

University op Ilungib 
January, 1908 
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A FIEST COURSE IN CALCULUS 



CHAPTER I 

CONSTANTS, VARIABLBS, FUNCTIONS 

1. Constants, variables. In the applications of mathematics 
to physical problems, we meet with such magnitudes as velocity, 
force, mass, length, area, volume, etc. The measure of a magni- 
tude is expressed by means of a number, represented by a figure 
or letter, which denotes the ratio that the given magnitude bears 
to some standard magnitude of the same kind adopted as a unit. 
For the purposes of calculation, it is the number which is of funda- 
mental importance. For the sake of brevity, however, we shall 
often speak of " a velocity v" or " an area .4," etc., instead of using 
the longer but perhaps more precise expressions " a velocity whose 
measure is v units" or " an area whose ratio to the standard unit of 
area is -A," etc. 

In any particular discussion, the magnitudes and consequently 
the corresponding numbers may or may not change. A number 
which remains unchanged is called a constant. A symbol is then 
said to represent a constant when it denotes but one value in a 
given discussion. A symbol satisfying this condition is itself 
often called a constant. 

When a number is permitted to assume different values in the 
same discussion, it is called a variable. A symbol is said to represent 
a variable if it has assigned to it different values in the same dis- 
cussion. Here again it is usual to speak of the symbol itself as the 
variable. 

For example, suppose a body falls from rest. The law which 
gives the relation between the time t and the distance 8 through 
which the body falls is expressed by the equation 

s^ige. (1) 

1 



2 CONSTANTS, VARIABLES, FUNCTIONS [Ci . 

Here the number ^ is a constant denoting the acceleration at a 
point on the earth's surface. On the other hand, the time t and 
the distance s are variables, whose mutual relation is determined 
by the given equation. 

Again, in the equation of the circle 

(x - 2)2 + (y - 3)» - f*, (2) 

2 and 3 are constants which determine the center of the circle, and 
r is a constant denoting the length of the radius However, x and y 
are variables whose corresponding values, as determined by the 
given equation, fix the various positions of the generating point. 
To the constant r we may assign any value at pleasure, but when 
it has been once assigned it must remain unchanged during the 
investigation. A constant of this character is called an arbitrary 
constant. 

It is often desirable tp indicate the numerical value of an expres- 
sion, that is, its value without regard to its algebraic sign. We 
do this by writing a vertical line before and after the expression; 
thus, |a|, \x + y\ denote the numerical values of a and x + y, and 
are equal to |— a|, |— x — i/|, respectively. \a\ is read, ''the 
absolute value of " a. 

2. Functions. In each of the illustrations given in the preceding 
article, it will be observed that the variables involved stand in an 
intimate relation to each other. For example, in the law of falling 
bodies, s and t are so related that to any value assigned to t there 
corresponds a definite value of s. Moreover, to every positive 
value that we may give s, the given relation between s and t deter- 
mines corresponding values of t. Again, in the equation of the 
circle the variables x and y are related in a similar manner. Other 
illustrations of such relations between variables are familiar to the 
student from his study of elementary mathematics and physics. 
Whenever such a relation exists between two variables, we say 
that the variables are connected by a functional relation, or that 
the one is a function of the other. We may then define a function 
as follows: 

If two variables are so related that for each value which may 
be assigned to the one there are determined one or more definite 
values of the other, the second variable is said to be a function of 
the first. ^ 

The variable to which we may assign arbitrarily chosen values 



Art. 2.] FUNCTIONS 8 

is called the independent variable. It is also frequently referred to 
simply as the variable or argument. The variable which is thus 
determined, that is, the function, is sometimes called the dependent 
variable. 

In the illustrations given in Art. 1, s in (1) is a function of t, and 
in (2) y is s, function of x, the independent variables being t and x 
respectively. A function has a meaning, that is, it is defined, for 
only those values of the independent variable that give rise to 
definite values of the function. It may happen that the analytic 
expression of the relation between the function and the independent 
variable defines that function for certain values only of the inde- 
pendent variable. For example, in the equation of the circle 
x* + J/* B= r*, the values of y become imaginary for x less than — r 
or greater than r. The function y is therefore defined only for 

— r = X = r, or as we say for the interval (— r,r). Again, the 

function may be defined for certain kinds of values only, as positive 
values, or integral values. The essential characteristic of a function 
is that to each value that the independent variable is permitted to 
take by the conditions of the problem, there corresponds a 
definite value or definite values of the dependent variable or 
function. 

Given the analytic expression of the relation between two vari- 
ables, it is generally a matter of indifference which variable we select 
as the independent variable. In any particular problem we 
assume that variable as the independent variable which best 
suits our convenience and the nature of the problem. For example, 
a railroad train is moving at a constant speed. There exists a 
functional relation between the time and the distance traversed. 
If the time at which the train passes certain stations is desired, 
the distance should be taken as the independent variable; if the 
distance between stations is the subject of inquiry, then the time 
becomes the independent variable. 

A function may depend for its value upon two or more independent 
variables. For example, the area of an ellipse is a function of the 
major and the minor axes; the volume of a gas is a function of the 
temperature and of the pressure to which it is subjected. Such 
functions are said to be functions of two variables. For the 
present we shall consider only functions of a single variable; later, 
some of the properties of functions of two or more variables will be 
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discussed. As we proceed, the student will observe that the 
calculus is in reality a branch of the study of functions. 

3. Notation. Even when the algebraic relation of the independ- 
ent and dependent variables is known, it is often convenient 
to introduce a general symbol that shall stand for the function as 
expressed in terms of its variable. This is done by inclosing the 
variable in a parenthesis and prefixing some letter to it. Thus, 
a function of x may be denoted by such symbols as the following: 

/(x), F(a:),<^(x), ^(x),etc. 

It is to be understood that the letters/, F, ^, ^, etc., are symbols 
of functionality and not factors. Whenever two or more different 
functions are employed in the same discussion, a different symbol 
must be used for each. 

If a function depends upon two variables instead of one, it 
may be expressed symbolically by/(a:, i/), ^(x, y), etc. 

When, in connection with any discussion, we have once defined 
/(x), then /(a) denotes the same expression with x replaced by a. 
In a similar way, we may form functions /(O, f{^),f{^ + A), etc. 
Thus, if we have 

fix) =3x' + 7x + 9, 
it follows that 

/(O = 3 f' + 7 i + 9, 
/(4) « 3 • 42 + 7 • 4 + 9 = 85, 
f{x + A) = 3(x + hy + 7(0: 4- h) + 9. 

Instead of replacing the variable by another variable or by a 
constant, we may replace it by any function of the same variable 
or of a different variable. Thus we may write 

A<i>{^)l F[f{y)l iPisind), etc. 

Given, for example, the function 

Fix) = x» + 3 X -f 7, 

we have 

Fisin x) = sin' x + 3 sin x + 7. 

EXERCISES. 

[ 1. Given /(x) « a:" - 6 a;» + 5 a: - 14. Find the values of /(4), /(O), 
/(— 3). Write the expression for /(sin 0} and for fix 4- h), 

2, If ^(x) ^Sx* — 2x + 8, write expressions for ^(x*), ^(— x*), ^(tan d)j 

*(0), ^0^). 
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3. If F(e) - C08 <?, find the value of F{0),f{^,F (|), -FW- 

4. If f{x) =- a:* - 4 x» + a;, show that /(- x) - - f(x). 
6. If fix) - X* - 6 a:* + Ij show that /(- x) « f{x). 
6. Given F(a:) - 3 - >/a; and f(y)^y^ + 4. Find iT/(y)]and /[Fix)], 

also /[/(y)] and i^F(x)]. 

1 4" X 
\7. Given y = fix) — __ , and « =- fiy) = /[/(^)]; express z as a 

f uncHon of x. -. ^ «• \ ' ^ ^ 

8. If ^(x) '=» 2x^-1, show that <j>i cos ^) - cos 2 6, 

9. If <^(x) = 2 X Vl - x^ show that ^(sin ^) « ^(cos ^) « sin 2 ^. 

10. If fix) « log. X, show that /(x) - /(y) « /f-) , and /(x) + fiy) 
« /(xy). V2// 

11. If fid) «= cos e, show that /(^) =- fi- 6) /(tt + ^) /(;r - 6). 

12. If /(x) « sin X and ^(x) = cos x, find /(x) • ^(y) ± 4>ix)^fiy). 

13. If /(x) « e-,* show that /(x) -/(y) = /(x + y). 
L14. If /(x) - y/ \ ~ x», find /(sin ^) and /(cos ^). ^ > , .'•• "^ 
, 16. If fix) - Vl 4- x», find /(tan 0). /^\ , 

>. If/(x)-Unx,find-^I^:'' 

17. The following are laws found in elementary physics. In each case having 
selected the independent variables, and the function, write the laws (1) in func- 
tional notation, and (2) directly in terms of the variables. 

(a) The time of oscillation of a pendulum is proportional to the square root 
of the length of the pendulum.* 

(b) The kinetic energy of a moving body is proportional to the square of the 
velocity. 

(c) An electric current is proi>ortional to the electromotive force and 
inversely proportional to the resistance of the circuit. 

(d) Heat generated in a circuit by a current is proportional to the square of 
the current and to the resistance of the circuit. 

4, Graphs ot. functions. In accordance with the principles of 
analytic geometry, we may give a geometric interpretation to the 
I relation of a function to its variable. If we lay off the values of 
the independent variable as abscissas, the corresponding values 
of the function may be used as ordinates. The assemblage of 
the extremities of these ordinates is called the graph of the function. 
It is to be noted that the ordinates of the points on the graph 
and not the graph itself represent the values of the function. 

* c is used to denote the base of the Napierian system of logarithms, namely, 
2.718 . . . Log X indicates the logarithm of x to the Napierian base e. When 
any other base is used, that fact will be indicated by a subscript, as log«x, 
logjo 30. 
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[Chap. I. 



It is assumed that the student is already familiar with the 
graphical representation of functions from his study of analytic 
geometry. However, a few exercises are introduced by way of 
review. Some of the functions given are of frequent use in physics 
and mechanics. In this work it is well to use coordinate or cross- 
section paper. 



Draw the graphs of the two functions, 

and 

V =» gt. 



(1) 
(2) 



The first, as has l^een stated, gives the relation between the space passed over 
by a body falling from rest and the time t. As we shall see later, the second 
gives the velocity of the body at any instant t. The time is taken as the inde- 
pendent variable, and the values of t are therefore laid off on the axis of abscissas 
to some convenient scale. In the first equation the values of a and in the 
second the values of v are laid off as ordinates. The scale used for the ordi- 
nates need not necessarily be the same as that used for the abscissas. The 
graph of (1) is a parabola, Fig. 1, passing through the origin, and that of (2) 
is a straight line. Fig. 2, also passing through the origin. 





Fig. 1. 



Fig. 2. 



The line Of, Fig. 2, is a speed curve with the time as the independent vari- 
able, or, as it is usually expressed, a speed curve on a time base. In certain 
investigations, it is desirable to use the space or distance traversed as the 

variable. To obtain the speed curve on a space or 
distance base in the case of a falling body, we elimin- 
ate t between equations (1) and (2). The resulting 
equation, 

V = V'l^a, (3) 

expresses the speed v as a function of the space s. 
The graph is evidently a parabola, Fig. 3, with its axis 
Pig. 3. coincident with the s-axis. 
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1. Draw the graphs of the following functions': 

(a) 3 X - 7; (b) v^+ 5; (c) x» - a; + 3 ; (d) 



X — 6 



x + 7 

2. Draw the graphs of the functions: 

(a) 10-; (b) logjo (1 + x); (c) 10- + lO"^. 

3. Plot the equations: 

(a) y - sinfx - Ij ; (b) y - cos 3 x. 

(c) y -« 2 + sin fx — ^ J — 4 cos 3 X. 

4. The relation between temperatures on the Fahrenheit and centigrade 

scales is given by the equation 

y - I X + 32. 

Taking values of x (temperature C.) as abscissas, draw the graph of this 
function. 

5. The efficiency E oi & hoisting device depends upon the load L raised, and 
the general form of the equation expressing this dependence is 

aL + b* 

where a and b are constants. Draw the graph of this relation, using the follow- 
ing values: a » 3.2; b » 36. Assume that L varies from 50 to 300 lb. 

6. The formula: 

gives the hoisepower H transmitted by a rope running at a speed v. T denotes 
the tension in the tight side of the rope, and w the weight of rope per foot of 
length. Take T » 400, w — 0.7, g = 32, and draw a graph showing the vari- 
ation of horsepower with the rope speed. Take values up to v = 120. 

5. Classification of functions. In discussing functions, it is 
often convenient to divide them into classes according to the 
properties that they possess or the character of the operations that 
give rise to them. Among these subdivisions are the following: 

(a) Single-valued functions, multiple-valued functions. The stu- 
dent may have noticed in the illustration of falling bodies that 
the value of t determines only one value of s, while if s is the inde- 
pendent variable, each value assigned to it determines two values 
of t. To make this distinction clear, we say that s is a single-valued 
function of t, but Ms a multiple-valued function of s. 

A function is said to be single-valued if to each value of the inde- 
pendent variable there corresponds but one value of the function. 
If more than one value of the function corresponds to each value 
of the variable, we call the function multiple-valued. 
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(b) Explicit functionSf implicit functions. K a function is ex- 
pressed directly in terms of its variable, we say that it is an explicit 
function of that variable. Thus 

t/=-3a:« + 7a;H-4 (1) 

is such a function. 

If, on the other hand, the dependent variable is not expressed 
directly in terms of the independent variable, then the former is 
said to be an implicit function of the latter. Thus in 

4xy + 8y-Sx^-=7 (2) 

t/ is an implicit function of x. When, however, we solve this 
equation for y, we have 

y ^ 3^i^, (3) 

•' 4 a: + 8 ' 

and y has now become an explicit function of x. 

The relation of the two variables may be given by an equation 
either of the form 

fix, t/) = (4) 

or 

y = fix). (5) 

Either variable is a function of the other. In (4) either variable 
is an implicit function of the other. In (5) y is an explicit function 
of X, but x is an implicit function of y. 

(c) Rational functions, irrational functions. If a function can 
be written in the form 

2/ = ao + a^a; + a^x^ + . . . . + anX"^, (6) 

wnere the a's are constants and n is a positive integer, we say that 
y is an integral raiional function of x. In algebra, we called such 
functions polynomials. 

A raiional function is the quotient of two integral rational func- 
tions or polynomials. It may therefore be written in the form 

^ «o + axX + «2^ + . . . + anX'^ /*j\ 

6o + M'+ h^7? -^ ... ■\-hmX'^' 

where the a's and the fe's are constants and m, n are positive integers. 
Functions which are not rational are called irrational. 

In (1) and (3) iy is a rational function of x. In each of the 
following relations t/ is an irrational function of x. 
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y = ± \/jc2 + 4. (8) 

y = a^ - ftx* + C. (0) 

a?+ 2/» - 1. (10) 

(d) Algebraic functions, transcendental functions. We may also 
classify functicns according to the number of times we need to 
apply the fundamental operations, addition, subtraction, multi- 
plication, division, raising to a power, and the extraction of a root 
to known constants and the independent and dependent variables 
in expressing the required functional relation. When these funda- 
mental operations need be applied only a finite number of times, 
we say that the function is algebraic. Such a function satisfies an 
algebraic equation; that is, y is an algebraic function of x if the 
relation between x and y is given by the equation 

/o(^) r 4- /x(x) y^-^ + . . . +/n(x) = 0, 
where /o(j?), /iW; • • -fni^) are polynomials in x. 

By comparison with (c) it will be seen that rational functions are 
also algebraic. A rational function is, however, an explicit alge- 
braic function. While algebraic functions may be and often are 
expressed in terms of the independent variable by means of infinite 
processes, it is characteristic of explicit algebraic functions that 
they can always be so expressed without aid of infinite processes. 

Functions which are not algebraic are called transcendental. 
Such functions include trigonometric functions, exponential func- 
tions, logarithmic functions, hyperbolic functions, etc. Other 
transcendental functions are studied in the higher branches of 
mathematics. 

(e) Inverse functions. If we have given y as an explicit function 

of X, say 

2/ = ar^ + 4, (11) 

X is also a function of y. We can find the explicit expression of 
this function by solving the above equation for x in terms of y. 

This gives 

X = ± Vy - 4. (12) 

We call the two functions 2^+4 and ± \/y — 4 inverse functions. 
If we have given 

V -f{^)y 
80 far as the functions to be considered in the present volume are 
concerned, we can usually solve this equation for x, thus obtaining 
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X = <i>{y)] then the functions f(x) and <j>{y) are inver%e functions. 

The student has already met such functions in algebra and in 

trigonometry. For example, sin x and arc sin y,* log x and 6^, x^ 
1 

and y^ y etc., are such functions. 

It should be noted that the inverse of a single-valued function • 
is often multiple valued. Equations (11) and (12) furnish an 
example. The same is true of the inverse trigonometric functions. 

EXERCISES. 

1. F(x, y) = axy -f 6x -f cy + d =» 0. Express ^ as an explicit function 

of x\ also X as an explicit function of y. 
1^. Given arc sin a; -f arc sin j/ = ^; express i/ as an explicit function of x. 

3. Given pv* = C, in which m. and C are constants; express v as an explicit 
function of p. 

4. Given xe * = C; express y as an explicit function of x. 

6. Given x = f{<j)) = a(^ — sin ^), 

y = F{<j>) == a (1 - cos<^); 

express x as an explicit function of y, 

6. Given w' — 2 mu 4- v' = 0; make w an explicit function of v. 

B C 
Im Given log p = A + »^ + ^ ;' express 7^ as an explicit function of p. 

8. Find the functions inverse to the following functions: 
(a) 7?) (b) V^-~a'; (c) log (x* -f a}), 

\ 9. If /(x) — log (x +n/x' +1), find the inverse function. < 
10. If F{u)— -^ log -T— - , find the inverse function. : 

^11. If /(x) = ma* and F(x) = log^ x, for what value of m are tne functions 

inverse? \ 

X — 3 ' 

12. If y — /(x) = - — —-^ , find the inverse function. 

^13. Given y =/(x) == . If x = <f>(y) ia the inverse function, show 

that/(x) == ^(x). 

14. If /(x) and ^(x) are inverse functions, show that the graphs of these 
functions are symmetrical with respect to a line bisecting the angle between 
the positive X- and V-axes. Test this relation by draw^ing the graphs of the 
inverse functions e* and log x. 

♦ Arc sin y, arc tan y, etc., are frequently written sin- * y, tan" * y in American 
and English texts, x » arc sin y is read **x equals the arc (or angle) whose 
sine is y,'* 
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CHAPTER II 



THEOR7 OF LIMITS 



6. Introductory problems. The student is already somewhat 
familiar with the use of limits from his study of elementary math- 
ematics. In geometry the area of a circle is defined as the limit 
of the area of a regular inscribed or circumscribed polygon; in 
analytic geometry the equation of the tangent to a curve is found 
by considering the tangent as the limit of a secant; again, in algebra 
the limit of the sum of a finite number of terms of an infinite series 
is discussed. The notion of the limit is most fundamental and 
important in the study of calculus. It is essential therefore that 
the student should gain a clear conception of the limit and of the 
principles involved in its definition and use. 

To emphasize the important r61e that limits play in a certain 
class of problems, the solution of which is the peculiar province 
of the calculus, we introduce here a few illustrative examples. 

(1) Required the angle that the tangent to a given curve y = f{x) 
at the point {x^,y^ makes with 
the X-axis. Through the given 
point Pj we draw a secant PJ^ 
cutting the curve in a second point 
P, whose coordinates are x, y. If 
is the angle which this secant 
makes with the X-axis, we have 



tan d = '^ — ^1 . 

X — X\ 




Fig. 4. 



As the point P is made to approach the given point Pi, the secant 
line becomes in its limiting position the tangent to the curve at Pj. 
Hence angle has angle ^ as its limit, and consequently the limiting 

value of the fraction V ~ ^ ^ gives the value of tan 0. 

X — x^ 

(2) Required the speed of a moving point at any instant. Sup- 
pose that the point is moving in a straight line OX, Fig. 5, and 

11 
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that the speed is required at the instant the point passes Pj. Let 
Sj denote the distance of Pj from some chosen origin 0, and t^ the 

time taken to traverse the distance 

O Pj P X 8i. We choose a second point P 

Yig, 5. on OX, denote its distance from 

by 8, and the time required 
to move through the distance s by t. Now the number which 
denotes the average speed between Pj and P is the ratio of the 
number of units of length in P^P to the number of units of time 
occupied in passing from Pj to P. That is, 

average speed between P^ and P = ^ . 

This average speed is not, however, necessarily the speed at the 
instant t^. It would be if the speed were constant throughout 
the interval, but, in general, not otherwise. If the time interval 
t — ti'is taken shorter, the average speed is a closer approximation 
to the speed at P^; if it is taken still shorter the approximation is 
still closer. Hence, to arrive at the speed at the instant ^i, we 

must take the limiting value of the quotient * as the interval 

t — «! 

t — ti becomes indefinitely small. When the motion of the point 

follows some simple law, the speed at a given instant can be found 

by elementary methods. For example, in the case of a body 

falling in vacuo, the relation between distance and time is expressed 

by the equation 

For the time t^, the distance is 

whence f^ = i g f^ - i 9 H + h), 

which has the limiting value gt^ as t approaches t^. The speed at 
the time t^ is therefore gti. For a less simple law of motion, this 
algebraic method of determining the speed might be difficult of 
application. The calculus furnishes a means of finding the limit 
directly from the law of motion with comparative ease, however 
complicated the law may be. 

(3) Required the area between a curve y = f(x) , the X-axis 
and two given ordinates. I^et AEFB, Fig. 6, be the figure whose 
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area is required. We divide the given area into strips as indicated, 
and construct on each of the dividing ordinates a rectangle. The 
area of one of these rectangles is 

(^ifc+i-^*)-/(^*), * ^ 

and the sum of the areas of all the 
rectangles may be denoted by 

It will be shown in Art. 82 that as 
the number of rectangles is indefinitely ^ 
increased and the width of each is 
correspondingly diminished, the sum 

of the areas of the rectangles approaches a limit which we call 
the area of the figure. Hence the solution of this problem likewise 
reduces to the determination of a limit. 

The preceding examples are sufficient to show the importance 
of limits in a large class of problems. In the following paragraphs 
we shall discuss somewhat fully the exact definition of a limit and 
the laws that govern operations with limits. 




7. Definition of a limit. The general notion of a limit is per- 
haps fairly clear from the illustrative problems already given. We 
must, however, formulate a definition with sufficient accuracy that 
it may be made the basis of a mathematical investigation. For 
this purpose, let us consider two variables, one a function of the 
other; say, y = f(x). 

Let the independent variable x vary in such a manner that it 
differs less and less numerically from some constant a, that is, 
in such a ^vay that \x — a\ becomes and remains less than any posi- 
tive constant however small. We assume also that x does not 
become equal to a. We say then that x approaches a, and indicate 
that fact by writing x = a, which is to be read " x approaches a,*' 

As the independent variable x approaches the constant a the 
dependent variable or function /(x) assumes a corresponding set of 
values. When x becomes very nearly equal to a, these values of 
f(x) may at the same time become very nearly equal to some con- 
stant, say A. Moreover, it may occur that we may not only make 
f(x) differ as little as we please from A by taking a value of x 
sufficiently near to a, but that it will remain at least as close to A 
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for all values of x which lie between a and this chosen value of x. 
When these conditions are fulfilled, we call A the limii of the 
function f{x) as x approaches a. 

The problem of falling bodies, Art. 6, furnishes a good illustration. 
The function ^g{t -f /J not only may be made to differ as little 
as we please from gty^ by taking t sufficiently near to fj, but as i 
assumes any value still closer to t^ the function differs still less 
from gt^. Hence we were justified in speaking of gt^ as the limit of 
i^ (^ + Qy as t ^ t^. 

We may now define a limit as follows: 

// a constant A can he found siLch thatj as x approaches a,f{x) — A 
becomes and remains less numerically than any constant however 
small, then A is called the limit of f(x) as x approaches a. 

This definition may also be stated somewhat more formally as 
follows: 

Given any positive constant a- as small as we please to make it, if 
another positive constant h can he found such that fix) differs from 
some constant A hy less than <r for all values of x differing numerically 
from a hy less than h (x ^ a not included), then we say that f{x) has 
the limit A as x approaches a. 

If the function /(x) has the limit A we indicate that fact by 

writing 

. Lf{x) = A. (1) 

X '& a 

Since by the definition of a limit /(x) can be made to differ from 

A as little as we please by the proper selection of x, we may also 

write 

fix) = ^ + e(x), (2) 

where e(x) can be made as small as we choose by takinjg x suffi- 
ciently near to a. Equations (1) and (2) are equivalent and are 
merely different forms of expression for the same relation. In 
some demonstrations form (2) will be found the more convenient. 

Ex. Consider the limit of the function 



as 2: ^ 2. By taking the value of x sufficiently near 2, we may make the value 
of f(x) differ as little as we please from J. Hence we have 
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Geometrically, the definition of a limit implies that/{x) has the 
limit A if, having given an arbitrarily small atrip parallel to the 
X-axis and including y = A, It is 
possible to draw another strip par- 
allel to the F-axis and including 
X = a such that for all values of x 
lying within the last strip the cor- 
responding values of f(x} fall also »^ 
within the first strip. 

The student may verify this 
geometric interpretation for the q 
case of falling bodies (s = ^ gt^) by 
assuming t, = 2. Notice that as 
the s strip is taken smaller and smaller, the corresponding t strip 
in this case also becomes smaller. 

8. In the preceding discussion of limits nothing was said about 
the value of /(z) for x = a. The limit depends for its value upon 
the values of /(-c) for x very close to x = a, or, as we frequently 
say, " in the neighborhood of a," and it is not affected by the value 
which /(x) takes for x - a. The value which the function takes 
for X = a, that is, /(a), as we shall see later, may or may not be 
equal to the limit of /(x) as x approaches a. 

To determine whether a function has a limit as the variable 
approaches a definite value, we must consider all values of the 
function in the neighborhood of the limiting value of the variable. 
In other words, a limit of the values of the function must exist as 
the variable approaches its limit from either direction, and these two 
limiting values of the function must be equal. The following exam- 
ple serves as an illustration. 

Ex. Given the function y = 
arc tan-, the graph of which 
is shown in Fig. 8. When the 
independent variable is restric- 
ted to positive values, we obtain 
the limit ^ as z ^ 0; when neg- 
ative values only are considered, 
we get — K as I i 0. Hence the 
o have 



16 THEORY OF LIMITS [Chap. H. 

9. Infinity. In the discussion of limits thus far, we have con- 
sidered only the case where the independent variable approaches 
a definite number. The student is familiar from his study of 
algebra and geometry also with the case where the independent 
variable increases without limit. For example, the area of a 
circle is the limit of the area of a regular inscribed polygon as the 
number of sides increases without limit. Again, we obtain the 
value of an infinite series by taking the limit of the sum of a 
finite number of terms as the number of terms increases without 
limit. We say in such cases that the independent variable 
becomes infinite, and express that fact by writing x = oo, 
n = 00 , etc. Here the symbol = is not to be understood in the 
ordinary sense of " equals," but rather in the sense of " becomes," 
and the above expressions should be read " x becomes infinite," 
" n becomes infinite," etc. Instead of the independent variable, 
the function may become infinite. This may occur when the 
variable also becomes infinite, or when it approaches a definite 

number. Thus - becomes infinite as x - 0. While it is customary 

X 

to write 

L l«oo, 

«-0 X 

the function cannot be said to have a limit, because it does 
not approach any definite number however large that number 
may be. 

When a function has the limit zero, it is very often spoken of as 
an infinitesimal. 

The introduction of the concept infinity extends the use of 
limits so as to include a large number of valuable applications, of 
which the following are illustrations. 



Ex. 1. An air pump is used to remove air from an inclosed space. At each 
stroke of the piston, part of the air is removed, and in consequence the density 
of the air remaining is diminished. Let d denote the original density, d^ the 
density after n strokes of the piston, v the volume of the inclosed space, and t/ 
the volume of the pump cylinder. From physics, we have 



d. 



"''U+w (il^Y 
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Here the density (2„ is a function of the number of strokes. If n is increased 
without limit, we have, since the denominator is greater than unity, 

L . ^ .,. -0. 



- (. * ?)• 



Hence, as the variable increases without limit, the function approaches as a 

limit. With a perfect pump we may therefore make the density as small as we 

please by taking the number of strokes sufficiently large. 

Ex. 2. The work done by a gas in expanding from a volume v, to a volume v 

according to the law 

pv* = const, 
is given by the expression 

PiV r_j LI 

A; -1 LV-* v*-J 



If the expansion proceeds without limit, that is, if v — oo, the expression for 
the work becomes 

r Pi£i! f-i 1 1 ^ Pi^i* r 1 ftl _ Pi^i 

r-oD A; - 1 Lvi*-» r*-U A; - 1 \j>f~^ J A; - l" 

In this case the function approaches a definite limit as the variable increases 
without limit. 

Ex. 3. If the gas expands according to Boyle's law, 

pv — const., 
the expression for the work done is 

If in this case the volume v increases without limit, we have for the work done 

L p,r, (log V - log r,) -« 00 ; 

that is, the function also increases without limit. 

Ex. 4. In the preceding examples, suppose the gas to be compressed, so 
that V < Vj. The work required for compression is given by the expression 
for the work of expansion with its sign changed. If now the volume v is made to 
approach 0, we have for the two cases, respectively, 



and 



T p^]^ r J i_l = n« 



^ PiV, log 7 =* 00 . 



Hence, in either case the work required to compress the gas into zero space is 
infinite. Here we have an example in which the function becomes infinite. 

10. Continuity of functions. We have seen that the value of 
a limit depends upon the values of the function in the vicinity of 
the limiting value of the variable, and not upon the value of the 
function at that point. In some cases the limit is the same as the 
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value of the function at the limiting point, and in some cases it is not. 
If the two values are equal, we say that the function is continuous 
at the point in question. If, on the other hand, the limit is different 
from the value of the function at the limitiag point, or if for any 
reason the function has no limit, we say that the function is dis- 
continuous at that point. The condition that/(a;) shall be continuous 
for a; = a is then given by the equation 

Lf{x) =/(a). 

This means that as x takes values arbitrarily near and if possible 
on both sides of the limiting value a, the corresponding values of 
the function /(x) differ but little from /(a). Whenever we are 
concerned merely with the existence of the limit, it is not necessary 
that the function be defined for x = a, since, as we have seen, the 
limit does not depend upon the value of the function at the limiting 
point. When the question of continuity is involved, this is no 
longer true, and the function must be defined at the limiting point. 
As we shall see, continuity is a very important property of the 
functions to be discussed later. In fact, we shall confine ourselves 
for the most part to functions having this property. The following 
examples will serve to make clear the distinction between continuous 
and discontinuous functions. 

Ex. 1. The function 

« -= At) « i gi? 

is continuous for all values of t) for, we have 

Lhgt^^\ gio' - /(to), 



where t^ is any definite value of t. 
Ex. 2. Consider the function 



m-\ 



for values in the neighborhood of the origin. We have 

J 1 

which is another way of saying that as a; ^ 0, the value of the function increases 
without limit, and hence has no limit. The function is therefore discontinuous 
for X = 0. 

We have a similar condition in Boyle's law which is expressed by the equa- 
tion p»"=A;orp = A;-. If the volume v be diminished indefinitely, the 
pressure increases without limit and hence has a discontinuity for v = 0. 
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Ex. 3. Suppose a given mass of ice at a temperature below 32^ F. to be 
heated. As heat is applied, the temperature of the ioe rises, and the quantity 
of heat Q is a function of the temperature r. So long as r remains below the 
melting-point the function is continuous. But when the melting-point 32® F 
is reached, a quantity of heat represented by AB, Fig. 9, is absorbed without 
any change in temperature. Likewise, when the water reaches the boiling- 
point, heat represented by CD is absorbed without change of temperature. At 
these particular temperatures the function is therefore discontinuous. 



T,wo things are essential to 
the continuity of a function, 
viz., that the function shall have 
a limit, and that the value of 
the limit shall be the same as 
the value of the function at the 
limiting point. If either of these 
conditions is not fulfilled, we 
have a discontinuity. In the 
second example, the discontinu- 
ity occurred because the function 
had no limit for a; = 0. A func- 



B 



-jV^oter^ 



Steam 



Boiling 



Ice f ^Melting 



Fig. 9. 



tion always has a discontinuity for those values of the variable 
for which it becomes infinite. Again, a function may have a limit 
which diflFers from the value of the function at the critical point, 
thus rendering the function discontinuous at that point. 

As we have seen (Art. 8), the existence of a limit requires that 
the limit of the values of the function for values of the variable 
on the one side of the critical value must equal the limit of the 
function for values on the other side. If this is not the case, a dis- 
continuity exists. In other words, continuity requires that the 
same limiting value of the function be obtained by allowing the 
variable to approach its limit in all possible ways. This is illus- 
trated by the third example. 

In the preceding discussion, we have spoken only of the con- 
tinuity of a function at a single point. If a function is continuous 
at all points of an interval, then it is said to be contirmovs throiigh- 
oul the interval. ^ 

In plotting a graph, it is of great assistance to know that the 
graph Represents a continuous function and has a definite direction 
at each point; for then we need only to locate points of the graph 
sufficiently dense to give the general outline and to draw through 
these points a continuous curve. Since it is obviously impossible 
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to locate all of the points of a curve, this is, in fact, the only way 
in which a graph can be drawn. In case the function has discon- 
tinuities, care must be taken to locate points sufficiently dense in 
the neighborhood of such points to determine the character of 
the discontinuity.* 



1. Which of the trigonometric functions have points of discontinuity? 

7x4-9 

2. Find the values of x for which the function -= — = — -^ is discontinuous. 

3. If /(x) and ^(x) are integral rational functions, under what conditions 
is the function -tt-t discontinuous? 

4. £xamine for continuity the functions 

(a) y « arc tan - ; (b) y 



1+ e« 

6. From any text-book on physics obtain the proper data and draw a curve 
showing the change of volume of water with the temperature. Start with ioe 
and end with steam. Show the points of discontinuity. 

11. Laws of operation with limits. In this section, we shall 
consider several properties of limits which will be made use cf in 
later discussions. These are given in the following theorems. 

Theorem I. The limit of a constant times a function is equal, 
to the constant tim^s the limit of the function] that is, 

L c • /(x) = c . Lfipc), 

Let Lf{x) = A. (1) 

We may then write 

f{x) = ^ + ,{x), (2) 

where e(x) can be made as small as we please by taking x sufficiently 
near to a. We have then 

c •/W = c • i4. + c . £{x). (3) 

* Not all continuous functions can be represented by smooth curves ; it is 
possible to have a function which is continuous throughout a given interval, 
but which oscillates in such a manner as not to have a definite direction at any 
point of the interval. Such functions may be found in any treatise on the 
theory of functions. 
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Since we can make e(x) as small as we please by taking x suffi- 
ciently near to a, we can also make c - e(x) arbitrarily small in 
the same way. We have then from the definition of a limit 

^ c • fix) = c • A ^^ c • Lf(x), (a) 

as the theorem requires. 

Theorem II. If each of two functions approaches a limit, the 
limit of the sunk (or difference) of the functions is egual to the sum 
(or difference) of the limits. 

Let Lf(x) = A, L 4>(x) = B. (1) 

We may then write 

f(x) ^A + e,(x) (2) 

<f>(x) = 5 + e,(x), (3) 

where «i, Sj ^^e arbitrarily small for values of x sufficiently near a. 
Combining these equations, we have 

f(x) ± <f>(x) =^ A±B + [e,(x) ± e,(x)]. (4) 

Since, however, ei(x) ± ejW can be made as small as we choose, 
we have from the definition of a limit 

L [/"(x) ± <f>(x)] = A ± 5 = Lf(x) ± L<f>(x). (b) 

x^a x^a x^a 

It is to be noted that the converse proposition does not hold; 
that is, the sum or difference of two functions may have a limit, 
and yet one or both of the separate functions may not have a 
limit. In such a case the sum of the limits has no meaning. 

Theorem II may be extended to cover the sum of any finite 
number of functions. However, it may not hold for the sum of an 
infinite number of functions, as the following example shows: 

Given /(n) =»- + — I — + ...ton terms. 

We have then 

L (-H 1 H...ton tenns ) = L — = a. 

n-QoV^ n n J ,»^oo n 

On the other hand, the sum of the limits gives 

^ Z^ ^ ^+...-0 + 0+...-0; 
that is, the limit of the siun differs from the sum of the limits. 
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Theorem III. // each of tvx> functions has a limit, the limit of 
the product of the functions is equal to the product of the limits. 

Given L/(x) = A, L^{x) = B. (1) 

From these limits we have at once the equations 

f{x) = A + e,{x) (2) 

0(x) = 5 + e,{x), (3) 

where as before e^, e, may be made arbitrarily small by confining 
the values of x to a sufficiently small region in the vicinity of a. 
We have by multiplication 

f{x) . 0(x) = A5 + [5 . £,(x) + A . er,{x) + €,(x) . e^{x)l (4) 

The expression contained in the brackets can be made as small as 
we please by making e^ and e^ sufficiently small. Hence, from the 
definition of a limit, we have 

Lf(x) . <f)(x) = AB 

^Lf{x).L<l>{x). (c) 

x^a x^a 

The converse of this theorem does not hold. There are cases 
where the product of two functions has a limit, but the product of 
the limits has no significance, because the separate functions in- 
volved have no limits. The theorem may be extended to the prod- 
uct of any finite number of functions. 

When Theorem III is extended to the product of a finite number 
n of equal functions, we have the following: 

Corollary, If a function has a limit, the limit of the nth power of 
the function is equal to the nth power of its limit. 

Theorem IV. // each of two functions has a limit, the limit of 
the quotient of the functions is equal to the quotient of the limits, 
provided the limit of the denominator is different from zero. 

Given Lf(x) = A, L<f>(x) = B; we are to show that 



a X' 






«-a <f){x) L (f>(x) 

x^a 

where B j^ 0. 



From the given limits, we have 

f(x) = A + e,ix) (1) 

<l>(x) = 5 + e,(x), (2) 
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ei(x), €3(2;) being arbitrarily small. By division, we have 

fix) _^ A + e,(x) ^A A + e,(x) ^A^A Be^jx)-- Ae ,(x) .3. 
4>(x) B + 6^(x) B J5 + £,(x) B B B{B + b^{x)) ' ^ ' 

By the proper selection of x, the denominator of the last fraction 
of (3) can be made as near E^ as we please, and the numerator as 
small as we please. Hence the fraction can be made as small as 
we please, and we may write 

x-»-a <j>{x) B L <j>{x) 

The converse of the above theorem does not hold; that is, the 

f(x) 
quotient - ^^ ^ may have a limit without the separate functions 

<f>ix) 
having limits. In this case the quotient of the limits has no sig- 
nificance. 

The question arises as to whether the limit of a function is equal 
to the same function of the limit; for example, whether 

L sin (x* + 3) = sin L (ai^ -h 3), or L log x* = log L x*. 



x-^a 



By making use of the definition of continuity given in the previous 
article, we can answer this question by the following theorem. 

Theorem V. // F(y) is a continuous function of y, ana y is any 
function of x, say y = ^(x), sv^h that L <j>{x) = 6, 

then L F[4>{x)] = F[L <f>(x)]. 

X— a X— a 

We have by hypothesis, 

Ly = L <f>ix) «6. (1) 

X— a x<*>a 

and by reason of the continuity of F{y) we have also 

L F(y) = F(b), (2) 

We may therefore make F(y) differ by as little as we please 
from F(b) by properly restricting y to values in the neighborhood 
of b. From (1), however, y ^ b bjs x ^ a; hence for all values of x 
sufficiently close to a, F(y) = F[</>{x)] differs by as little as we 
please from F(jb). We may write therefore 

L F [^(x)] = F{b) =F[L <f>{x)]. (e) 
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Ex. Find the limit L log (x« + 2 a; + 1). 

Since the logarithm is a continuous function for all values different from aero, 
we may apply the above theorem and write 

L log (a;» -f 2 X + 1) = log L (x* + 2 a: + 1) - log 9. 

In fkct, we may always write 

L log ^(x) « log L 4>{x\ 

provided the limit L (f>(x) is different from zero. 

Theorem V may be stated in a slightly different form which is 
sometimes useful, namely: 

Theorem V. Given any continiu)ii8 function of y. If for y we 
substitute any function of x such that y^ba8x^a,the limit of 
the resulting function as x = a is equal to the limit of the original 
function as y ^ h. 

For we have 

L F [<l>{x)] = F [ L 4>{x)] = F{b) = L F(y). (f) 

x^a xima y^h 

The theorem holds, of course, for the special case in which y is a 
continuous function of x. The function resulting from the sub- 
stitution is then a continuous function, as the student may easily 
prove. 

Ex. 1. L log y = L log (6x) = log 6 + L log x.' 

y^b x^\ a? — I 

a* — \ 

Ex. 2. Given L • Put a' — 1 = x, whence a; * as y * 0. 

y*0 y 

Then we have 



y-O y ar-olog. (1 + ^) 

Theorem VI. // a given function lies between the values of two 
other functions which approach a common limit, the given function 
approa^ches the. same limit. 

Suppose we have 

<f,(x) tf{x) ^ ^(x), 
where L (f)(x) = L (p^x) = A; (1) 

x^a x^a 
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we are to show that 

L fix) = A. 

From (1) we may write 

<l>(x) ^A + e,(x) (2) 

^(x) ^A + £,(x), (3) 

where Ci and €, can be made as small as we please by taking x suf- 
ficiently near to a. Hence for all values of x in the neighborhood 
of a, we have 

A-^e,(x)lf(x) <A + £,(x), 

^^^^<» e,(x)^f(x)-A<e,{x). (4) 

But as £|, e, can be made arbitrarily small, it follows from (4) and 

(3) that/(x) — A can be made to differ in absolute value as little as 

we please from zero by the proper selection of the value of x; that 
is, 

|/(x) - A| < <r, 

where <r is an arbitrarily small positive number. By the definition 
of a limit, we then have 

L f(x) ^A^L <f>(x). (g) 



Ex. Show that L — ^- = 1, and L — ^— 



1. 



In Fig. ID, an arc ADia described with a radius OA — r, and angle AOD 
Them we have 

AB — rsin 6, 
arc AD - r0, 
ilC - r tan 6. 

From geometry * 

AB < AD < AC, 
01 rmi < rd < r tan 0, 

Dividing by r sin 6, we get 

d 



e. 



1 < 



sin 6 



< sec 0. 



Now L sec 0*^1; hence since the f rac- 



tion 







sin 



lies between two values whose 




limits are equal, its limit must be the same, 
that is, 



Fig. 10. 



♦ See Holgate's Geometry, Arts. 356-361. 
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* sin ^ , 



Dividing the membera of the inequality by r tan 0, we get 

Since L oos ^ «- 1, it follows that 

L ^ -=1-1, ^^'^^ . 

0ikO ^^^ ^ tf ^0 ^ 

12. Limit of a monotone function. It is not always easy to find 
a limit of a function. Moreover, in some discussions we are not 
so much concerned as to what the limit is as to whether the given 
function has a limit. The following propositions, which we give 
without proof,* will aid us in answering this question for certain 
types of functions. 

(a) // a function never decreases hut always remains less than 
some constant, then it has a limit, 

(b) If a function never increases but always remmr^ greater 
than som£ constant, then it has a limit. 

Functions of the kind described in (a) and (b) are called monotone 
functions. 

The following illustration will perhaps aid in making clear the 
significance of these statements. 

Given 

/(n) - .333 

10 ^ 10' ^ io» ^ • • • ^ io» ^ • • • 

As n increases /(n) never decreases, but always remains less than 
.4. For n = 2,/(n) lies between .3 and .4; for n = 3, between .33 
and .34; for n = 4, between .333 and .334, etc. It is evident that 
as n increases, the interval within which f(n) must lie constantly 
decreases. Consequently, there must be some constant such that 
we can make /(n) diflFer from it by as little as we please by giving 
n an integral value sufficiently large. We know in this case 
that the constant in question is i, but that is not essential in 
establishing the fact that /(n) has a limit as n becomes infinite. 

* Geometrical considerations make these propositions plausible. The formal 
proof, while not difficult, is scarcely within the scope of this book. See Pier- 
pont's Theory of Functions, Art. 108. 
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EXERCISES. 



Verify the following: 

r a:'-3a;-h7 25 
X— 8 x^ — 5 4 

3. L sin — ^ cos —75-^ 

. , log (a + x) , 

4. L ^ ^ _ « log a. 



smy. 



6. L log^^^)-log2. 

6. L log sin ^ "- 0. 

7. L[log(x>-l)-log(x-l)] 

aJ.2 »log3. 

8. Give graphical illustrations of 

theorems (a) and (b), Art. 12. 



13. Indeterminate forms. It may happen that for some value 

of the variable the function takes an illusory or indeterminate 

x* — 4 
form, as — . Consider, for example, the function y = . For 

every value of the variable x other than x = 2, the function has 

4 — 4 
a definite value, but for a; = 2 it becomes — = - . Strictly 

x^-4 2-20 

speaking, the function has no definite value for x = 2; 

X — 2 

hence in order to define the function completely for every value 

of the variable, we must assign it a value for this particular value 

of the variable. To guide us in our definition, we make use of a 

simple graphical representation. For x different from x = 2, the 

equation 



y = 



x'-4 



*-X 



X -2 
reduces to 

2/ = X 4- 2, (1) 

whose graph is the line EFy 
Fig. 11. Hence for values of x 
other than 2, the values of the 
function are represented graph- 
ically by points on the line EFy 
as B, C, D. But when x = 2, 
the function has no definite 
value, and hence we may re- 
present it by any point whatever on the line x = 2, that is, on 
MN, Of the values which might be assigned to the function for 




Fig. 11. 
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X = 2j there is one value, represented by the point P, which is 
the limit of the values represented by the points on EF as x 
approaches 2; and this value of yjs defined as the value of the 
function when x = 2. 

In other words, we define the value of the function for the critical 
value of the variable as the limit which the function approaches 
as the variable approaches the value for which the function 
becomes indeterminate. Thus for x = 2, the value of the fimction 

is defined as L — ^^^— . 

a; ~ 2 ar-2a; - 2 

In general, if /(x) is indeterminate for any value x = a, the value 
of the function for x = a is defined bv the limit 

The complete definition of a function when it assumes an indeter- 
minate form involves, therefore, the determination of a limit. 
Any definition of a function for those values of the variable for 
which it becomes indeterminate is of course merely a convention; 
but in this case it is a very useful convention, because by it the 
function becomes continuous for those values. 

Among the indeterminate forms that a function may assume 
are the following: 

Q.; ^; 00 - oo; OXoo; 0^ oo«; 1«. . 
00 

An example of the first form is given by the function which 

^ 

for X = takes the form — . The value of this function for x = 


is therefore 

L -5^^ = 1. (Art. II) 

**o X 

The function x log x for x = has the form X <» , and the 

1 

function (1 + x) * for x == has the form 1* . By proper trans- 
formations all these indeterminate forms may be reduced to the 

form - • 


In many cases the limits are easily found by obvious algebraic 

transformations or by the use of series. In the evaluation of the 
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indeterminate form of a rational function, that is, the quotient 
of two polynomials, the following principles may be used to 
advantage. 

1. If the function is of the form ^^ and becomes- forx = 0, 

divide both numerator and denominator by the lowest power of x 
that occurs in either numerator or denominator. If the fraction 

becomes — for x =^ qc^ divide both terms of the fraction by the 

00 

highest power of x in either numerator or denominator. 

2. If the function has the form ^^^^ and takes the form - for 

(/fix) 

X = a, divide both </>(x) and (p{x) by the highest power of (x — a), 
common to both. 

The student should note that we do not divide the terms of the 
fraction by zero or infinity. For example, while the division by 
the factor (x — a) holds only for x different from a, the values of x 
may, however, be taken as close as we please to a. Hence, dividing 
first by this factor and afterwards passing to the limit, we obtain 
the proper result. Indeterminate forms will be considered again 
in Chapter XV. 

The following examples illustrate some methods that may be 
used in evaluating various indeterminate forms. 

x* — 6 :c 
Ex. 1. Find the value of -j j— 5 r^r- for x » 0. 



x^O 



x»-4x*-12x a?A0^'-4x-12 2 



2 X* 4- 3 X* 

Ex. 2. Evaluate the function , -' . for x «= x . 

X -f- X* 

2 

^2x» + 3x» T X + 3 3 

X-eo X + 5x* x-ooj^ , c + 5 O 

X* 

X* — 4 
Ex. 3. Evaluate « ^^^ ^ = 2. 

X — 2 

L ^^ - L (X + 2) - 4. 

^ . ^ , ^ , ,x"-3x' + 5x-3. - 

Ex. 4. Find the value of 2-^-^75 ^^i + gx - 5 ^"""^ "^ " ^• 

x '-3x» + 5x-3 (x» - 2 X + 3) (x ~ 1) _ x' ~ 2 x + 3 
2x»-5x» + 8x-5*(2x'~3x + 5)(x-l)''2x»-3x + 5' 

x' - 2 X + 3 1 
^®"^ ^^1 2x^-3x + 5 ° 2* 
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Ex. 6. Evaluate = for a; — 0. 



This function takes the form ^r- To find its value for z ^ 0, we multiply 

both terms of the fraction by the complementary surd a + Vfl* — x* . We then 
have 

a ->/o»-g' ^ a* - (a» - x') ^ x* ^ 1 

x' x»(a +Va* - x») a:*(a +Va»-x») o + v^o' - x* ' 

a - Va* - x» , 1 1 



and 



L 



--Oa + Va*- 



2a 



1 ~~ cos 
Ex. 6. Evaluate the function t= for ^ =» 0. 



(?» 



Since 1 —cos 6—2 sin* ^ , we have 



But 



hence we obtain 



1_ 


— cos 2 12 

^ ^* 2 /^V 


1 
2 


r. <n 

™2 




Uj 




2 




sm- 






•-•-o <? 






2 







y 1 — cos ^ 1 ,. 



• . 
sin 2 



2 J 



1 
2 



(Art. 11.) 



Ex. 7. Evaluate ^ ^^ for ^ - 0. 



As in Ex. 6, 



d 



e 



^ ^ 2 sin' ^ 

1 — cos 2d 



^ -2 



e 



' . 0' 
sm- 



e 



' . d' 

sm^ 



Hence for ^ -« 0, 



d 

L 2 J 
1 — cos d 






L 2 J 
s 



". e 

sm^ 


L 2 J 



-0. 







0. 



Ex. 8. Evaluate the function sec z — tan z for z 



n 



The form taken in this case is oo — oo . By trigonometric transformation we 
have 
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(sec X " tan x) (sec x + tan x) 

sec X — tan x -■ . — 7 

sec X + tan x 

sec* 2 — tan'x 1 



sec X + tan x sec x + tan x ' 

and L -— =■ L — - — 0. 

. sec X + tan x 00 

2 



Find the limiting values of the following functions for the given values of 
the variables. 

1 6g» + Sx x«-3x»-4a; + 12 

^ ^* 2x» + 4x»-5x' *""^-. - V' x» + 4x-2i ' * " ^• 



g. vTTT- v^ X - 00. 4. v^l -f X- Vi — x^ ^ ^ ^^ 



X 

- «■ - 64 . x^ _ a^ 

6« 7- , X « 4. - » • 6. , X — a. 

X — 4 ^ X — a 

T. Show that L — — s- — n. 

sinn^ sin nB • sin n5 

„ ^. sin n^ n^ y nO nO 1 

8. Show that for ^ -0, ^ ". ^/ ^ - 0. 

sm 6 

9. Show that L ^^ - 1. 1x1 

«i^ 10. Show that L -sinj^—^r- 

x' + Sx' — 5x ' 

11. Evaluate 5— ^ — «^ , , ^ for x = and x — x . ^ 
-x 3x* — 2x' + 6x 

12. Evaluate L . 13. Show that L ~ , ^ — -pi • 

14. Special limits.* Certain limits of fundamental importance 
in the calculus demand special discussion. Among these are the 
following: 

(a) L , where n is any positive integer. 

x*a X — a 

By division, we have 
a; — a 

* If thought best, the exercises of this article may be taken later in connec- 
tion with their applications. 
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In the parenthesis there are n terms, and the limit of each as x » a 
is a""*. Since n is finite, the limit of the sum is equal to the sum 
of the limits, and we have 



«»* — «•• 



= na'*^^ 



x^a X — a 

This limit holds equally well when n is negative or fractional, 
and consequently for any rational number.* 

(b) L ^— ^ — - , n being a rational number. 

From the preceding proof, 



T y" "~ ^^ __ 



nx 



n-l 



y-« y — X 

Let y == X + A; then as y - a:, A - 0. Substituting, we get 

L (a? + h)^ ~ x* * _ ^n-i^ (SeeTh. V, Art. 11.) 

(c) L f 1 + ly . 

a?«-oo \ X / 

This limit demands special attention. Let us take two numbers 
a and h such that 

a > 6 > (1) 

and let n be any positive whole number. Then 

/rn+l __ /,n+l 

^ — = a** + a«-^ 6 + a»-» 6* + . . . + 6». 

Since a > 6, each term of the second member after the first is 
smaller than a", and therefore the sum of the n + 1 terms of the 
second member is smaller than a^{n + 1). Hence, we have 

— < a'^{n + 1), 

a — 

or a«+ *- 5"+^ < o^Ca - 6) (n + 1). 

By transposition this inequality is readily reduced to 

an [a -^ {a -, h) (n + 1)] < 6»+S (2) 

which holds for any numbers a and h that satisfy (1) and for any 
integral value of n. Let us now choose 

a = 1 + -, 6 =* 1 + ^ 



n n -f- 1 



* See Chrystal's Algebra, Chap. XXV, Art. 12. 
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These satisfy the required conditions, and when substituted in (2) 
give as the resulting inequality 

This inequality shows that as n is increased, the value of the f unc- 
tion [1 H — j increases. Thus, for the smaller values of n, we have 



n = 1 


2 


3 


4 




h^r- ^ 


2.25 


2.37 . , 


» • ^.44 • 


• • 


Let us now choose for a and b 










a = i+A 


,6 = 1. 









Substituting these in (2), we have 
and squaring both members, we obtain 

>3n 



(■ ^ .-^J 



<4, 

whence it follows that 

We have shown that the values assumed by the function ( 1 + -) 

form an increasing sequence of numbers all of which lie between 2 
and 4. As n is indefinitely increased, therefore, the function has 
by Art. 12 (a), a definite limit lying between 2 and 4. The symbol 
e is used to denote this limit. Hence 



L / 1 + lY = e, 

I— 00 \ 71/ 



where 4 > c > 2. 

The number e can be obtained to any degree of approximation 
by taking n sufficiently large; thus, for n = 100, 
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while for n = 1000, 



( 



1 \1000 

^+1^ =2.717... 



A more convenient method of calculation will be given hereafter in 
connection with infinite series, and it will be shown that 

e = 2.7182818285 . . . 

The constant e is the base of the Napierian system of logarithms, 
which is the system ordinarily used in mathematical discussions. 

In the preceding discussion, n was given only positive integral 
values, fractional values being excluded. It can be shown that 
the limit is the same, if instead of n we take a continuous 
variable x. Hence, we may write, in general. 






(d) If we put X = - , we get 

z 



1 

X (1 + «)*= e. 



(e) L 

or^O X 



Let 1/ = a* — 1. Then x = log^ (1 + y), and for x = 0, we have 
J/ = 0. Substituting these values, we obtain 

Q^ - 1 ^ T y ^ T 1 



L "^ i = L , -^ - L 

X-.0 X y^o\oga(l + y) y-^0 1 

log« (1 + y)y 
^ ^ (Art. 11.) 



- loga e 
loga L (1 + y)y 

But ' = log a: hence 

log„ e 

L — - — = log a. 

(f) If we substitute e for a in (e), we have 

«* — 1 
L — - — = loga = 1. 
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EXERCISES. 

1. Show that L !?«iLiL£) -. 1. 

2. Show that L ^ — /c. (A; a positive integer.) 



I 



• ai- xi_ X • Sin X — sin a i 

5. Show that L «• cos o. 

x^a X - a 

4. Show that L [log (xl - 1) - log (x* - 1)] - log 3. 

MISCELLANEOUS EXERCISEa 

1. If «^(x) - a*, show that [0(x)P = ^(2 x), 

2. If ^(y) « c» + c-», show that ^(3 y) = [^(y)]» - 3 *(y) 
and 4>{x + y) #(x - y) « ^(2 x) + ^(2 y). 

3. Write three rational algebraic functions for which /(x) =» /(— x); also 
three for which /(x) = — /(— x). Deduce a general law for functions of these 
types. 

4. For which of the trigonometric functions is f[d) = /(— 0)t 

6. If / and F are both increasing functions, that is, functions which increase 
as the variable increases, show that f[F(x)'\ is also an increasing function. 

ILL 

6. Given /(n) =»a»« o»»« a« . . .ton factors, show that the limit of this 

product as n » 00 is different from the product of the limits of the separate 

factors. »• '^ 

1 

7. Examine the function e« for continuity. Draw the graph of the function 
from X— — 2tox= +2. 

8. Find the limiting values of the following functions for the given value of 

the variable: 

, . tan ^ — sin ^ ^ ^ /u\ sec ^ — 1 ^ ^ 
(a) ^ , ^ « 0. (b) -^ , ^ - 0. 

9. Show that the function 

atf 4- he -' 

must lie between a and 6, where a and b are positive numbers and a > 6. 

["1 />♦(«) 
^ /(^) r*** provided the second mem- 
x^a J 

ber has a determinate value. 

Suggestion : The first member may be written L c*^*^ * *^A*) . %)x(sii theorem 
V, Art. 11, may be used. **** 

X* ""■ fl* 

11. Show that L «» no*"*, when n is a positive fraction; also 

«*a X — a 

when n is negative either integral or fractional. 

Suggestion: For the first case, let n >-?, and assume x — 2* and a — &*; in 
the second case, put n ^ — m' 
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12. Making use of the limit theorems. Art. 11, prove the following proper- 
ties of continuous functions: 

(a) The sum of a finite number of continuous functions is a continuous func- 
tion throughout any interval in which all the functions are continuous. 

(b) The product of a finite number of continuous functions is a continuous 
function throughout the common interval of continuity. 

(c) Every integral rational algebraic function is continuous for all finite 
values of the variable. 

13. Air flows from a vessel in which the pressure is p into the atmosphere. 
The weight of air flowing per second is given approximately by the equation 



w 



- <'(?rv. - (?r 



in which C is a constant depending upon the orifice, and pa denotes atmospheric 
pressure. Draw the graph, taking p as the variable and letting C » 1 and p« 
"» 15. From the graph find the value of p for which w is greatest. What 
happens when p < pti? 

14. The equation 

y — e"~** (A sin bt -^ B cos bt) 

expresses, as a function of the time t, the displacement of a vibrating point 
from an initial position, when the motion is retarded by friction. Take a » 0.4, 
b =» 2.973, A = 5, B «» 0, and draw the graph. 



the 



Suggestion: Draw graphs of c-"* andt of . (A sin 6/ + BcoBbt) and multiply 
\ ordinates for the same value of t. ^ j 
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f(^>-f(«i> 



15. Increments. The idea of a variable as defined in the previous 
chapter and used throughout the calculus is but little used in 
elementary mathematics. There the symbols x, y, etc., stood 
usually for unknown but fixed numbers whose values were to be 
determined. Here, as in the analytic geometry, we associate the 
same symbols with magnitudes which change or grow according 
to some law determined by the problem under discussion. This 
idea of growth is of prime importance in the calculus, and lies at 
the basis of the discussion in the present chapter. 

A change in the variable is called an increment, and is the dif- 
ference between the variable and some assigned value of it. For 
example, consider the curve y =f{x), and let x^ denote a given 
value of the variable. The increment of 
X is then x — x^. We shall denote an 
increment of a variable by prefixing the 
Greek letter A to the variable. Thus 
Aa;, Aty etc., denote increments of x, ty 
etc. In Fig. 12 we have Ax = x — x^. 

Corresponding to an increment of a 
variable, there exists an increment of a 
function of that variable. This increment 
is obtained by taking the difference 

between the function and its value for the arbitrarily assigned 
value of the variable. For example, in Fig. 12 the increment of 
f(x) corresponding to the increment {x — xj of x is 

fix) - /(x,). 

We denote the increment of the function by prefixing the letter A 
just as in the case of the increment of the variable. Thus, we 
have 

A/Cx) = fix) - /(x,) 

= /(xi + Ax) - /(xi). 
37 




>X 



Fig. 19. 
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If we have y = /(a:), then instead of writing A/(x) we can equally 
well write Ay. 

Given the increment of the variable, we may calculate the cor- 
responding increment of the function, as shown in the following 
examples. 

Ex. 1. Given the function 

/(x) « 3 a:» + 4 a; + 2. 

Then Af{x) - /(x, + Ax) - /C«,) 

- 3 (Xi + Axf + 4 (x, + Jx) + 2 - (3 «i* + 4 a?^ + 2) 

- 6 Xi Jx + 3 (Jx)» + 4 Ax. 

Ex. 2. Given the law of falling bodies 8 » ) gi*. Calculate As corresponding 
to J< - 2, «, - 1. 

We have here As '^ \g {t^ + 2)* - J gt^* 

« 1 <7 • 8 - 4 J7. 



Increments are. in general, variables, and may be either positive 
or negative. 

It is often desirable to compare the increment of a function with 
that of the variable. This comparison is most conveniently made 

by means of the ratio of the incre- 
tv J ments. For example, consider the 

curve, Fig. 13, representing the 
single-valued and continuous func- 




A/(X) 



tion 

y =/W. 

Draw a secant line as indicated- 
From the figure it follows that 

tan d = -^ ; 
Ax 

that is, the ratio of the increment of the function to that of the 
variable gives the slope of the secant line drawn through the 
extremities of the ordinates 

Vl = /(^i); and y = f(x^ + Ax). 

Again, suppose that we have 

where 8 is the space passed over by a moving point in the time L 
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Then the ratio — gives the mean or average speed of the particle 
for the time interval A<. 

Ex. 1. Let the equation of a parabola (Pig. 14) be y - — . Determine 

the slopes of secant lines drawn through a point P on the parabola whose 
abscissa is 10. 

Let a second point Q be taken 
on the curve, as shown. Then 
PS » Jx is the increment of the 
variable, and 

SQ-- Jy^ Jf(x) 

is the corresponding increment of 
the function. For the point P we 
have, by hypothesis, 

20 




^1 - 10, y, - /(«,) 



5. 



Fig. 14. 



Let Jx -« 2; then the abscissa of the point Q is 

X, + Jx - 10 + 2 •= 12, 

and the ordinate is 



Therefore 



(x, + jxy 

20 



12> 



- 7.2. 



20 
Jy - i/(x) 

-/(x, + Jx)-/(x,) 
- 7.2 - 5 - 2.2. 



For different values of Jx the results in the following table are obtained. 



Ax 


jr, + Aj? 


Vi +^y 


Ay 


Ax 


2 
1 

0.1 
0.01 

■ • • 

h 


12' 
11 

10.1 
10.01 

• « • • 

10 + A 


7.2 
6.05 
5.1005 
5.010005 


2.2 
1.05 
0.1005 
0.010005 

*^ 20 


1.1 

1.05 

1.005 

1.0005 
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The student will observe that, however small a value we give to Jx, the 
ratio -p has a definite value. In fact, as we allow Jx to approach zero, we have 
in the limit 

Ax^oJx 



e^oJx A*o\ 20/ 



EXERCISES. 

1. Given /(x) =• a:* — 3 x + 5. (a) Find the increment Jf(x) corresponding 
to the increment Jx of the variable, (b) Calculate Jf(x) for Xj « 3 and Jx « 
O.I. 

2. Given /(x) — a^. (a) Find the expression for the increment J/(x) for 

x «= X.. (b) Find the limit of the ratio {^ as Jx ^ 0. 
. * ^ Jx 

3. Given y » sin x. Take x^ = 30^, and assume for Jx the following values: 
I**, 30^, 5'. Make a table showing the values of /(Xj + Jx), Jf{x) or Jy, and 

■^ . See if the ratio approaches a limit. 

aX 

4. In the equation 8 ^ \gt^i take y » 32, ^^ ~ 5, and calculate the incre- 
ment Ja corresponding to Ji. Then find the ratio -7-. , and its limit as J/ =0. 

6. Find (a) the increment of volume and (b) the increment of surface when 
the diameter of a sphere increases from 12 to 12.05 inches. 

6. Suppose that air inclosed in a cylinder has an initial volume of 10 cubic 
feet and an initial pressure of 20 lbs. per square inch. Assuming that air 
expands according to Boyle's law, viz. pv — constant, calculate the value of 

-^ for Jr « 2, 1, 0.1, 0.01. Determine the same ratio for Ji? « A, and show 

Jv 

that as Jv =^ 0, this ratio has the limit —2. 

16. Definition of a derivative. In the preceding article attention 
was called to the significance of the ratio 

^y ^ Af(x) _ f(x, + Ax) - fix,) ^ 
Ax Ax Ax 

X, being some particular value of x. For Ax = this ratio 

assumes the indeterminate form --, and to evaluate it for this value 

of Ax we must find its limit as Ax = 0, according to the principles 
laid down for the evaluation of indeterminate forms. This limit is 
of fundamental importance in the differential calculus, and is 
called the derivative of /(x) with respect to x for the value x = Xj. 
We shall denote derivatives with respect to the variables x. 
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t, etc., by the symbols D^., A, etc. Thus we have for any value 

!>,/(«,) = L m±^^ifM. (1) 

The derivative may then be defined as the limit of the ratio of 
the increment of the function to that of the variable as the latter 
increment approaches the value zero. 

Instead of the symbol Z>^, other symbols are often employed. 
For example, having 

y =/W, 

we may indicate the derivative by anyone of the following symbols: 

fix), t//, J/', Dy. 

The last two are used only when there is no ambiguity as to the 
independent variable. 

The derivative is also referred to as the differential coefficient or 
as the derived function y* and the process of finding the derivative 
is called differentiation. This process consists of the following 
steps: 

1. Give to the independent variable an increment. 

2. Calculate the corresponding increment of the function. 

3. Find the ratio of the increment of the function to that of the 
variable. 

4. Find the limit of this ratio as the increment of the variable 
is allowed to approach zero. 

The process of differentiation does not depend, in general, upon 
any particular value of the independent variable and gives a 
general expression for the derivative applicable to all values of the 
independent variable. We may usually determine the value of 
the derivative for any particular value of the variable by substi- 
tuting in the general expression for the derivative the value of the 
variable in question. If, however, such substitution leads to an 
indeterminate form, the limit 

j^ f(x 4- Ax) - fix) 
Ax-^o Ax 

must be calculated for that particular value of the variable. 

* The word " derivative ** is frequently used to mean the value of the limit (1) 
for a particular value of x. The term ** derived function " refers more properly 
to the assemblage of all such values. 
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Ex. 1. Find the derivative of f(x) -5a:'-3x-|-4. 
First, giving the variable the increment dx, we have 

/(x + Jx) - 5 (a; + Jx)» - 3 (x + Jx) + 4 

-5x>-3x + 4 + (10x-3)Jx + 6 (Jx)». 

Subtracting, we have 

/(x + Ax) - /(x) - (10 X - 3) Jx + 5 (Jx)». 

The result of dividing by Jx is 

Jx 
Taking the limit of this ratio, we obtain 

L /(^ + ^^) - /C^) , i (10x-3 + 6ix)-10x-3. 

Hence, /'(x) = D. (5 x» - 3 x 4- 4) - 10 x - 3, 

To find the value of the derivative for some particular value of x, we merely 
substitute that value of x in the derived function /'(x). Thus, for x — x,, 
/'(x,) = lOx, - 3; for x « 5, /'(5) = 10 X 5 - 3 « 47. 

k 
Ex. 2. Given the equation expressing Boyle's law, vis., ;w — A; or p « - - 

Find the derivative of p with respect to v. 

We have 

k 







p « -, 


whence 




p + Ap ^ — ~~j- 
V -\- Av 


Subtracting, 


we get 


• 




J _ k * _ jL ^^ 

r + Jv t7 r (r + Jw) ' 


whence 




Jv V (p -f iv) * 


and 






Hence 




D.p-/'(v).-J. 


For k = 


200, 


and V = 10 (see Ex. 7, Art. 15) 



Ex. 3. Find the derivative with respect to < of the function \ gi?, which 
gives the space passed over in the time t by a falling body starting from 
rest. 
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We have 

« + J« - /(< + Jt) - ig(t + Jt)" - J ^ + ^J< + J ^ (J<>». 
Js - f(t + Jt) - f(t) ^giJt + i g{Aty, 

L — - L ^ ' -^^^ - L ^ + J ^ Ji) - gt. 

Henoe, D^s - /'(O - gt. 

EXERCISES. 

Find the derivatives of the following functions, using the general process 
described in this section. 

2. yx'-Sx + l ^"^^ 

^ 7. y - (X - 4)». 

^ ^ " P ' 8. y - a + 6x + car* + dar. 

4. y - >/x. 9. « - erf + J g<» 

6. y - 3 x* + 9 a; - I. 10. y - (a? + 2)>. 

11. y » z*, where n is a positive integer. 

17. Conditions for a derivative. Not every function has a 
derivative for all values of the variable. In order that the limit 

L /(^t + Ax) ~ f(x,) ^jj 

Ax-^o Ax 

shall exist, it is necessary that the numerator shall approach zero 
simultaneously with the denominator. In other words, we must 
have 

L f(x, + Ax) =/(x,), 

which is equivalent to writing 

L fix) = fix,). 

This is, however, the condition for the continuity of f{x) for the 
value x = Xj. It follows that a function cannot have a derivative 
at a point of discontinuity. 

While continuity is a necessary condition for the existence of 
a derivative, it must not be inferred from this that all continuous 
functions have derivatives. There are functions which are con- 
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tinuous through a given interval and yet have no derivative at 
any point. Such functions we shall not consider in this elemen- 
tary discussion. We shall meet at most with these like x sin- 

• . X 

which fail to have a derivative at particular points. 

Although the numerator of (1) must vanish simultaneously with 
the denominator, it does not follow that as Ax — 0, the ratio 
cannot become infinite, that is, cannot exceed any finite number 
however large. As a matter of fact, it may become infinite for 
particular values of the variable. Whether it does or not depends 
merely upon the relative rapidity with which the numerator and 
denominator approach their limiting value zero. We have already 
met with similar cases in connection with the evaluation of inde- 
terminate forms. In such cases, we say that for the particular 
value of X in question, say x = Xp the value of the derivative be- 
comes infinite, and write 

fix,) = «. 

Care must be taken, however, to see that as Ax = the ratio of 
the increments does not oscillate between positive and negative 
values which themselves increase without limit. If this i^ the 
case, we cannot properly speak of the existence of the derivative 

at all. For example, the ratio --— sin --- oscillates in the manner 

Ax Ax 

indicated. 

18. Slope of a tangent, speed. It has been pointed out that the 

ratio — V gives the slope of the secant line passing through the 
Ax 

points whose ordinates are 

If Ax be allowed to approach zero, the secant line approaches as 
a limit the tangent to the curve 

y = f(^) 
at the point (Xj, i/i). 

Hence, if y —f{x) is represented by a continuous curve, we have 

/'(Xj) = tan 0, 

where ^ is the angle made with the a?$;is of X by the tangent to 
the given curve at the point (x^, y^. For the sake of definiteness 
we shall take <f> as the acute angle made with the positive direction 
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of the X-axis. It may be either positive or negative. Tan <f> is 
called the Bloj>e or gradient of the tangent to the curve; hence 
the derivative of the function f{x) for the value x ^ z^ represents the 
slope of the curve y = f{x) at the point (x,, t/,). 

Again, it has been shown that — gives the mean speed of the 

moving point during the time A^ If A^ approaches zero, the limit, 
that is the value of the derivative D^ for t = t^, gives the speed 
of the moving particle at that instant. 

10. General theorems on differentiation. The following theo- 
rems, which are frequently used in the process of differentiation, 
are perfectly general, and consequently apply to all functions irre- 
spective of whether they are algebraic or transcendental. Because 
of their fundamental importance, the student should have them 
at his ready command. 

(a) Derivative of a constant. 

Let y = c. 

Then y -I- Ai/ = c. 

Subtracting, Ay = 0, 

whence Z>,y = L --^ = 0, 

Aar-i-o Ao; 

or I>^c = 0. (1) 

We have, therefore. 

Theorem I. The derivaiive of a constant is zero. 

(b) Derivative of a variable with respect to itself. 
Given y =^ Xy 

then y + Ay = X -I- Ax, 

and Ay «= A X. 

Hence D^y = L 4^ = L -^ = 1; 

Ax^&o Ax Ax-i-o Ax 

that is DjK = 1. (2) 

This result gives the following theorem. 

Theorem II. The derivative of a variable with respect to itself is 
unity. 

(c) Derivative of a sum. 

Let y = fix) + 4>{x). 

Then y -}- Ay = /(x -I- Ax) -I- 0(x + Ax) 
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and ^ = /(g; + Ax) ^ /(a;) ^ <l>(x 4- Ax) - 4>(x) ^ 

Ax Ax Ax 

Taking the limits of both members, we have 

L ^ ^ L /(^ + Ax) ~ /(x) _^ ^ 4>{x + Ax) - <^(a;) ^ 
Ax^o Ax Adp^o Ax Ax^o Ax 

or D^y = D^ + />;r^. 

This process may be extended to the sum of any finite number of 
functions. Thus, if we have 

where u, v, w, are functions of x, we may write 

njf = I>^(u + v-]-w)=. JD^f* + D^v + Djv, (3) 

We may, therefore, state the following theorem. 

Theorem III. The derivcUive of the algebraic sum of a finite 
number of terms is the algebraic sum of their derivatives, 

(d) Derivative of a function plus a constant. 
Let y = /(x) + c. 

By the application of Theorem III, we have 

D:cy = D^{x) + D^ 
= D^ix). 
That is, D^[f(x) + c] = D,/(x) 

If u be used to denote /(x), this result may be written 

We have, therefore, as a corollary to the above theorem the 

following: 

Corollary. The derivative of afunc- 
tion is not affected by increasing or 
decreasing the function by an additive 
constant. 

It follows also that two functions 
differing only by a constant term have 
— .-X the same derivative. In the process of 
Fig. 15. differentiating, the constant terms may 

consequently be neglected. 
Geometrically, this corollary has an interesting significance. 
Suppose the function y = / (x) + c to represent some curve. The 



[by (a)] 



(4) 
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effect of adding or subtracting a constant term, that is, of changing 
the value of c, is simply to shift the curve up or down. (See Fig. 15.) 
As has been shown, the derivative measures the slope of the curve, 
and it is evident that this slope is not changed by shifting the 
curve as indicated. 

This corollary has also an important significance in the inverse 
operation of integration, as we shall see later. 

(e) Derivative of a product. 
Given y = f{z) • <f>{x). 

We have then 

y + Ay = /(x -f Ax) . ^{x rh Ax) 

and ^ = /(x + Ax) ><^(x + Ax) -/(x) . 4>{x) ^ 

Ax Ax 

By adding and subtracting /(x) . ^(x + Ax) in the numerator, 
this may be written 

^ = <f>{x+^x) . /(^ + Ax) - Jjxl ^_^(^^ , <f>{i + Ax) - ^(x) 

«AX LajU £a!C 

Since ^(x) is by hypothesis continuous, ^(x + Ax) in the limit 
becomes <f>(x); hence, we have upon passing to the limit, 

D^y = <j>.DJ +f.D^. 

This result can be extended to the product of a finite nuntber 

of functions; thus, if 

y = uvw, 

where u, v, w are functions of x, we have 

D^y = I>^(uvw) = uv . njv + uw . JD^v + vw . D^u, (5) 

We have then the following theorem. 

Theorem IV. The derivative of the product of a finite number 
of factors is the sum of the products obtained by multiplying the de- 
rivative of each factor by all the other factors, 

(f) Derivative of a constant times a function. 

If we have given 

y = c./(x), 

we have from Theorem IV, 

D:cy=^c. D^(x) + /(x) . D^c 

= c . D^(x). [by (a)] 

That is, D^cf(x) = c . DJ'ix), 
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Again using u to denote /(x) , this result may be written 

njcu) = cDju, (6) 

Hence we have the following: 

Corollary. The derivative of a constant times a function is the 
constant times the derivative of the function. 

We may now combine the results of Theorem I, the corollary 
to Theorem II, and the above corollary in the one general state- 
ment that differentiation destroys constant terms but retains constant 
fa>ctors, 

Ex. Find the derivative oiy = 7?-\-7x-\-%. 
We have 

D,y - D.(x») + I>.(7 x) + D, 8. by (c) 

D,{j?) = D,{xzz) = x^D^ + xW^ + x^D^ by (e) 

- 3 x\ by (b) 

/>. 7 a: « 7 D.r by Cor. 

= 7. by (b) 

Z>. 8 = 0. by (a) 

Combining these results, we have 

D,y = 3 «» 4- 7. 

The student need not write down each step as has been done in 
this illustrative example, but should make himself so familiar 
with the principles set forth in the theorems of this article that he 
can write down the results at once. 

EXERCISES. 

Find the derivatives of the following functions. 

1, y = 3?, 3. y = a: (x» - 4) (x - 1) + 6. 

2. y = 3a:»-6a:* + 7a;-l. 4. t/ = x'-3x' + 4a;. 

6. y - ar» (x' - 2) -f a; (x* - 1) (x + 5). 
6. y =- 6 x^ + 5 (x + 1) + X 4- 19. 

7. Give a geometrical interpretation of Theorem I; of Theorem II. 

8. Plot the curve y — 4 x* + c, giving c the values 2, 4, 6, 8, and show that 
each of these curves has the same slope for x » 2. 

0. Let the distance traversed by a moving point be given as a function of 
the time by the equation 8 » 80 < ~ 16 ^'. Derive a general expression for the 
speed D^ and find the speed at the end of 3 seconds. 

(g) Derivative of a quotient. 

Let y = -^^ . 
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Proceeding as before, we have 

<j>{x + Ax) 
and consequently 

^ ^(x + Ax) 0(x) 

4>{x) .f{x + Ax) -/(x) » <^(x + Ax) 
^(x + Ax) • ^(x) 

Adding and subtracting ^(x) • f{x) in the numerator, we have, 
after dividing by Ax, 

A,(x) . /(a^+Ax)-/(x) _ ... <f>(x + Ax) ~ 4>(x) 

Ay _t_ .4? ^^ 

Ax <f} {x + Ax) • ^ (x) 

Remembering that <f>(x) is continuous and hence as Ax » 0, 
^(x + Ax) becomes ^(x), we have for the limiting value 

n ^ _ <l>(x) • DJ{x) - fix) . D,<t>(x) 

[0(x)P 

Denoting the two functions by u and v, this result can be more 
conveniently written as follows: 

j,^^^^y vD^n^uD^ (7) 

We may state this result in the following theorem: 
Theorem V. The derivative of a fraction is equal to the denomina- 
tor times the derivative of the numerator minus the numerator times 
the derivative of the denominator, all divided by the square of the 
denominator. 

If the numerator of the fraction is a constant, the above result 
becomes 

^-© = -^' <8) 

which is frequently convenient. 

Ex. 1. FindZ).(i). 
We have from (8) D, (^ i • 
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Ex. 2. Given ({x) - ^ ^ ^/^ ^ ; find /'(x). 

From Theorem V. we have 

^,,_x ( g* + 3 a; + 1) D.{x + 2) -- (a; -f 2) D,{j^ + 3 a; + 1) 

_ (x' + 3 a; + 1) 1 - (x 4- 2) (2 a + 3) _ (x' + 4 x 4- 5) 

(x' + 3x+l)» ■" (a:J + 3a: + 1)» ■ 

EXERCISES. 

Find the derivatives of the following functions: 

1 t/-.?L±J.. K . 3r - 3x»-6x->-5, 

x* 1 

2. y - -3 — =r- 6. « «» 



aJ»-3 • /»-t + l x»-2x + 5 

- 3 -, ^ -- x-8 

*-^^(S-^ri^' ^-^-^TTi' "• y"x> + 2x-5' 

12. Show that any rational algebraic function of x may be differentiated 
by the application of the preceding rules. 

13. Show that if the nth power of a variable occurs as a factor in the denomi- 
nator of a fraction, the n + Ist power of the factor will occur in the denomina- 
tor of the derivative of the fraction after reduction to lowest terms. 



20. Differentiation of algebraic functions. The definition of a 
derivative given in Art. 16 and the laws for differentiation developed 
in Art. 19 are perfectly general and apply to all functions. Having 
differentiated certain fundamental functions, we need only apply 
these laws in order to differentiate all functions ordinarily con- 
sidered in a first course in calculus. 

When we have once shown how to find the derivative of ii**, 
where w is a function of x, and n has all real values, we may then 
write at once the derivative of any explicit algebraic function by 
applying the results obtained in the preceding article. In finding 
the derivative of u^^ there are four cases to be considered, viz.: 

1. When n is a positive integer. 

2. When n is a negative integer. 

3. When n is a rational fraction. 

4. When n is an incommensurable number. 
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Following the method used to find the derivative, we have 

y = w", 
y + Ay =-{u + Au)\ 

Consequently, we have for Au » 

Ay __ (u + Au)^— u^ Au 

Ax Au Ax 

Passing to the limit, we have, since u is continuous and therefore 
Au approaches zero with Ax, 

L ^^ L (^ + ^^)^ ■ ^'^ L ^. (1) 

Ax^o Ax Ati^o At^ A«»o Ax 

We have already considered a limit similar to 

T (it -I- Au)"~ u^ 
A»^o Au 

in Art. 14 (b), where n had positive integral values, and again in 
Ex. 11, p. 35, for negative and rational fractional values. In each 
of these cases, it was shown that the limit was nu^"^. In Art. 55 
it will be shown that this same limit is obtained when n is any 
real constant, rational or irrational. We therefore write for the 
value of the limit of (1), replacing y by t^", 

which holds for all real values of n. 

Ex. 1. Given u — as". 

In this case D«u » 1, and we have at once from the formula 

Ex. 2. Let y - a (3 a:» + 7)»; find i>«y. 

Put t* - 3 z' + 7. 

We have then D,y = a • D,tt* =» 3 au^D^. 

But D,u = D. (3 x» + 7) - 6 X. 

Combining these results, we obtain 

D^ - 18 oa; (3 «» + 7)'. 

Ex. 3. Let y « Vx» - a\ 

Substituting m — a:* — a*, 
we have y « vr. 

Hence D«y « J w"* Z>.u =■ i u""* 2 x — , 

V x* — o* 
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EXERCISES. 

Dififerentiate the following functions: 

a. y-x«-2x». » 

8. y - x-« + 2 «-» - 4 «-•. la. y-l-i_^. 

4. y-Ox-?)*. X X' tf 

6. y - (2 x> - 5 X + 3)». 18. y 



6, y - Vl -x>. 



(X - 5)* 




7. y --i/o" + 3?. 

8. y - (3 X - 7)~*. 

9. y - (x" - 6)-'. i."- y - v» -r *; V „ - *.^=_^^^_^, 

10. /.-(?» + Jte* - 2. tJ*. y - «' (1 7 *)*. \ 

17. By differentiating -;;^ , show that Dx^ =" '^ holds for negative inte- 
gral values of n. 

21. Derivative of a function of a function. The derivative of 
it^ discussed in the last article, where w is a function of a:, is a 
special form of the more general case which we shall now consider. 
Let us suppose that y —f(u), and w = ^(x), where these functions 
have respectively the derivatives /'(w) and ^\z) for the correspond- 
ing values of the variables u and x. If we wish to find D^ t/, we 
can do so by substituting the given value of u in /(u), thus ex- 
pressing y directly as a function of x; from this expression we can 
obtain the desired result by methods already explained. In most 
cases, however, the derivative can be obtained more easily by the 
following method. 

Let X take an increment; then u and y will also take incre- 
ments, and since u and y are continuous functions of x, these 
increments will approach zero as the increment of x approaches 
zero. We have then 

At/ = f(u + Au) - f(u). 

At/ _ f(u + Ati) - f(u) . ^ ^ ^^ ^ 0. 
Ax Aw Ax ' 

Since Aw = as Ax =0, we have in the limit 

Ax^o Ax Att-^0 At^ iiX'^Q Ax 

that is, ^Jf = J>uy • ^^^ • (1) 

This formula expressed in words gives us the following theorem. 
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Theorem. If y == f(u) and u = ^'(x), the derivative of y with 
reaped to x is ihe product of the derivative of y with respect to u arid 
the derivative of u with respect to x. 

This theorem merely asserts the principle that if u changes m 
times as rapidly as x, and y changes n times as rapidly as u, then y 
changes mn times as rapidly as x. For example, if a horse- travels 
twice as fast as a man, and a train three times as fast as the horse, 
the train travels six times as fast as the man. 

Ex. 1. Find D^ when y = v^tt and w «- 3 x* - 4. 
We have D^ — } m~*, and DmU « 6 x; 

—1 —1 3 X 

hence D^y — Jw ■•6x — 3a:M *»- — ^ • 

Va x» - 4 

Ex. 2. Find D^ when y « (a* - x*)~^ 
Put u '^ a* — X*; then y — m~*, Z>«y «• — J w"*, and D,w =- — 2 x, 

— a S X 

Therefore D^y = 3 aru ■ 



EXERCISES. 

Differentiate the following functions. 

1. y = x»-3a; + 2 x-h , . a + bt -h ct^ 

12. 8 " • 

2. y - Vx* - 3. , ^ z 

3. y - (a:* - X + 1)*, 13. s - |^ • 4,V,.r r^ 

6. y - x* - x' + 4 x* - 2. -v/^ A - 



:^."t 



7 



/ ^ \^ 16. y - (l-4x»H-5x^)(l+a^)". 

•y V ^^3a^r 17. y.5(.»-4)i(x + 5)* 

8. y»i /6x»-x '. x/7+2v^ 
— -; — 18. y — . • 

^ 2 >/x Vci -f x» 

^° ~^ ^^ _ Vax» + 2 frg +"^ 

10. y - VCa + x) (6 + x). • ^ " v/pjj ^ 2^2 + r * 

^^- J' - w/ ^ • 20. y^^-^f^'. • 

a V 2 ax — ^ " x* 

21. By putting /(u) — cu, prove the corollary to Theorem IV, Art. 19. 

22. By putting f(u) *» u", develop the law for differentiation of u* given in 
Art. 20. 



»• 
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23. Write a function which hab x' as its derivative. 

24. Show that the curve for which the slope of the tang^nt liue (that is, 
tan <l>) is numerically equal to the abscissa has the general form y — ix^ -\- C. 

26. Find the values of x for which the derivative of f{z) = x^ — 93^ + 2ix 
becomes zero. What is the geometrical interpretation ?l^^ w#il\ . N- ': ^.j-^ . 

26. At what points of the curve y»a^ — 12x is the tangent parallel to 
the X-axis ? X^i^?. 

ZZ, Derivatives of inverse functions. As we have seen, if y is 
given as an explicit function of x, then x expressed as a function 
of y is the inverse function. Usually in the process of differentia- 
tion we express y as an explicit function of x and determine D^y 
directly. Sometimes, however, it is convenient to express x as a 
function of y and find D^y by means of the inverse function. To 
find the relation between the two derivatives, we may proceed 
as follows: 

Given 

y =/W- 

Let the inverse function be 

x = ^{y). 

m 

By differentiation, we have from this equality by aid of Art. 21, 

or 1 = DyX • Dxy- 

Hence we have 

^-^ = 25^- <1) 

This formula states the principle that if y is changing n times as 

rapidly as x, then x is changing — th as rapidly as y. 

n 

Ex. Given the equation of the parabola i^ — 4pz; find Z>«^. Solving for x, 
we have 

y" 

4 p 

whence Djc = t-^ — ^ • 

From the theorem of inverse functions, we have 
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EXERCISES 

^ifT^x} J-.'. Find Z>«y when j/* « x - 4. ^3. If />» - a^ + 6, find D^. .^ ^* 

v — ' 2 
C / 2. Find Z)«w when . , =» a:*. ii rr j o c j r^ -^r 

-^^:>o ^ ^ 2/ + 1 ^. If r» - 2^«, findZ>«v. ^ J 



?-'^a< -n 



S3. Derivative of one function with respect to another, when 
both are functions of a common variable. 

Suppose we have given 

and that we wish to find D^y. We have, for A< ?^ 0, 

Ay 
Ay ^ A£^ 
Ax Ax 

At 

Because of the continuity oi f(t) and <f>(t)j Ay = and Ax = 
simultaneously as At ^ 0. Hence by Art. 16, we have upon 
passing to the limit 

Ex. 1. Given y — a* 4- 1, and a; = vT; find D^y. 

D^y^ 2«, 
and D^ = i«"* 

Henoe Z)^ =L -?£. = 4 «* - 4 x». 

Ex. 2. The equations 8 ^ igfi and v '^ gt refer to falling bodies. Find the 
derivative D^v, 

* Da gt t V 

EXERCISES. 

(^1. Pindi)^, wheny- 3«» - < - lOanda; « < + 8. ^^"^ -v ^ 

,2^ Find D^, when y - /* ~ 3 <» + 7 and x -^ <» - 2« + 4. Find the values >^ \' ' -^S 
of tEis derivative for < =- 0, 2, 5. ♦^ . ' , - '' ^ - I 

J. If p « vTand ^ - <» - 10, find D^. :, , . ' 

4. If X = a< and y « 6« - J c^, find 2>«y and DyX. 

6. Work examples 3 and 4 by eliminating t before differentiating. 

6. Prove the theorem of Art. 23 by making use of the theorems of Arts. 21 
and 22. 
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MISCELLANEOUS EXERCISES. 

Differentiate the following functions with respect to the variable indicated. 

1. y - 3 z* - 6 X* + 7 « - 1. 17. y - (x + Vx*-!)*. 

2. y - x» (x» - 4) (X - 1). 18^ ^ _ Vx + VTT^. . 

3. 8 = 5 <» - 3 < + 2. /5^r"i 

1 19. y « \ — r-7- 



Vx* + 5 



6. « = «o + V + i 0*- 

6. y = 3 x» \/x»' - 5. ^^ (1 - x)Vl - x» 

^^- y wT^ 

7. y = x>(a-x)»(6 + x)»(c-x). .— — 



1 22 « >/x» -f 1 + V'x' - 1 

8. y = (1 + cx»)». • ^ "" V^mH^ - Vx^"^ 

9. y - a + - + -,. 23. y = ^ , ^ - 



X X 

ox + 6 



X + a 

X 



^^' ^ ^ XM^' 26. y=^(fl^ - x*)«. 

12. y = (ax» + 6x 4- c)*. 26. p =Va5 -v^. 



13. y - V5 x> - 6 X + 12. 27. i? = a (1 - c^ + d^)-». 

1*- y '^ (TTx?' ^®' ^ " ^/iTVvV-i-i. 

IK 1 ' ^ Vx> + 1 - X 

(x — c) (x — a) "^ 'V — b TT 

\_ 31. Show that the slope of the tangent to the curve y = x* + 4 is never 
negative. Find the slope for x «■ 0. x = 2. For what values of x does the 
slope decrease as x increases? '> U «^ ^^^ 

' 32, Find the angle which the tangent to the parabola y* — 9 x at the point 
(4, 6) makes with the X-axis. //"' 

33. Given y « -\ — f^ and u =« x»-3;findD,y. 

tl "" xO 

34. Given « = 6^ + i a/* and v '^ at; find D.v in terms of v. 

36. The equation pv ^ C expresses Boyle's law, C being a constant. Find 
D^p and DpV. 

36. Clausius' equation, which gives the relation between the pressure, 
volume, and temperature of certain substances, is 

RT c 

^ ^ V - a r (v 4- 6)' ' 
in which /2, a, b, and c are constants. 

(a) Consider T also constant and find D^p. 

(b) Consider v constant and T variable and find Djp, 
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37. From Regnault's experiments, the heat q required to raise the temper- 
ature of a unit weight of water from 0° G. to a temperature r is given by the 

equation 

g - T + 0.00002 T» + 0.0000003 i». 

Find Drq and calculate its uiumerical value for r » 35^. 

38. In expanding, a gas follows the law pif^ » C, in which n and C are 
constants. Find D^p and D,v, 

39. Find the slope of the tangent to the circle x* + y* — 16 for the points 
a; = 0, a; - 2, X =• - 3. 

40. Find D,v, where v^ -^ 2 c (j - -\ - 

v_41. Z)«y — — T- and u = -^a^ -^ hx. Find Z>«y. -, / . . 

ax -r o 2 

42. Interpret geometrically the corollary of Art. 19 (f). 

i4B, Find functions which give the following derivatives: 

WS:^; (b)4x»-l; (c) x« - x + 2; (d) - ^ • l' 

44. Deduce Theorem V, Art. 19, from Theorem IV by means of the substi- 
tution - -^ w, whence DmU —D. (vw). 

46. If the factor (x — a) occurs n times in a fimction f(x), show that it occurs 
n — 1 times in the derivative Dm f(x), and from this principle deduce a method 
of finding whether an algebraic equation has multiple roots. 

46. Show that a function of a function may be represented by a curve in 
space. [Echols' Caladua, Appendix, Note 2.] 



CHAPTER IV 
btjBmbntary applications of dbrivativiss 

24. Slope of a curve. The equations of the curves thus far 
discussed have all been given in the form 

?/=/(x), or Fix, y) = 0. (1) 

In some cases it is more convenient to express both x and y in 
terms of a third variable; thus 

X = 0(0, y = ^(0, (2) 

where 0(0, ^(0 a-re single- valued functions of the variable t. We 

call these equations the 'parametric equations of the curve. As 

examples of parametric equations of curves, we have for the ellipse 

the equations 

y = bsm Of a: = a cos 0, 

and for the cycloid 

1/ = a (1 — cos 0) 

X = a ((? — sin 0). 

We may pass from the parametric form of expression to that 
given by equation (1) by eliminating the common variable. 
In whichever form the equation of the curve is given, we have 

D^y = tan 0, (3) 

where denotes the acute angle between the tangent to the curve 
and the positive direction of the X-axis. To determine tan <f> 
from the parametric equations of the curve, we have by Art. 23 

D,y = ^ = tan 0. (4) 

Tan <f) has been defined as the slope or gradient of the tangent to 
the curve. It may also be called the slope of the curve, for the 
direction of the tangent to the curve is also the direction of the 
curve at the point of tangency. The slope of the curve, therefore, is 
given by the value of the derivative Dxy- 

58 
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The value of the derivative at any point gives us still other 
properties of the curve. Since the direction of the tangent is 
identical with the direction of the curve at the point of tangency, 
it follows that so long as <^ is a positive angle the ordinates of the 
curve are increasing as the abscissa increases. When, however, 
<f> is positive, tan ^, and hence Dg^y, is positive. For similar reasons 
when <f> is negative, the ordinates of the curve are decreasing as 
the abscissa increases. But, in this case, tan <^, and hence D^t/, 
is negative. If the value of D^y becomes zero for any value of x, 
then tan <f} is zero and <f} must be either zero or n; that is, the tan- 
gent to the curve at this point is parallel to the axis of X, This 
occurs whenever the curve has a turning-point, that is, a point 
where the ordinates cease to increase and begin to decrease, or 
vice versa. If, for any value of x, D^y becomes infinite, the value 
of <j> is then ^ ;: or | ;r, that is, the tangent to the curve at that 
point is perpendicular to the axis of X, We may summarize these 
results as follows: 

At any point of the curve y — f{x) , the ordinate increases or decreases 
toith increasing x according as D^y is positive or negative. If D^y 
is zero for any value of a;, then at that poirU the tangent to the curve is 
parallel to the axis of abscissae. If it becomes infinite for any value 
of X, the tangent to the curve is perpendicular to the axis of abscissas 
at thai point. 



Ex. 1. Investigate the curve t/ « r^ a:* — x 



by means of its derivative. 
Differentiating, we get 

3x» 
12 



D^ = 



-1«^-1 



{x +2)(x- 2) 
4 



For values of x > 2 or a; < — 2, D,y is pos- 
itive, and consequently y increases with x. For 
values of x between 2 and — 2, D^y is negative, 
and y therefore decreases as x increases. For 
X =■ 2 and for x =» — 2, D,t/=0; hence at these 
points the tangent to the curve is parallel to 
the X-axis. The curve is shown in Fig. 16. 

Ex. 2. The equation of van der Waals, 




Rg. 16. 



(p+ ^)(t^-6)-«r. 



gives the relation between the pressure p, volume v, and absolute temperature T 
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of certain gases. By giving T various fixed values, we get a series of constant- 
temperature curves (isothermals) by means of which the behavior of the gas 
may be studied. Let us study the nature of these curves through the 
derivative. 

To get the derivative I>«p, we write the equation in the form 



RT 

V ^ b 



V' 



(a) 



n Jgy . 2a 



Now, remembering that T is fixed and consequently RT is a constant, we have 

(b) 
For convenience, we may write 

For carbon dioxide the following values are given for the constants: R — 0.00369, 
a » 0.00874, b » 0.0023. The values assigned to T may lie between 250 and 

390. Since the factor j — __ ..^ is intrinsically positive, it follows that D^p is 

negative or positive, according as RT is greater or less than ^-j — - . This 

last term is small compared with RT for values of v > 1 ; but for small values 
of V, say for .005 to .01, the term becomes relatively large and may exceed RT 
if 7* is sufficiently small. As v is taken still smaller and finally approaches 6, 
the fraction again becomes small. Hence for the smaller values of T, it 
follows that for values of v near b D^p is negative. As v increases, a point 

is reached where 

tr 
and here Z)«p » 0. For lai^er values of v, 

2a(v-.by ^^y 

and D^p is positive. 

However, as v increases still more, the fraction 

, after reaching a maximum value, 




v» 



O 



V 



begins to decrease and again becomes equal to RT, 
whence D»p is again zero. For all larger values of 
the derivative is negative. 

The general form of the curve is shown at (a), 
Fig. 17. The curve (6) shows the form when T is 
taken so large that D^p cannot take a positive value. 

Branches of the cur\'e may be found lying below the i>-axis. These have, 
however, no physical interpretation. 



Fig. 17. 



n 
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EXERCISES. 

1. Investigate the following curves by means of their derivatives. 

(a) y « x» - 3 x» + 6 X. (b) y' -= 8 a; - 10. (c) y « ^ . 

X 

2. For what values of x does the function a:* H — increase with x?. .For what 
values does it decrease as x increases? ^ ^^ ' 

3. Investigate van der Waals' equation for the following values of T^ using 
the constants previously given, (a) T - 270. (b) T - 300. It will be well 
to draw the curves carefully on cross-section paper. 

4. The equation 

T = 53.6 p* - 35.7 

gives very closely the temperature r of steam as a function of its pressure p. 
(Here r is in degrees F., and p in pounds per square foot.) Show how the deriv- 
ative DpZ changes as the pressure increases, and sketch roughly the curve 

6. Discuss by means of the derivative !>• H the equation 



H^:^[t -—\ (See Art. 4, Ex. 6.) 



Find an expression for the speed beyond which the power decreases as the speed 
increases. 

6. A cylindrical vessel with one end open is to hold 300 cu. in. The superficial 
area A of this vessel (cylindrical wall plus one base) is a function of the radius 
of the base. Deduce the equation and examine it by means of the derivative. 
Interpret the results. 

7. Given the continuous curve y -° /(a:). Show by means of the graph 
that for positive values of J x, Jy is positive or negative according as the func- 
tion is increasing or decreasing at a given point. By considering the limit 

L -j^ deduce the general law given on p. 59. 



25, Derived curves. The derivative of a function is also, in 
general, a function of the independent variable, and may be rep- 
resented by a graph in the same manner and under the same 
conditions as the original function. In what follows we shall 
restrict our discussion to those functions whose derivatives can 
be so represented, unless otherwise stated. This curve, whose 
equation is y = f'{x), is known as the derived curve. The princi- 
ples developed in the last article enable us to establish certain 
general properties of derived curves. Thus the graph oft/ = f'(x) 
crosses the axis of x at those points for which the original curve 
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has a turning-point. Moreover, we can tell whether the derived 
curve crosses the X-axis from above to below or vice versa; for we 
know that as x increases, f'{x) is positive or negative according 
as /(x) increases or decreases. Hence, if the values of /(x) are 
increasing as the turning-point is approached, and decreasing 
after it is passed, as at point C, Fig. 18, the values of f\x) pass 
from positive to negative, and the derived curve passes from the 
upper to the lower side of the axis, as shown at point C At the 
turning-point A^ on the other hand,/(a:) changes from a decreasing 




>jr 



Fig. 18. 



to an increasing function and/'(x) passes from negative to positive 
values; that is, the derived curve passes from the lower to the 
upper side of the X-axis at the point A' , 

For those functions which are to be considered in the present 
volume the derived curve is, in general, a continuous curve. We 
shall meet, however, two exceptional cases in which it becomes 
discontinuous. 

1. When the tangent to the curve y = /(x) becomes perpen- 
dicular to the X-axis, as at B, Fig. 18. Here the value of /^(x) 
becomes infinite and the derived curve has infinite branches. 
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2. When the curve y ^ fix) has an angular point as at D. Fig. 
18. At such a point, the limiting position of the tangent as the 
point of tangency approaches D from the left is different from the 
limiting position as the point of tangency approaches D from the 
right. Hence, the value oi f'{x) takes a sudden jump as shown at 
7)', and the derived curve has a discontinuity. 

The ordinates of the derived curve are the successive values of 
^xV of the original curve. Since D^y measures the slope of the 
tangent to the original curve, it follows that for any value of x 
the ordinate of the derived curve measures the slope of the original 

curve. Thus at the point H, Fig. 18, where ^ == -? , tan ^ = 1, 

4 

and ordinate H'H" = 1. 

It is evident that the slope of the curve y = f{x) is independent 
of the position but not of the direction of the X-axis. We can 
shift the curve in the direction of the y-axis» Fig. 18, and the 
values of /'(x) will remain unchanged. In other words, the curves 
y = /(x) and y = f(x) + c, where c is an)*^ constant, have the same 
derived curve (see Art. 19 (d)). 

Ex. Draw the curve y — — — x and its derived curve. 
Differentiating, we get 



x» 




/>.3/ = J- - 1. 

For various values of a?, the ordinates represent- 
ing /(x) and f'{x) are as follows : 

X ±5, ±4, ±3, ±2, ±1, 

f{x) ±6A, ±1§, ±f, ±1§, ±{i, 
/'(x) 5i, 3, U, 0, - }, -1. 

Using these values, we get the curves shown in Fig. 19. 

Fig. 19. 

EXERCISES. 

1. Draw the graph of each of the functions given in the first exercise of 
Art. 24, and also the derived curve of each. 

2. Draw several curves, and by observing the variation in the slope and the 
turning-points sketch in approximately the derived curves. 

3. Draw a curve at random, and by observing the variation of the ordinate 
draw roughly the curve of which the first curve is the derived curve. 
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26. Equation of the tangent and of the normal to a curve. Let 
(Xi, y,) be any point on the curve whose equation is 

As we have already seen, the slope of the tangent to the curve at 

the point (Xp y^) is given by substituting the value Xj for x in the 

derived function /'(x), that is, by/'(Xi). From analytic geometry, 

we know that the equation of the tangent at any point (xj, y^) on the 

curve is 

y - Vt = m(x - Xi), 

where m denotes the slope of the tangent at the point in question. 
Replacing m by/'(X|), we have for the equation of the tangent to 
the curve in terms of the derivative 

y - v^ n^x) (« - a?^)- (1) 

The normal to a curve is perpendicular to the tangent to the 
curve at the point of tangency. The condition that one straight 
line shall be perpendicular to another is that the slope of the one 
shall be the negative reciprocal of that of the 'other. It follows 
that the equation of the normal to the given curve at the point 

Because of the relation 

J^ JL 

D,y f\x) 

the student will observe that frequently the slope of the normal can 
be most conveniently obtained by substituting 2/ = y^ in DyX. 

Ex. 1. Find the equations of the tangent and normal to the curve 
y — X* at the point (4, 8). 

and for x - 4, /'(4) = f x 2 = 3. 

Substituting this value of f'{x) in (1), we have for the equation of the tangent 

y - 8 - 3 (X - 4), 
or 3 X — y = 4. 

At the given point, ., » \, Hence the equation of the normal is 

y - 8 - - J (X - 4), 
or X + 3 y - 28. 



DyX = ^ = -;— , (Art. 23.) 
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Ex. 2. Find the equations of the tangent and normal to the ellipse 

?! + y* = 1 

at the point (x„ y^). 

We have yb^l — -,. 

and /'(x) 1 i • ■ — =-• 

For the point (z„ Vi) i^ follows that the equation of the tangent is 



which by means of the relation 






•^ 



reduces readily to 

a» "^ 6» *• 
For the equation of the normal, we have 

y -Vx ^ g'g -X, 



f^ 



^' ,, • f 



fc' *. . ,^^ A ' ., -^ 



r' ., V, 



'« ; 



^ 



L 



EXERCISES. '^ (^ 't.'^x'^ 

Find the equations of the tangent and normal to the following curves at the 
points indicated. . 

^ - M 

1. The parabola y» - 8 x, at (2, 4). ^ ^ ^ 'T 

2. The hyperbola xy — a', at (x,, y,). -^^ ^ , 

3. The cissoid w* =• ^ » at (a, a). ' "-^ 

*'2a — x^ , > 

4. The circle (x - 4)» + (y + 3)» « 25, at (7, 1). .. . - 

Find the equations of the tangent and normal to the following curves at the 
point (x„ y,). 

6. y* — ax*. 7. X" + y" — a". 9. v — x* • 

3 2 X 

6. x' + y' = a*. 8. ^ - ^, - 1. 10. y - x»- 3 x + 10. 

27. Lengths of tangent, normal ; subtangent, subnonnal. The 

length of that part of the tangent to a curve which lies between the 
point of tangency and the axis of abscissas is called the leTtgih of the 



^t 



.^J 



. *■ 



V* 
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tangent. The length of that part of the normal intercepted between 
the same point on the curve and the axis of abscissas is called the 
length of the normal. The projections of these lengths upon the 
axis of abscissas are called respectively the suhtangent and the sub- 
normal. 

Thus in Fig. 20, let the tangent to the curve at the point P, 
having the coordinates x^, t/j, meet the X-axis in the point A^ and 

let the normal at the point P meet 
it at C Let BP be a perpendicular 
let fall from P upon the X-axis. 
Then for the point P, PA is the 
length of the tangent, PC is the 
length of the normal, and AB and 
BC are the subtangent and sub- 
■^^ normal respectively. Denote by <f> 
the angle P AC between the tangent 
to the curve and the X-axis. The 
angle BPC is then equal to <j>. Assuming the equation of the 
curve to be 2/ = /(^)> we may obtain directly from the figure the 
following values for the lengths of tangent and normal, subtangent 
and subnormal. The details of the proof are left as an exercise 
for the student. 




Fig. 90. 



Length of tfit^ent = I y^ c«c ♦ I = Viy 1 + f ^.,. J • 
Length of normal = | y^ see +1 = 1 y{^^ + (/'(a5j))» 



Suhtangent 
Subnormal 



y^ coe 4» I = 
y^ tan 4» 



Vi 






(1) 

(2) 

(3) 
(4) 



Instead of memorizing these formulas, the student will do well 
to so familiarize himself with the steps in their development that 
he can apply the fundamental principles involved to any special 
case. 

Ex. Find the subtangent, subnormal, and lengths of tangent and normal 

for the curve y* — j- at the point (4, 4). 

We have y — 1 *'• 

whence D^ = f'{z) — f x*, 

and /'(4) - }\/4"= |. 
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Henoe we have 

Subtangent 

Subnormal 



2/1 






6. 



Length of tangent = I y, -yf 1 + (tt^nT I - 4 Vl + (j)' - } Vu. 
Length of normal =- | y^ Vl + C^'(x,))'|- 4 Vl + (|)> - 2 vTs. 



EXERCISES. 

Find the subtangent, subnormal, length of tangent, and length of normal for 
each of the following curves at the points indicated. 

1. y» - 8 X, at (2, 4). 

2. zy - a^ at (x„ y^), 

■ 3. (x - 4)» + (y + 3)» = 25, at (7, 1). 
4. y «=« X* — 3 X H- 10, at (x„ yj). 
6. y" — ax', at (a, a). 
x» 



6. y» 



, at (a, a). 



2a - X 

7. X* + y* -ai, at (x^ y^). 

8. Show that the subnormal to the parabola y' * 2 mx is constant. 

9. Using the equations of the tangent and normal in Art. 26, derive formulas 
(1), (2), (3), and (4) by finding the intercepts of these lines on the X-axis. 

10. Show that the length of the normal to the curve x' + y* » a' is constant. 

28. Tan ^y cot 0. Let p, be the polar coordinates of any point 
on a curve. It is customary to assume as the independent variable. 
In order to determine the direc- 
tion of the curve at any point, 
it is convenient to express the 
tangent and cotangent of the 
angle between the radius 
vector and the tangent to the 
curv'e in terms of /», 0, and 
their derivatives. Let us de- 
note this angle by ip. 

In Fig. 21, let P be any 
point on the given curve, and 
let its polar coordinates be p, 
0, Let take an increment A 9, then p will have a corresponding 




Tig. 81. 
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increment Ap. Corresponding to the coordinates + A^, p + Ap, 
we have a second point P'. Let MP be drawn perpendicular to 0P\ 
From the figure, we have 

MP = p sin Atf, 
OM = p cos A», 
MP' = 0P' - p cos A(? 

= P + Ap — p cos Afl. 

Hence tan Jtf P'P f ^^" ^^ ,, • 

p + Ap—p cos A^ 

As A(? = 0, the angle MP'P approaches the angle ^. Hence we 
have 

L tan MP'P- L ^^^^^-^ — , 

A«*0 A«-«-0 Ap + p (1 — COS A^) 

sin Ad 
or tan (p = L 



Atf-o A£ / I - cos A^ \ 
AO ^\ Ad I 
But we have seen that 



J sin Atf 1 I- 1 — cos A(? ^. ,A«i. 11 io\ 

L — -— -= 1, L — = 0; (Arts. 11, 13.) 

Atf-bO AO A«-i-0 A^ 



hence, we have 



««n+- J--pi>pe. (1) 



^ 



From (1) it follows at once that 



*** * - «^ - ? i>.p- <2) 



Ex. Let the equation of a curve be />' » -?• Find the angle for p -<■ 1. 

Writing the given equation in the form 

a 





«-=.-«,-., 


we find 


Df,d = - 2 op-». 


Hence 


tan <p — pDptf «= - 2 ap-^ 


and 


cot^- 2'„ 


For 


p =« 1, tan ^ = — 2 a, 


whence 


^ — arc tan ( — 2 a). 



a 
P* 
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29. Length of polar tangent and polar normal; polar subtangent, 
polar subnormal. Given a curve and 
the polar coordinates (pi,^i) of any point 
P upon it. At the point P, Fig. 22, draw 
the tangent and the normal to the curve 
and through the pole draw a perpen- 
dicular to the radius vector OP. Let 
this perpendicular cut the tangent and 
the normal in the points T and N re- 
spectively. PN is called the length of 
the polar normalf and PT the lengOi of 
the polar tangent. The projections of PUr 81 

these lines upon the perpendicular, 

namely, NO and OT, are called the polar subnormal and polar 
subtangent, respectively. 

If the equation of the given curve is /» = F{0), we have from the 
figure 

Angle PNO = angle OPT = i^. . 




Length of polar tangent ^ p^ sec ^ = 


i. Vl 1 X -^ 1 1» 


(1) 


Pi VI 1 <^i[F"(h^)} • 


m 

Length of polar normal » p^ ct 
JPolar subtangent = p^ tan^ \ = 




Vp^»+(£'^t^))»\^ 


(2) 
(3) 


Fi»i) 


m 


JPolar subnormal = p^ cot + = 


F(.\) 


• 


(4) 



It will be observed that in the case of rectangular coordinates, 
the line upon which the tangent and normal were projected to 
determine the subtangent and subnormal was the X-axis, while in 
polar coordinates it is not the initial line, but a line through the 
pole perpendicular to the radius vector. 

Ex. Find the lengths of the polar tangent and polar normal, also the 
subtangent and subnormal of the curve (^ "^ -e ' 

Putting the equation in the form p =» a^""', 

we get -Dtf^ =- - 1 o^~*; hence, F\0^) ^ • 

2 d^ 
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Substituting tliis value in the proper formulas, we have 
Length of polar tangent ^ --^= Vl + 4 O^*, 

Length of polar normal =« -7^ A/ 1 + j-Ti ' 

Polar subtangent -= 2 o V^,. 

a 



Polar subnormal 



2^,» 



EXERCISES. 

1. Find general expressions for the length of tangent, subtangent, length of 
normal and subnormal of the spiral p = aO. Show also that tan ip =» d, 

2. Find the same for the curves 

(a) p = ae\ (b) /) = 1 + i . (c) pl^-ad + bd\ 

3. Find tan for the curves of Ex. 2. 

4. Show thtft the polar subtangent to the curve />^ ~ a is of constant length. 
Trace the curve. 

30.. Multiple roots. Given an integral rational function, that 
is, a function of the form 

f{x) = x** + aiX«-^ + a^x^'^ + . . . + an . (1) 

From algebra, we know that if any number a is a root of /(x) = 0, 
(x — a) is a factor of /(x). Let this root occur k times in/(x) = 0. 
We may then write 

fix) = (X - a)* . <f>(x), (2) 

where <f>(x) does not contain the factor (x — a). DiflFerentiating, 
we have 

fix) = Aj (x - a)*~* . ^(x) + (x - a)* . ^'(x). (3) 

From this we see that if the factor (x — a) occurs k times in a 
function, it occurs (A; — 1) times in the derived function. Conse- 
quently, any multiple root of /(x) = is also a root of /'(x) = of 
dimension one less. All of the multiple roots of /(x) = are 
determined by the common factors of /(x) and /'(x). Conversely, 
any factor (x — a) which is common to /(x) and f'(x) must of 
necessity appear to degree one higher in the function than in its 
derivative, and hence only multiple roots are to be found by 
equating to zero those common factors. We have therefore the 
following statement: 
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To find the mvUiple roots of f(x) = 0, equaie to zero the greatest 
common divisor of /(z) and f'{x). Each root of the equation thus 
obtained is a multiple root of order one higher of f{x) = 0. 

Ex. 1. Examine the equation 3a^ — 25a;' + 63a^ — 27x--54 — for 
multiple roots. 

/(a;) - 3 X* - 25 a:* + 63 x» - 27 X + 64, 

whence f\x) « 12 x» - 75 x» -f 126 x - 27. 

The greatest common factor of f{x) and f\x) is {x — 3)'. Hence 3 is a double 
root of f\x) = and a triple root of f{x) = 0. The roots of f{x) >- are 
found to be 3, 3, 3, - }. 

Ex. 2, Find the relation that must exist between q and r that the equation 
as" — ga; + r « may have a double root. 

We have f(x) *= x" — gas + r, 

f\x) = 3 x» - g. 

If a is a double root of /(x) » 0, it is also a root of f\x) *-■ 0; hence, we must 
have simultaneously 

a* ~ ga + r = 0, 

3 a* - 5 - 0. 
EHiminating a, we get 4 ^ » 27 H as the required relation. 

EXERCISES. 



' »•(• 



1. Find the multiple roots of the following equations: 

(a) x» -x» -8x + 12 = 0. I 

(b) 2x» - 7x* + 8x» - 2x> - 2x + i - 0. A^ '^'"-*- x-^ 
(c)x^-6x«4-9x' + 4x-12 = 0. . 

2. Find the condition that the equation 3? + px* + r *-> shall have a 
double root. 

31. Rolle's theorem. The following proposition known as 
Rolle's theorem will be of frequent use. 

If fix) andf'(x) are single-valued and continuous for all values ofx 
from x == a,to X =^ b, and if f{a) = f(b) = 0, then f'{x) vanishes for 
at •least one value of x between a and b,* 

Either f(x) has a constant value zero for all values of x between 
a and 6, or it varies with x. In the first case f'(x) is zero for all 
values of x. In the second case, since 

/(a) = m = 0, 

* Rolle's theorem is stated here in sufficiently general terms for our present 
purposes. The proof given holds for the theorem as stated. For a more genera] 
statement of the theorem and its proof, see Pierpont's Theory of Fundiontii 
Vol. I, p. 246. 



72 ELEBiENTARY APPLICATIONS OF DERIVATIVES [Chap. IV. 

fix) must at some point begin to increase and afterwards decrease, 
or vice versa. It must then have a turning-point for some partic- 
ular value of Xf say x = x^, lying between a and 6, since, by 
hypothesis, /(x) is continuous. 

Geometrically, Rolle 's theorem means that if a continuous curve 
cuts the X-axis in two points x = a, a: = 6, and has a definite 

direction at every point in 
^Y this interval (a, 6), then 

at some intervening point, 
say x — x^y the tangent to 
the curve is parallel to the 
-T-axis. (Fig. 23.) 

It is at once evident that 
instead of the condition 

/(«) = /(&) = 0, we might 
Kg. 23. have /(a) and f{h) equal to 

any constant so long as they 
are equal to each other. The argument remains precisely the 
same in the two cases. 




1. By Rolle 's theorem show that at least one real root of the equation 
f'{x) B lies between any two real roots of the equation f{x) » 0. 

2. From Ex. 1 show that if two roots of /(x) « are equal, one root of 
f\x) « coincides with them. Give a geometric illustration of this state- 
ment. 

3. From Ex. 1, k real roots of f{x) = have at least k — \ real roots of 
f'{x) = lying between them. Making use of this fact, deduce the method of 
Art. 30 for finding multiple roots. Illustrate by a figure. 



32. Law of the mean. By the use of RoUe's theorem, we may 
now deduce one of the most fundamental theorems of the differ- 
ential calculus, known as the law of the mean, or the theorem of 
mean value. This theorem may be stated as follows: 

Let f(x) and fix) he single-valued and continiuyus functions of x 
in the interval a = a; = &. Then there exists at least one value Xq of 
X for which 

b — a 
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Without loss of generality, we may assume /(a) < /(6). Geo* 
metrically /(^) ~ /(^) gives the slope of the line AB, Fig. 24. Let 

y = /(^) be represented by the 
curve APDBj passing through the 
points A and B; f'(x^ is then 
the slope of the tangent to this 
curve at the point D. The the- 
orem asserts geometrically that 
there exists at least one point D 
of the curve at which the tan- 
gent is parallel to the secant line 
AB. 

The theorem may be established analytically as follows : The 
equation of the line AB \s 

■ y„ /(b)-/(«) (^ _«)+/(„). (1) 

6 — a 

The distance of any point P on the curve from the line AB, when 
measured along the ordinate through P, is given by 

^ (x) ^ PQ ^ MQ - MP 

^ fib) - /(a) (^ _ ^j ^ ^(^j _ ^(^^^ (2) 

— a 




If the tangent to the curve y = f(x) at some point, is to be parallel 
to AB, then ip(x) for the corresponding value of x, must have 
a turning-point. Moreover, </f{x) is a function which satisfies all 
of the requirements of Rolle's theorem. At some point, say 
X = x^, of the interval (a, b), we have therefore 



whence 



^'(x.)=mj:ii^-/'(x,)=o, 

— a 

f(b) - f(a) 



(3) 



(4) 



as the theorem requires. 

The theorem may be stated in another form which is sometimes 
convenient. The fact that x^ lies between a and 6 can be expressed 
by the relation 



x^ -= a -\- 0(b — a), 
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where d is some number between and 1. We may also put 

6 - a = A. 

Equation (4) then takes the form 

/-(« + ft) - /(«) _ ^,^)^ (5) 

h, 

The fraction /W — JW evidently measures the average rate of 

6 — a 

increase of the function in the interval 6 — a. Thus, suppose Sj 

and s, denote distances traversed by a moving point in the times 

<i and <2 respectively; the fraction -^ ^ gives the average speed 

*2 ~" M 

of the point for the time interval i^ — <i, and the law of the mean 
asserts that at some instant within this interval the actual instan- 
taneous speed of the point is equal to the average or mean speed 
for the whole interval. 

Ex. Show geometrically that Rollers theorem is a special case of the law of 
the mean. 

a 

33. Approximate value of small errors. When a physical 
measurement is used as a basis of computation, an error in the 
measurement gives rise to an error in the calculated result. The 
magnitude of the error in the result may be found approximately 
by the application of the law of the mean as follows: 

Let X denote the measured quantity and Ax the error in the 

measurement. Then if y =/(x), the corresponding error in the 

function is 

Ay = fix + A.T) - f{x). (1) 

From the law of the mean, (I) may be written 

At/ =/'(x + ^^x) . Ax, (2) 

where ^ is a number between and 1.' Provided f\x) is continuous, 
we have approximately therefore 

A?/ = /'(a;) . Aaj. (3) 

A.v 
Frequently the ratio --~ > the relative error ^ is desired. This ratio 

it 

is given approximately by the equation 

^^g^Ax (4) 

y fix) ' 
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Ex. The volume F of a sphere b to be determined from a measurement of 
its diameter d. Determine the relative errpr in the calculated volume due to 
an error in the measurement. 

Since V " i »«?• 

we have D4V - f'(d) - i jcd», 

whence approximately JV ^^ nd^Jd^ 

, JV ind" ,^ ^Jd 

Hence, the relative error in the volume is three times that of the measurement 

EXERCISES. 

1. The side of a square is 8 inches with a possible error of 0.01 inch. Find 
the possible error in the area of the square. 

2. . Find the relative error in the area of a circle due to an error Jr in the 
measurement of its radius r. 

3. The heat developed in a circuit by an electric current is given by the 
formula 

in which A; is a constant, t is the strength of the current (in amperes), R the 
resistance of the circuit, and t the time. 

(a) Show that an error in the measurement of i makes double the error in Q 
that the same relative error in Rot t would make. 

(b) Find the relative error in Q due to an error of 0.1 per cent in t. 

4. Apply the principles of this section to three physical laws in which results 
are calculated from observed data. 

34. Speed and acceleration. Let a point move in a given path, 

straight or curved, and let « denote the variable distance of the 

point measured along the path from some fixed origin 0. Assuming 

continuous motion from 0, the distance s evidently depends upon 

the time t; that is, 8 ^f(t). In a time interval At the point moves 

As 
over an element of path of length As, and the ratio -— is defined 

as the mean speed of the point for this interval. The limiting 
value of this quotient as the time interval At approaches zero 
gives the instantaneous speed at the beginning of the interval. 
Denoting this by v, we have therefore 

v^ L ^ = D^; (1) 

Af'O At 

that is, tfie speed of a moving point is the time-derivative of the space 
traversed. 
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The words " speed " and "velocity" are often used as synonyms. An important 
distinction is, however, frequently made. The term *' speed " is used to indicate 
merely the rate of motion in the path irrespective of direction. Speed, there- 
fore, has only magnitude. The term " velocity " carries with it the additional 
notion of direction, hence to specify a velocity both magnitude and direction 
are required. 

The speed v is, in general, a function of the time t. If Av 
denotes the change of speed between two points, then the quoti. • • 

— is .defined as the average tangential acceleraiion * between thi 

points; and the limit of this quotient as Ai = is defined as th^- 
instan;taneoiA8 tangential acceleration. Denoting this by a, we have 

a^ L ^= D,v; (2) 

A^^o at 

that is, the tangential acceleraiion is the time-derivative of the 
speed. 

The ordinary unit of speed is the foot per second, that of accel- 
eration the foot per second per second. These are abbreviated to 
ft./sec. and ft./sec' respectively. 

Ex. 1. In a certain motion the space described is expressed as a function of 
the time by the following equation: 

« - ai» + 6« + c. (3) 

For the speed, we have 

t, = D^ - 2 a< + 6, (4) 

and for the tangential acceleration, we obtain 

a - D,v = 2 a. (5) 

Ex. 2. In the case of bodies falling in vacuo, s » } ^, where g — 32.2 
nearly. Find the speed at the end of 5 seconds, also the acceleration. 

17 « D^ = ^^ =. 32.2 1, (6) 

hence for e - 5 v » 32.2 X 5 » 161. 

a « Div =- ^ - 32.2. (7) 



* Tangential acceleration is the acceleration in the direction of the motion, 
that is, tangent to the path. In the case of rectilinear motion, this is the only 
acceleration; but in the case of a point moving in a curve, there is another aooel' 
eration perpendicular to the tangent. 
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35. Speed curves; acceleration curves. If we take t the abscissa 
and lay off the corresponding values of s determined by the 
relation 8 = f(t) as ordinates, we shall get a curve, as m, Fig. 25. 
If now the successive values of the speed v determined from the 
relation 

t, = D^ = f(t) (1) 

be laid off as ordinates, a second curve m^ is obtained. This is 
evidently the derived curve of m. In the same way the successive 
values of the tangential acceleration 

a = Dtv (2) 

may be laid off, giving the curve m,. It is clear that m, is the 
derived curve of m^. From the properties of derived curves, Art. 




Tig. 95. 



25, the ordinate nti is equal to the slope of m, and the ordinate 
of m, is the slope of m^. Whenever m^^ has a turning-point, as at 
A, m, crosses the axis of abscissas as at B, and the acceleration a 
changes from positive to negative, or vice versa. 

The curves m^ and mj are called respectively speed and accderor 
tion curves on a time base. 

Frequently it is more convenient to use the distance s as the 
abscissa for the speed curve. We have in this case 

v = ^(8) and 8 = f(t). (3) 

To get an expression for the tangential acceleration a, we use 
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the formula for the derivative of a function of a function; 

thus, 

a = Z),t? = D,v . D^. (Art. 21.) 

But Di$ = v; 

hence a = vD^v. 

The curve in Fig. 26 is a speed curve on a distance base and its 
equation is t? = 0(8). From Art. 27, 
the product v D,v gives the length of 
the subnormal, RS, for any point P. 
Hence,, if a speed curve is drawn on a 
distance base, the subnormal' mea^sures 
the acceleration; if it is drawn on a 
time base, the slope measures the ac- 
celeration. 

Ex. For falling bodies the speed is expressed as a function of the distance 
by means of the equation v* — 2 99. Hence the speed curve on a distance base 
is a parabola. The acceleration is 

vD.v^ V. D.(2g8)^ ^g. (4) 

36. Angular speed and acceleration. If a body rotates about 

a fixed axis, any given point of it, 
not on the axis, moves in a circle 
whose center lies on this axis, and 
whose plane is perpendicular to 
the axis. Let be the center and 
PAB the circular path of the 
point, Fig. 27. During the motion 
of the point from P to -4, the 
radius OA sweeps over an angle 
0, and in the additional interval 
of time A^ required for the motion from ^ to 5 it sweeps over the 

angle AOB = M, The ratio -^ is defined as the mean angular 

speed of the body between the positions OA and OB, and the 
limit of this ratio as B is made to approach A is defined as the 
instantaneous angular speed for the position OA of the radius. 
Denoting this angular speed by co, we have 




Fig. 27. 






(1) 
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that is, the angular speed is the time-derivative of the angle swept 
over. 

The angular speed may be constant or variable. If variable, 
the increment between two positions, say A and B, may be denoted 

by A(o, and the ratio "TT" is called the mean angular acceleration 

between the positions in question. The limit of this mean value 
as the two chosen positions are made to approach each other is the 
instantaneous angular acceleration, which is denoted by a. We 
have then 

that is, the angular acceleration is the time-derivative of the angular 
speed. 

With angles measured in radians, the unit of angular speed is 
the radian per second (rad./sec), and that of angular acceleration 
is the radian per second per second (rad./sec.^). 

The relation between the angular speed of a rotating body and 
the linear speed of any point of the body in its circular path is 
readily derived. Referring to Fig. 27, AB is an element As of 
the circular path of P. Denoting the radius OA by r, we have 
therefore 

As = rAdj 

whence -7- = ^ t- > 

A^ At 

and finally D^ = rD,e; (3) 

that is, the speed of any point of a body rotating about a fixed axis is 
the product of the distance of the point from the axis and the angular 
speed of the body. 

A similar law holds for tangential acceleration. Thus from (3) 

V = ro), 

whence DgV = rD^, 

or a = ra] (4) 

that is, the tangential acceleration of the point is the angular acceU 
eration about the fixed axis multiplied by the distance from the point 
to the axis. 



'< 
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EXERCISES. 



^^ 



A 



1. If a body is projected vertically upward with a speed of v^ feet per second, 
the space traversed in t seconds from the instant of projection is given by the 
equation 

(a) Find expressions for the speed and acceleration at the time t. (b) Take 
Vq " 220 and^ « 32.2, and find the speed and acceleration at the end of 3 
seconds; (c) at the end of 10 seconds. 

2. In Ex. 1, find the whole time occupied by the body rising and falling 
also the height to which it rises. 

yj Suggestion: Make 8 » and solve for t. 

\J 3. Draw speed and acceleration curves for the motion described in Ex. 1: 

\^^ (a) on a time base; (b) on a distance base. 

*\J^ ^ 4. The following values of distances and times were taken from the speed 

-^ N^' chart of a railway test car. Take the times as abscissas, the distances as ordi- 

<;^ y^ ^^ nates, and plot the distance-time curve. From this draw roughly the speed 

^ QiB !^ V curve, and from the speed curve draw approximately the acceleration curve. 



y 



:v 



~2> 



' — 1< y 



V 



Sec. 


Feet. 


Sec. 


Feet. 


5 


30 


35 


585 


10 


88 


40 


715 


15 


160 


45 


840 


20 


250 


50 


970 


25 


350 


55 


1130 


30 


470 







6. When a body moves in a straight line under the influence of an attractive 
force which varies as the inverse square of the distance, the motion is given 
by the equation 

k 
in which A; is a constant. Show that the acceleration is — 4^ • 

6. Take a line whose length is the initial distance Sq and on this as a distance 
base draw the speed and acceleration curves for Ex. 5. 

7. In the test of an electric locomotive the following speeds were observed: 

Time from start, seconds 10 20 30 40 50 60 70 

Speed, miles per hour 10.4 19.2 24.5 28.0 32.0 34.2 36.8 

80 90 100 110 120 130 140 145 

38.0 39.5 41.0 40.2 37.0 29.0 16.0 

Using the times as abscissas, draw the speed curve and sketch roughly the 
acceleration curve. 

8. The angle (in radians) through which a given rotating body turns, start- 
ing from rest, is given by the equation 

=> Sf. 

Find the angular speed and angular acceleration at the end of 4 seconds. 
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9. If the angle is given by the equation 

^ ll2t -I6t\ 

find (a) the speed and acceleration at the end of 2.5 seconds; (b) the time that 
elapses before the body comes to rest. 

10. Derive expressions for w and a from each of the following relations 
between d and t: 

(a) e => at - hfi. (b) ^ =» alK (c) " a + bt + ct\ 

37. Miscellaneous applications. In all branches of physics and 
chemistry the notion of the derivative is repeatedly encountered. 
In the case of a moving point, the term " speed" is used for the time- 
derivative of the distance traversed. In chemistry, likewise, we 
have the same term used for other time-derivatives; thus the speed 
of reaction and the speed of solution are such derivatives. In 
physics we meet with a great number of derivatives expressing the 
rates of change of various physical magnitudes. The heating of 
substances, variations of pressure, density, and temperature, the 
variations in velocity and in energy, etc., are such changes. 
Some of these derivatives are discussed in the following para- y) ^ 
graphs. T 

(a) Coefficients of expansion. Let a rod or wire have unit length (1 foot \ 

or 1 yard) at some standard temperature, say 32^ F. or 0^ €. When heated the ^ ^ ' ' 

rod expands by an amount x depending upon the temperature. Thus, denoting ^ 
the temperature by r, the expansion is x » /(r) and the new length of the rod is 

1 + X - 1 + /(r). (1) 

If now the temperature rises by an amount Jr, the length of the rod will 

increase by a corresponding amount Jx, The quotient -j- is called the average 

coefficient of linear expansion for the interval Jr, and its limit as Jr is made to 
approach zero is the coefficient of linear expansion for the temperature r. 
Denoting this by Cj, we have 

C, -= L ^ - Drx. (2) 

In most cases we may assume with sufficient approximation 

X =- /(r) =» ar + 6t^, 

whence C, =- a 4- 2 6t; (3) 

that is, C, is itself a function of the temperature. 

In the same way we may arrive at the coefficients of superficial and cubical 
expansion. Consider a cube with its edge having unit length at 0° C. 
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Assuming equal expansion in all directions, each edge at the temperature t will 
, have a length I + /(t). Hence the area of a face will be 

A - [1 + /(t)] ', (4) 

and the volume of the cube will be 

^ - [1 + /(Ol «. (5) 

The derivatives DrA and DrV are the coefflcienU of superficial and cubical 
expansion respectively, and miy be denoted by Cj and C,. 

(b) Specific heat. A body, originally at some definite temperature Tq, is 
heated and its temperature rises The heat Q absorbed by the body is in 
general a function of the final. temperature r; that is, 

0-/W. (6) 

An increment of heat JQ causes a corresponding rise in temperature ir, and 

the quotient -j- is called the average specific heat of the body for the interval Jr. 

The limit of this quotient as Jr approaches zero is defined as the specific heat 
at the temperture r. Denoting this by c, we have 

c -- L J^=^DrQ. (7) 

(c) Compressibility and elasticity. The volume v of a mass of fluid changes 
by the amount Jv (^ue to a change of pressure J p. The change of volume per 

unit volume is the quotient — The limit of the ratio of this quotient to the 
change of pressure Jp, that is, 

L f_ .-^-)=-1d,„ (8) 

Ap^O \ vJp / V 

is defined as the compressibility of the fluid. The negative sign is given because 
change of volume Jv'is & diminution. 

The reciprocal of the compressibility is called the volume elasticity of the 
fluid. Denoting this latter by e, we have 

c = - V «r— = - vD,p. (9) 



Ex. A gas expands according to the law pv* « C. To find the volume 
elasticity, we have 

p = Cv-*, 

whence D,p =• — kCv~ ~ , 

and e « - vD,p - kCv~* =- kp. (10) 
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EXERCISES. 

1. Regnault's experiments on the heating of various substances are repre- 
sented by the following equations: 

Ether, Q - 0.6290 t + 0.000296 t*. 

Chloroform, Q =• 0.2324 t + 0.00005 t*. 

Bisulphide of carbon, Q =- 0.2352 r + 0.000082 r>. 

In each case Q denotes the heat required to raise the temperature of the sub- 
stance from 0^ C. to T^ C. For each substance find the specific heat at 20^ C. 

2. It is found by experiment that the volume of water which at 4° C. has 
unit volume is given by the equation 

F - 1 + a(T -^ 4)», 

where t denotes the temperature of the water and a -> 0.00000838. Find the 
coefficient of cubical expansion when t -« 0^; also for r « 20®. 

3. A gas expands at constant temperature (isothermally), following the law 
pv » C Show that the volume elasticity is equal to the pressure p. 

4. The electrical resistance A of a wire varies with the temperature r of the 

wire, the relation being expressed by R ^ /(r). (a) What is expressed by the 

derivative DrR? (b) Find the expression for this derivative from Callendar's 

formula 

R « R^(l -f- ar + ^t»), 

in which R^, a, and ff are constants. 

6. (a) What derivative expresses the rate of the rise of temperature of a gas 
with respect to the pressure? (b) with respect to the volume? (c) What deriv- 
ative gives the rate of change of the energy U of the gas with respect to the 
temperature t? 

6. The pressure of the atmosphere decreases as the distance from the earth's 
surface increases, and the rate of change of pressure with the height is propor- 
tional to the pr&ssure. State this law in the form of an equation. 

MISCELLANEOUS EXERCISES. 

1. The equation of a curve is 4 ah^ = § x* — 2 ar* + 5 a'. 

(a) Find the slope for x => and x ^ 2a. 

(b) Find the points where the curve is parallel to the X-axis. 

(c) Find the points at which the slope of the curve is 1. 



2. Find the angle at which the circle x* + 2^ » 8 a; intersects the curve 



^ ',c^ 



2- x 
3. Investigate the following curves by means of their derivatives: 

(a) y - *'(a - xy. (b) y - j-l^- (c) y - -^^^ 
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4. (a) Find the equations of the tangent and normal to the curves of 
Ex. 3 at the following points: x ^ 2a; x ^ 1; x '^ 5. 

(b) At the same points find the lengths of the tangent and normal; also the 
subtangent and subnormal. 

5. In the case of the semi-cubical parabola ay* — x* show that 

27 
subnormal = (subtangent)'- ^- • 

6. (a) Find the equation of a curve whose polar subnormal is constant, 
(b) Find a curve whose polar subtangent is constant. 

7. Test the following equations for multiple roots: 

(a) X* - 9 a:» + 4 a: -f 12 « 0. 
(b)a:»-6a^ + 3z»-7a;-18-0. 
(c) x* - 6 x» - 3 a:* + 56 a; - 48 « 0. 

8. Show that Rollers theorem does not hold for/(a;) ^ (x — 1)^ — 1 between 
X =■ and x — 2. Explain why. 

9. Apply Eq. (5) Art. 32 to the function /(x) -2x' + 6x-8. Find the 
value of ^ for a « 4, ^ « 1 ; also for o = 7, A =» 2. 

10. Show that for every quadratic function /(x) — ox* + 6x + c, Eq. (5), 
Art. 32 is satisfied when ^ = ). From this fact deduce a geometric property 
of the parabola. 

11. If Q denotes quantity of heat, r temperature, 8 length or distance, and 
t time, express in words what is meant by the equation 

DtQ k' Z>.T, 

which applies to the flow of heat along a bar. 

12. If v^ and v, are the volumes corresponding to temperatures r, and r^ 
respectively, show that approximately 

^ = C.(r.-T,)+l, 

where C, is the coefficient of cubical expansion. 

13. Show that the coefficients of superficial and cubical expansion are 
respectively two and three times the coefiicient of linear expansion, very nearly. 

14. Find the volume elasticity of a gas which during isothermal expansion 
follows van der Waals' equation 

(p + %) (v-b)~ C. 

16. Let m denote the mass of a body moving in a straight line, v the speed, 

and a the acceleration of the body, F the constant force acting on it, and a the 

distance traversed. From mechanics we have the following definitions and 

symbols: 

product mv — momentum of body, (M) 

product ma »= force acting, (F), 

product Fs — work of force F, (IF). 

Show that F = D,(mr) = D,Af , 

and also that F = D,W. 
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16. The kinetic energy of the body (Ex. 15) is given by the expression 

(a) Show that the momentum is the tMlerivative of the kinetic energy, (b) 
Show that the time-derivative of the kinetic energy is Fv, 

17. Take m » 2, F « 3, and with assumed values of < as abscissas, draw 
curves for v, F, M, W, and T. Study the relations derived in Ex. 15 and 19 
in connection with these curves. 

18. The equation of Clausius 

RT C 

is sometimes used instead of van der Waals' equation. With T fixed find Z>vp, 
and by means of this derivative investigate the general form of the isothermal 
curves. (See Ex. 2, Art. 24.) 

19. Investigate both Clausius' and van der Waals' equations (with T oon« 
stant) for points of discontinuity. 

20. The following values of corresponding pressures and temperatures of 
saturated steam are taken from a standard table: 

p Ib./sq. in. 84 85 86 87 88 

T temperature F. 315.19* 316.02* 316.84* 317.65* 318.45*. 

Biaking use of the law of the mean, find approximately the value of the deriva- 
tive DpT for p « 85; also for p =• 87. * 

21. A curve having the equation t — ap^ 4- b will fit very closely the points 
given by the values of p and r, Ex. 20. Determine the constants from the 
pressures 84 and 86, then from the equation determine DpX f or p — 85 and 
compare the result with that found previously. 



CHAPTER V 

ANTI'DERIVATIVES OF SIMPIiB ALaEBRAIC FUNCTIONS 

38. Definition of anti-derivative. Thus far we have been con- 
cerned in finding the derivatives of given functions. We shall now 
consider the inverse operation; that is, having given a function 
^(x),to find another function /(x) such that D^{x) = <f>{x). This 
inverse operation is called integration, and the resulting function is 
called the integral or anti-derivative of the given function. The 
function integrated is called the integrand. We denote the opera- 
tion of integration by prefixing the symbol Dx" * to the integrand. 
J^x"^ <f>{^) is read *' anti-derivative of <p(x)," 

Ex. Find the anti-derivative of the function <l>(x) = x. We have by 

inspection 

D,-'x = i x*. 

This can be verified by actually differentiating the function ) x^, thus obtain- 
ing the given function x. 

It is to be noted that the same derivative x would have been 
obtained, had we differentiated the function J x* -h C, where C is 
any constant. The general form of the anti-derivative is thus 
ia^ + C. Since the derivative of a function plus a constant is 
always equal to the derivative of the function, the general form of 
the anti-derivative or integral of a function must involve an addi- 
tive constant. This constant is an arbitrary constant, and is called 
the constant of integraiion. Its value, however, in any particular 
case may be determined when certain initial conditions in the 
problem under discussion are known. The determination of this 
constant from such conditions will be more fully discussed in the 
next article. 

An anti-derivative or integral function may be represented by a 
graph. The geometrical significance of annexing the constant of 
integration is to increase or decrease each ordinate of this graph 
by the same length. In other words, as we give various values to 
the constant of integration, we move the integral curve up or 

86 



Art. 40.] GENERAL THEOREMS. INTEGRALS OF x** AND u* 87 




Fig. 88. 



down. In the example just considered, the integral curves are 
parabolas of the same form as the 
parabola t/ = i x^. This system of 
curves is shown in Fig. 28. 

39. Two general theorems. It has 
been shown that the derivative of 
the product of a constant and a func- 
tion is the product of the constant 
and the derivative of the function; 
that is, D^Cfix) = C.DJ(ai). The 
inverse operation gives a similar 
theorem, which is expressed by the 
following equation: 

i>«-i C fix) = C'I> 

Theorem I. A constant factor in the integrand may be written 
either before or after the symbol D~^, 

The derivative of the sum of a finite number of functions was 
obtained by adding the derivatives of the separate functions. The 
inverse operation gives, therefore, the following theorem: 

Theorem II. The integral of the algebraic sum of a finite number 
of functions is equal to the algebraic sum of the integrals of these 
functions; that isj 

40. Integrals of x** and u". If the integrand is <f>(x) = a:", 
where n has any value except —1, we have 



/(«). 



(1) 



l>x~*a5- = 



X 



n+l 



-fC, (n^-1). 



n -H 1 

as may be verified by differentiation. 

Ex. 1. D.-i a*'^ ia* -h C. 

Ex. 2. D,-» 3 x» - 3 D.-»x» - 3 (J x» -H C) « a:» + C 

If w = f{x) f we have the following more general formula: 



(1) 



JDo,-' (tt*I>«u) 



u 



,n+l 



Ex. 3. Find D.-' x (3 x" + 7)*. 

Put 14 "- 3 x* + 7. Then DmU « 6 x, and the integrand takes the form 

i (3 ar^ + 7)* 6 X = i u*D,u. 

D.-^ ft t**D.u) - i i>.-» {u'D.u) = J a u» + C) - A (3 a:" + 7)» 4- C. 



(2) 
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3 :r — 2 
Ex. 4. Find the anti-derivative of , i • 

V 3 a:* - 4 X - 2 

If we put M - 3 x» - 4 a; - 2, we have D,u « 6 a: - 4 - 2 (3 a; - 2), and 
the integrand becomes J u""* • DnU, Then 

/).-> (i u~* • D*u) ^ yjS ^ C ^ >/3 a:» - 4 X - 2 + C. 

EXERCISES. 

Verify the following: 

1. /).-» x» = i a:« + C. 

2. Z>.-^ (3a:»-l-x-5)«a:» + ix*-5x-l-C. 

3. /).-» (ax» + fex> -h ex + d) = i ox^ + § 6x» + i ca:* + dx + C, 

4. /).-» (3 x-» - 5 X-*) 3 x-» + J X-* + C. 

Find the anti-derivatives of the following functions: 

13. (2 x» - 3 x)*. 



6. 


ox-* -H 6x-*. 


6. 


5x«-4x* + 2x + 7. 


7. 


3 x-» -f- 4 - x» + 2 X*. 


8. 


L + L 4- L . 

X* X* X* 


9. 


X* - 3 X*. 


10. 


x"* - 2 x~*. 


11. 


x»-4x' 

x» \ 


12. 





V — 



14. (ax + 6)». 

16. 3 x» (x» + 4)\ >! 

■16. x»(2x*-5)«. y 

Tit. x(3x»-7)*. ^ * ■ 

3x» - 5 I r 



f . 






:f 



•■-Vx' -5x-f 7* ^-^>^"^-7 

-_ X — O --._^»- -■" 

-i/x'- 6x4-1 f^: 

^^ 5 ?IIX r -- ' 

20. . ' ,.. ' 

21. Remembering tliat integration is the operation inverse to differentia- 
tion , formulate from the laws of differentiation aU the laws you can for inte- 
gration. 

41. Integral curves. From a given function 

y = fix) (1) 

we obtain an integral function 

y^Dr'fix) =/,(x) +C. (2) 

The curve whose equation is (2) is called the first integral curve of 
the curve whose equation is (1). Evidently also curve (1) is the 
derived curve of (2). If now we take the anti-derivative of (2), 
we get a third function, 

y = D,-' [Mx) +C]=Mx) + .C, (3) 

the graph of which is the second integral curve of curve (1)» 
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INTEGRAL CURVES 
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As an example, we mi^ take the equation for a falling body, Art. 34, Ex. 2. 

If the body falls from rest, the constants of inte- 
gration are zero (see Art. 43), and we have 



and 



9> 




Tig. 99. 



The original curve representing the equation a ^ g 
is a straight line A B, Fig. 29, parallel to the <-axis. 
The first integral curve represents the integral 
function v » gt, and is evidently the straight line 
OC passing through the origin. The ordinates of 
this curve represent velocities. Taking the anti- 
derivative of the function v =- gt, we get 

i>t-* igt) - i 17/' - «, (3) 

the graph of which is the parabola OD. Then OD is the first integral curve of 
curve OC and the second integral curve of curve AB. The ordinates of OD 
represent distances. 

It will be observed that in this example the ordinates of the dififerent curves 
represent magnitudes of different kinds, acceleration, velocity, and length. In 
the important applications of integral curves to mechanics, this is usually the 
case. 

Let any point P be taken on the /-axis, and let the ordinate through P cut 
the curves in L, 3f , and iV, respectively. Let t^ denote the time represented 
by the abscissa 0P\ then the velocity represented by the ordinate PM is 

But since OA » g and OP » /„ the product gty is also represented by the area 
OALP. Hence, for a given abscissa OP => fj, the area under the original curve 
AB and the ordinate of the first integral curve represent the same thing, viz., 
the velocity r,. The ordinate PN represents the distance 

But since PM » Vj «» gt^ and OP « <„ the triangular area 0PM, also represents 
'i " i g^i^' Again, the ordinate OD of the integral curve has the same numer- 
ical value as the area under the original curve OC. In this example, at least t 
the following statement holds good: For the same abscissa the same number 
indicates the length of an ordinate of the first integral curve and the area be- 
tween the original curve, the axes, and the ordinate corresponding to the 
abscissa. In a subsequent chapter we shall deduce a general law covering this 
relation. 

42. Curves having given properties. It has been shown that 
the value of the derivative of a function y = f(x) for a particular 
value of the variable gives the slope of the tangent to the curve 
representing fhe function for the value of the variable. Further- 
more, it has been shown that the derivative enters into the equation 
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of the tangent and normal to the curve anc^into the expressions 
for the length of tangent^ length of normal, subtangent, and subnor- 
mal. We have so far considered direct problems in which from 
a given function the derivative was found, and from this derivative 
the desired property of the curve was obtained. We shall now 
consider inverse problems in which the property of the curve is 
given, and from it the equation of the curve is to be obtained. 
These problems naturally involve the determination of an anti- 
derivative. 

Ex. 1. Determine the equation of a curve at every point of which the slope 
is equal numerically to one half the abscissa. 
Wo have here 

whence y = Dm~ ' i x, 

and taking the anti-derivative, we obtain 

This is the equation of a parabola having the F-axis as the axis of the cur\'e. 
By giving the constant C different values, we get a series of parabolas having 
the same slope for the same value of x. (See Fig. 28.) 

Ex. 2. Find the equation of the cur\'e whose polar subtangent has a con- 
stant length a. 

In this case, we have 

f^D^e = a, 

whence Dad = -, = op-^, 

or ^ Dp-'ap-\ 

Performing the required operations, we obtain 

e^-^ + c 
p 



or 



r - /? 



EXERCISES. 

1. Find the equations of the curves whose slopes are respectively: 

3; i.T»; mx; - ^, ; ax - b; ^• 

2. Find the equation of the cur\''e whose slope at any point is double the 
abscissa at that point. 

3. Find the equation of a curve whose subnormal is b times the ordinate. 

4. Find the equation of the curve whose subnormal varies inversely as the 
ordinate. 
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6. Find the polar equation of the curve for which tan ^ » kp. 

6. Find the polar equation of the curve whose polar subnormal has a con- 
stant length m. 

7. Find the equation of the curve which passes through the point (2, 3) and 
whose tangent has the slope Sx + 5. 

43. Rectilinear motion. The relations between the time, 
speed, acceleration, and space traversed by a point moving in a 

straight line are: 

V = DfSf a = D/D. 

We have, therefore, the inverse relations 

V = Dr'a, (1) 

8 = Drh, (2) 

In the direct problem, starting with the space traversed as a 
function of the time, we were able, by taking derivatives, to find 
the speed and acceleration. In the inverse problem, having the 
acceleration given as a function of the time, we can by finding 
anti-derivatives determine first the speed and second the space 
traversed. 

Ex. 1. A point moves in a straight line with a constant acceleration a. The 
speed and the space passed over at the end of a given time-interval are required. 
We have 

whence v == ai -\- C. (3) 

To determine the constant C, let Vq denote the initial speed, that is, the speed 
when ^ » 0. Substituting these values in (3), we have 

Wq — + C, or C =■ VoJ 

hence (3) becomes 

t; «= a< + Vq. (4) 

We have further 

8 - />,-% = Dt-' (fit + Vo), 

whence, performing the indicated operation, we obtain 

« « J a/» + V + C. (5) 

To determine the constant C% let Sq denote the initial space, that is, the space 
when t — 0. Substituting in (5) 

«o=' + C, or C - So, 

and we have finally 

« - i a<« + V + «o. (6) 
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An important application of these laws is to the case of freely 
falling bodies. By observation, it is found that a body falling 
freely in a vacuum at a given point on the earth's surface has a 
constant acceleration. This acceleration, while constant for any 
one place, varies for different localities within small limits. Its 
value may be taken as 32.2 ft./sec.^. 

If the body falls from rest, we have Vq = and s^ = 0. Denoting 
by^ the constant acceleration, we have, therefore, from (4) and (6), 

V = gt, (7) 
s = 4 gi''. (8) 

Eliminating t between (7) and (8), we get as a third relation, 

' v'= 2g8, 
or 

V = V2~gs. (9) 

Ex. 2. Investigate the motion of a body projected vertically upward from 
the earth's surface with an initial velocity of b feet per second. 

We have 1 ere Vq = b and Sq — 0. The acceleration la g, but in this case is 
opposite to the direction of motion; hence a — — g. From the fundamental 
relations (1) and (2), we have upon integration, 

V = — gt -^ bf 

« = - i9(^ + bi- 
The body will reach its highest point when v -= 0, that is, when 

^ — gt + b, or t = - 1 

9 

and the height h to which it rises is found by substituting this value of f in the 
second equation. Thus 

44. Rotation about a fixed axis. Corresponding to the direct 

relations 

CO = Djdj a — Dgcoj 

we have the inverse relations 

oj == Dr^a, (1) 

d - Dr'co, (2) 

and starting with the angular acceleration a as a given function of 
the time, we can by finding anti-derivatives determine the angular 
speed and the angle swept through by a given radius. For the 



Art. 44.] ROTATION ABOUT A . FIXED AXIS 98 

case in which the angular acceleration is a constant; say aQy we 
readily derive the following formulas for (o and 0: 

CO — aji + o/q. (3) 

e ^ ^a/ + (oJ. + e^. (4) 

Ex. A hoisting drum has an angular speed of 30 md./sec. To bring it to 
rest a brake is applied in such a way as to produce a retardation (i.e. negative 
angular acceleration) of 3 rad./sec.^ How many turns will the drum make before 
coming to rest? 

We have here »o ~ ^^ ^^^ Aq » — 3. The drum will come to rest when 
w « 0, that is, when 



«o^ + «o - 0. 



Hence / « 9 « — « 10 sec. 



«o 30 



OTo 



To find the angle turned through after the brake is applied, we must take B^ »0, 
and substitute 10 for t in equation (4). Thus 

^ =■ 4 «(,«' + «</ - - i X 10» + 30 X 10 - 150 radians. 

Since 1 revolution is equal to 2 tt radians, the number of revolutions is 

i^ « 23.86. 
2n 



1. A point moves in a straight line in such a way that the acceleration is 
given by the equation a » 20 — 3 ^. (a) Starting from rest, what will be the 
speed at the end of 13 seconds? (b) How far will the point have moved in 8 
seconds? 

2. Let the speed of a point moving in a straight line be given by the equa- 
tion v =- ^ — 6 ^ Derive expressions for the acceleration and for the distance 
traversed in / seconds, starting from rest. 

3. A ball is thrown vertically upward with an initial speed of 225 ft./sec. 
Find the height to which it will rise and the time that will elapse before it 
reaches the earth. 

4. A disk rotates about a fixed axis with an angular acceleration given by 
the equation a =• 10 — ^ 

(a) Find the angular speed at the end of 5 seconds, if Wq » 30. 

(b) Find the number of revolutions the disk will have made in 5 seconds. 

(c) Find the number of revolutions the disk will make before coming to rest. 
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MISCELLANEOUS EXERCISES. 



1. Find integrals of the following functions: 



(a) (3 a: - 6)*. (b) «> (x» - 4)». (c) a* \/x» - 4. J 



UJV 



(d) X ^3 x» - 5. 4- 3/^ C\'1 

k2. Find the equation of a curve whose tangent has the slope 4—3^ and 
ich passes through the point (3, — 2)ij;;^ ~ X. ^^ '^x - ^ 

3. Find the equation of a curve whose subnormal has a constant length a 

4. Determine curves whose slopes are respectively 

(a) 5 X - 4. (b) 3 x* - X + 2. (c) x*. (d) Vj+ 2. 

Assume a point on each curve, and thus determine the constant of integra- 
tion in each case. 

6. In the theory of the bending of beams, x-anti-derivatives of the follow- 
ing functions are required. Find these anti-derivatives and determine the 
constants of integration from the conditions given. 



(a) /(x) ^-iwiL- x)\ D- 

(b) f(x) - L»x - Lx» + J x», D- 

(c) Ax) - J wL^z - J tar», D- 

(d) /(x) = f v>Lx - i wx\ D- 



/(x) = 0, when x « 0. 
/(x) — 0, when x — 0. 
/(x) =» 0, when x = 0. 
/(x) =« 0, when x = L. 



6. Find expressions for the acceleration and distance traversed when the 
speed is given by the following equations, respectively: 

(a) V = a« - -J. (b) V ^ c y/T. (c) v^= ^ - 5 < + 4. 

7. Since the specific heat C « DiQ, then inversely Q = i>T""' C, From the 
equation C « a + 6r 4- ct* derive an expression for Q. 

8. Derive inverse relations from the direct relations given in Ex. 15, 16. 
pp. R4 and 8d. 



CHAPTER VI 

THB DIFFERENTIAL NOTATION 

45. The derivative as a rate. The fundamental problem of 
differential calculus is the measurement of the rate of change of 
the function with respect to the variable. We are not concerned so 
much with the actual change of the function as with its change per 
unit increase of the variable, or, in other words, its rate of change. 
The great importance of the derivative lies in the fact that it 
gives a precise measure of this rate of change. Thus the deriva- 
tive D^ measures the rate of change of the distance 8 with respect 
to the time, or, more briefly stated, the time-rate of a; the derivative 
D^, the angular speed, is likewise the time-rate of the angle d. 
Again, consider the case of heating a metal bar. The length x of 
the bar is a function of its temperature t, say x = /(t), and the 
derivative DrX gives the rate of change of length with respect to 
the temperature. 

That the derivative measures the rate of change of the function 
is easily seen. If Ay denotes the change of the function corre- 
sponding to a change Ax of the variable, the quotient 

Ay ___ fix + Ax) - /(x) 
Ax Ax 

gives the average rate of change for the interval Ax. The rate at 
which y is changing with respect to x at any particular value of x, 
as Xq, is the limiting value of this quotient as Ax approaches zero, 
that is, 

Ax-O IVX 

It is not necessary that y be expressed directly in terms of x in 
order that we may discuss their comparative rates of change. In 
fact, it is often convenient to compare the rates of change of two 
functions by means of a third variable. For example, we may 
compare the relative rate of change in the market value of wheat 
in Chicago and steel rails in New York by the use of a third variable 
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representing money. The speed of a locomotive may be compared 
with that of a street-car, or the relative speed of two chemical 
reactions may be found by means of a third variable representing 
time. Again, we may compare two electromotive forces by the 
currents they will develop in the same circuit. 

By considering x and y as functions of a third variable, we are 
led to a new method of expressing rates of change, or derivatives, 
namely, by means of the differential notation. 

46. Differential notation. If x and y are regarded as functions 
of a third variable i, say 

y = 0(0, X = ^(0, 

1/ is a function of x, since by eliminating i, y can be expressed directly 
in terms of x. We may therefore write 

y =/(x), X = 0(0. 

Hence by Art. 21, we have 

D,y = fix) D,x, (1) 

It is customary to write this expression in a simpler form as follows: 

dy ^ fix) dx, (2) 

The symbols dy and dx are called differentials,* As the differentials 
enter homogeneously into the equation, it is not necessary that 
dy be equal to D^y, and dx to D^; it is sufficient that they be pro- 
portional to these derivatives. 
The differentials dx and dy 
should be carefully distin- 
guished from the increments 
Ax, At/ (see Art. 15). This 
distinction may be clearly 
shown by a geometrical illus- 
tration. Let y = /(x) be a 
continuous function repre- 
sented bv the curve shown 
^iff. 80. in Fig. 30. Draw the tangent 

at any point P of this curve 
and let x take an increment Ax equal to PS. Ax has a certain 
arbitrary ratio to the ^-rate of change of x, that is to Z)^, as the 




* Some authors define differentials differently. See Byerly's Differential 
Calculus, Art. 178; Gibson's Calculus, Art. 60; Murray's Calculus, Art. 27. 
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moving point parses through P. Because of the arbitrary character 
of Ax, we may take this ratio to be the same as the ratio which dx 
bears to DfX, and consequently we have dx = Ax. However, the 
equality of At/ and dy does not usually hold, dy, equal to 8R in the 
figure, is the product of f^(x) and Ax; that is, it measures the change 
which the function would make if the rate at P were maintained 
throughout the interval Ax. On the other hand. At/, given by SQ 
in the figure, is the change which the function makes if the moving 
point is restricted to the given curve, and is measured, therefore, 
from S to the point Q on the curve rather than to R on the tan- 
gent. Ay is identical with dy only in the special case in which 
the rate of change of y with respect to x is constant in the inter- 
val Ax. 

From equations (1) and (2) we have at once 

D:,y = fix) = g-, (3) 

that is, a derivative is the quotient of two differentials. It is fre- 
quently convenient to write the derivative as such a quotient, 

fill 
and in the future we shall emplov either Dxy or -^ as best suits 

dx 

the problem under discussion. 

We may read -—-either '* the derivative of y with respect to x,'' 

dx 

or "differential y divided by differential x." 

The distinction between the symbols Dxy and ¥^ should be 

carefully noted. While both lead to the same numerical result and 
may therefore be used interchangeably, B^y indicates that a certain 
operation has been performed upon the function y with respect 
to the independent variable x. It is not possible to separate this 

symbol into two parts. On the other hand, -^ is merely a quotient, 

which can be dealt with by the ordinary rules of algebra. 

Because of the form of equation (2), f{x) is sometimes called 
the differential coefficient^ that is, the coefficient of the differential 
of the independent variable. 

47. Kinematic illustration of differentials. An instructive illus- 
tration of the use of differentials is afforded by th^ velocity com- 
ponents of a moving point. 
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Fig. 81. 



Suppose a point P to move along a curve m. Fig. 31, and let P, 
and Py be the projections of P on the X-axis and F-axis respec- 
tively. As P moves on the curve, the 
projections Px and Py will move on the 
axes. The velocity of P^ along OX is 
evidently the time-rate of change of 
the abscissa x, and is therefore given 
by the derivative D^x. Likewise, the 
velocity of Py along the F-axis is D/t/. 
The velocity of P along the curve 
has the direction of the tangent PT, 
and its magnitude is given by the derivative /),«. Suppose that 
the velocitv of P is such that in a unit of time P would be carried 
along the tangent from P to T. This displacement PT can be 
effected in the following manner: Move P along a horizontal line 
from P to Af and at the same time move the horizontal line PA 
vertically to BT. Evidently, if the horizontal and vertical motions 
are made with constant velocity, the point P will move along 
PT with constant velocity. Since the motion takes place in a unit 
of time the displacements PT", PA, and PB represent respectively 
the velocity in the path, the velocity of the horizontal motion of 
Px, and the velocity of the vertical motion of P^; that is, PT = 
D,s, PA = DtX, and PB =- D,y. 

The two velocities DgX and D^y, which together may replace the 
velocity D/S in the curve, are called the component velocities in the 
direction of the axes. From the figure the following relations 
between the velocity in the curve and the components along the 
axes are evident. 



hence 



FT' ^ FA' -h FB\ 

(D^sy = (D,xy + (D^yy. 



Substituting the differentials ds, dxy and dy for the time-rates, we 
have 

(1) 



.« 



» 



Furthermore, 

and 

that is, 



PA = PT cos ^, 

PB = PT sin <l>; 

dx = dscos^) 
dy = ds sin <f>S 



(2) 
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Ex. 1. A point moves along the straight line 5 « -.12 y - 7, in such a way 
that the JT-oomponent of its velocity is 3 ft./sec. Find the F-component and 
the velocity of the point in the given line. 

From the given equation, 5x — 12y — 7, we have by differentiation 

5 DiX - 12 Djy = 0, 
or 5<ia; - 12rfy = 0. 

Therefore, dy =- ^^dx ^ l\ ft./sec. 

The velocity in the g^ ven straight line is from (1 ) 

ds -= V3* + (I)* = 3J ft./sec. 

Ex. 2. A point moves in the parabola y* » 8 x with a constant velocity of 
5 units. Find the components along the axes when the point is at (12.5, 10). 
From the given equation, we get 

2 y Dey - 8 I>«x, 



or 




^; 


yay <>» nax, 


whence 






dy = - dx. 

y 


But 


ds - Vdx" + rfy» - 6, 


w^henoe 


^ y 


+ 1=5. 


We have then 






Jr ^y 




dx « — ^ , 

Vl6 + y» • 


which becomes for y '^ 


10 




, 50 25 ^— 
^"x/ll6°29^; 


and 






*-Bi^»-i^- 



In case a point moves along a curve whose equation is given in 
polar coordinates, it is convenient to 
resolve the velocity along the curve into 
components along and perpendicular to 
the radius vector, respectively. Thus in 
Fig. 32, the velocity represented by PT 
may be resolved into components repre- ^ ^Ht^mT 
sented by PA and PB. As before, 
PT = Dfi. The velocity component PA is evidently the time- 
rate of increase of the radius vector OP = p, that is 

PA = Dfi. 
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The component PB is the velocity that P would have if it remaii.O': 
at rest on the radius while the latter rotated about the pol* 0. 
hence if (o denotes the angular speed of OP about the pole 0, 



PB ^ OPoj = pDfi, 



(See Art. 36.) 



Since 



PT" = PA^ + PB", 



or, substituting differentials for the time- derivatives, 

<f«* = dp* + p^cie*. 

It follows also from the figure that 



(3) 



tan (jf 



— P^^ 



dp 

dp = ds cos ^ 
pdO = ds sin 



Ex. 3. A point moves in the curve p =* ad with a constant velocity m. 
are the velocity components when ^ nt 



(4) 



What 



Since 
we have 
or 
Then 



P = ad, 

Dtp =» aDtd, 

dp =* a do. 

dp^ = a^d0\ 

ds =. m =- (a^ + P*)* dd, 
m 



or 



whence 



and 



dO = 



pdd 



Va» + 



mp 



Va* + />» 



rfp 



?7M» 



Va» + 



For d '^ i:, p ^ OK. Substituting, we obtain 



pde 



dp^ 



mK 



m 



, velocity perpendicular to OP, 



, velocity along OP. 
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48. Differentiation with differentials. The passage from the 
derivative to the differential notation, or vice versa, is effected 
by the defining equation 

dy = /'(x) dx. (1) 

Thus, if 

/(x) = 2 axy 
whence dt/ = 2 ax dx. 

Conversely, if we have given 

dy = (3 x* + 4) dx, 
we obtain by division 

^ = /'(x) = 3 x» + 4. 

In the operation of differentiation, we may employ either of 
the following methods: 

(1) We may obtain the derivative directly by the theorems 
already established; or, 

(2) We may derive an equation in the form (1) which is homoge- 
neous in the differentials of the variables, and then obtain the 
derivative by division. The latter method is frequently the more 
convenient and expeditious. 

The general theorems of Art. 19 may be easily restated in terms 
of the differential notation. All that is necessary is to replace 

^x^j i^xW, Z>xV, etc., by their equivalents ;p"» i^» t— > etc., and mul- 
tiply by dx. The following are the results thus obtained, which 
the student may easily verify. 

(a) Given y = c, di/ = 0. 

(b) Given y = Xj dy ^^ dx. 

(c) Given y = (u + v + w), dy = du + dv + dw. 

(d) Given y = u -h c, dy = du. 

(e) Given y = t^ti, dy = vdv -f- vdu. 

(f) Given y = cw, dy =« cdu, 

/ \ n- u 1 vdu — udv 

(g) Given 1/ = -I dy = 

V ir 
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The following examples will illustrate the use of the preoeding fonnulas: 

Ex. 1. y « 6 x" - 4 x" + X - 10, 

dy =- 15 x^dx — 8xdx + dx 

- (15x> - 8a:+ Ddx. 

Ex. 2, y - X (x» - a»), 

dy « (x* — a') dx + X • dCx* — a') 

- (x» - a*)dx + 2x*dx 

- (3xa -a>)dx. 

Ex. 8. ^ 



y 


^/^ 


-a» 


x« dx/x* 




dy 


Vx>- 


- a'<ix — 


-a> 




x^x 
Vx»-a» 


-a»)» 




^/^- 


- o'dx— 


a*dx 




x' — a' 


t 


" ^^^ 


K* - /I»\« 



EXERCISES 

Differentiate the following functions, and express the results in differential 
fonn: 

1. y •= x». 9. y = X* - 3 X* + 5 x" - 12. 

2. y « 3x» + 7 10. y - -e/3x» + 4x-8. 
8. y«(3x-5)(x» + 2). „ . 7/« i 

4. y - X (X - 1) (x - 2) (x - 3). ^^' r « t <r - j. 

1 12. « = at* + bt + c. 

5- y " - ^ + 7. 18. C « a + 6t + CT>. 

•• S' " i^^T_ 14. « - B + J + ^ . 

_ X Va' - x* . 



Vo' + 



•P" 



8. y - X* (x - a) *. 16. y '^^ (a + bx*)*. 

49. Differentiation of implicit functions. It frequently happens 
that the relation between two variables, as x and y, is conveniently 
expressed by means of an implicit function. In such cases the 
derivative f'(x) can be found by differentiating according to the^ 

general formulas just given and taking the quotient 3^. Another 

dx 

method will be discussed in Chapter XII. The expression for the 

derivative will generally contain both variables, and its numerical 

value can be found for known simultaneous values of x and y. 
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Thus, if the given equation is 

we obtain by differentiation (using the formula for the product) 

(Sa^ydx + s^dy) - (4t/*dx + Sxydy) + 12a;dx - 3dt/ = 0, 

whence 

dtf^^ _ 3x*y - 4y* -^ 12x 

dx x" — 8 xy — 3 

The values x « 1, t/ = 1, satisfy the original equation, and for these 
values the derivative has the value 

dxji,i 10 
that is, the slope of the curve is I.l at the point (1, 1). 

Ex. 1. The equation repreflenting the adiabatic expansion of air is pt^ » C, 
where k and C are constants, p denotes the pressure and v the volume of the 
air. 

Differentiating, we obtain 

i/^dp + hpv^'~^dv « 0, 

or vdp ■\- kp dv -= 0, 

whence -r- =' — k - • 

dv V 

Ex. 2. Find the slope of the ellipse -| + ~ » 1 at the point (x„ y,). 

We require an expression for ^ . From the equation of the ellipse, we have 

by differentiation, 

2xdx 2ydy 

whence -r ~ 

dz aty 

Substituting the oodrdinates of the point, we get 

EXERCISES. 
1.1. Find the derivative -— for each of the following functions: 

(a) xV - y* - 0. \s., ' . r (d) a;y + cy + ej; + / « 0. - 

(b) a:»y + xV -f 4 a:y» - y* = 0. (e) a:* + y* « a^ 

2. Find the generaT expression for the slope of the conic section whose equa- 
tion is 

ax^ + 2hxy + by* + 2gx -{- 2/y -h c ^0, . . :: • ' 



^ K 



I 






.A- 



V 



A 



X -^^ 
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3, Find the slope of the circle x* + y* =* 25 at the point (3,-4). > f 

^ 4. Find the slope of the ellipse 9 a:* + 14 ^ i- 50 at the point (2, 1); at the 

point (-2, 1). r ±. 

y 
f 6. Find the slope of the curve ^ >. i /- .^ ^ 

a:y»-3a:^ + 6y»+ 2a; = ^ 

at the point (2, 1). j x^ r-+ m 

6. Derive expressions for the polar subtangent and polar subnormal of the 
curves: 

(a) p» -p^* « C. (b) p - p»<? + C = 0. 

7. Derive a general expression for the derivative -?- when the expansion of 

a gas follows the law 

(a) p"v* = C, (m, n, and C constants); 



(b) ( P + y (t^ - 6) - C. 



8. Find ~- in the following: 

, ' (a) (1 + x^y - (1 - a;) y« - :ry (b) V- & (& - *).^''> ~/ 

(c) a;» - 3 xV + xV - 4 y« « 0. 

50. Applications of rates and differentials. Suppose we have 

given y = /(x), 

and by differentiation we obtain 

dy = f'{x) dx. 

By definition the differentials dy and dx are the derivatives D,y 
and DfX (or numbers proportional to them), where / denotes any 
third variable. If we consider the variable t as denoting time, 
then dy and dx are merely the time-rates of the function y and the 
variable x respectively. Hence, if the time-rate of x is given, the 
time-rate of y is found by differentiation. 

Ex. 1. The area A of a circular plate is a function of the radius r, the rela- 
tion between them being 

Suppose the plate to be heated, and let the radius be increasing uniformly at 

the rate of 0.1 inch per minute. At what rate is the area increasing when the 

radius is 6 inches? 

Differentiating, we obtain 

rfA = 2 Trr dr. 

By the given conditions, dr = 0.1 in./min., when r «=» 6 in. Hence 

dA = 2ff X 6 X 0.1 « 1.2 TT. 

That is, when r = 6 in., the area is increasing at the rate of 1.2 jr sq. in. per 
minute. i 



'^ ■ ' ^ .- ."^ 



\ 
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Ex. 2. Boyle's law for the expansion of air is expressed by the equation 

At a ^ven instant the pressure is 40 Ib./sq. in., the volume of the air is 8 cu. 
ft., and the volume is increasing at the rate of 0.5 cu. ft./sec. At what i^te is 
the pressure changing? 

We have pw — C, ^ ? (. 

whence p dv + v dp ^ 0, 

or d/>« -^rfr. ^ ^ p«/ 



V 



Q 



Since now dv -« Dtv -« 0.5, a A.*. 4 ^ i^ P ^ ^ 

rfp -= - tr X 0.5 = - 2.5. 

o 

Hence the pressure is decreasing at the rate of 2.5 Ib./sq. in. per second. 

Ex. 3. A moving point traces a parabola whose equation is y* « 10 x. 
When X » 4, the abscissa is increasing at the rate of 2 units per second. What 
is the rate of increase of the ordinate? 



1 O TK 

y» = 10 X, 











2 


ydy 


= 10 dx, 


whence 










dy 


= - — dx. 

2y 


Forx « 


4, 


y 


- V40, 


and dx 


-2. 

dy 


Hence 

- '" X2 
2N/40 












EXERCISES. 






i vlb. 



■^-i;a^ 



V 



\ 






( 
W\' 

1. A point moves in the straight line 5 x — 3 y = 30 in such a way that . 
tht y-component of its velocity is 8. Find the X-component and the velocity -^ 
in the line. 

2. Find the X- and F-components of the velocity of a point which moves in 
the line x + 2 y =- 12 with a speed of 30 ft./sec. 

3. Suppose that a straight wire rotates about one end with an angular speed 
of 3 rad./sec. and that a bead on this wire moves along it with a speed of 8 ft./sec. 
When the bead is 2 feet from the center of rotation, (a) what is the component 
of its velocity perpendicular to the wire? (b) What is its velocity in its path? 

4. Find the polar equation of the curve described by the bead, Ex. 3, 
(a) when the angular speed w of the wire is a times the linear speed of the bead, 
along the wire; (b) when w is constant and the speed of the bead on the wire 
varies inversely as thp distance from the center of rotation. ^ i ■ , , * y' 

6. If a soap bubble's diameter is increasing at the rate of \ in./sec. when it 
is 4 inches, at what rate is the inclosed volume increasing? 

6. If a man 6 feet in height is walking at the rate of 3 mi./hr. away from a 
lamp-post 30 f|Bet high, at what rate is the end of hiiB shadow receding from the 
lamp-post? 



(' 



"^ 






I '' . . ^ 



9 






\ 
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7. The time of a complete oscillation of a pendulum of length L is given by 
the formula 



t 



^ 9 



Find the rate of change of the time compared with that of the pendulum's length. 

8. Find the equation of the path of a point which moves in such a way that 

the ^-component of its velocity is constant while the 
y-component varies directly as the time. Give a physical 
illustration. 

9. The ends A and B of a line 20 inches in length move 
on two lines at right angles. If the velocity of B is 8 
when 12 inches from O, find the velocity of A; also the 
velocity of the middle point of the line. 

10. An engine cylinder has a diameter of 10 inches. 
At what speed is the piston moving when steam is entering 
the cylinder at the rate of 14 cu. ft./sec? 




Fig. S8. 



51. Integrals written with differential notation. In Chapter Y 
we deduced certain general laws for obtaining the anti-derivative 
or integral of a given function ^ and in that discussion we made use 
of the derivative notation only. We may now state these laws in 
terms of differentials. 

We shall indicate that an integral is to be taken by placing the 

symbol J before the differential involved. Thus, if we have 

then we indicate the integral by writing 

/^2/= Sf\x)dx, 

which is to be read "the integral of /'(x)da:. " This expression is 
precisely equivalent to the expression Dx"^ /'(x). Thus we may 
write indifferently 

DjT^ 1 or r dx, 

DjT^ a^ or j a^ dx, 

Dx~^ y/x^ - a^ or J \/x^ - a« dx, etc. 



When written in the differential form, we may speak of the inte- 
gral also as the anti'differentiai. 
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From Arts. 39, 40, we may write at once the following important 
formulas: 

1. / u»dw = ^= + C; n ?^ - 1. 

J n + 1 ' 

2. J au^du = a ju^du. 

m 

3. f (Uj -f lAj -f . . . + w„) dx = J Wjdx + J i^jda; + . . . + J u^dx. 

As in Chapter Y, these formulas are sufficient to enable us to inte- 
grate simple algebraic functions whose integrals are also algebraic. 
The formulas are, however, general in their application. 



EXERCISES. 



6a:*-2z + 3 



1 f:^dx. 7. / '- s^- 'fa- 

3, J (x^ -Sx + 4)dx. 9. J(5 «-» - 8 x-» + 3) (ix. 

4. f ^. 10. J(a + 6« + d») <tt. 



6 



./-.,-.*.. u.j-(,.j+j_»:) 



(i^. 



^ r3a; - 7 , 



MISCELLANEOUS EXERCISES. 

1. Differentiate the following functions, using differentials: 



(«) (1 f ^.), • (bj ^^ + '^ + ^ i ?!. (c)5*»(x'-4)*(x + 7)». 

2. Find -^ for the functions defined by the following equations: 

Sxy 
(a)a:»-5oxV + 72/»«0. (b)a:»-y»- vT^* 

(c) (oo; + &y + c)» - x' + y» + 1. (d) xV « (a» - y») (& + y)». 






--.IV-f, •- 1.-., 
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3. Perform the following integrations: -;. ' . 



3 



(a) f x'(3*^5)dx. (b) fxV3a^-7dx, W /v?T 



(4 aj + 10) dz 



5x + 3 



(d) J (x-S - 3 x-i + 2 x-* - 5 X*) dx, \ . vt. Zy -3 

4. (a) Classify each of the functions in Ex. 1. (b) Which of these func- 
tions have points of discontinuity? 

6. Find expressions for the velocity components of a point moving in the 
parabola y> » 20x with a speed of 12 in./sec. Find the values for the point 
(5, 10). 

6. A point moves in the straight line 62 — 8^ — 12 with a velocity of 5 
ft./sec. Find the components of the velocity along the X- and F-axes, 
respectively. 

7. A point moves in the circle x* + y* =» 36 with a velocity of 8 ft./sec. 
Find the X- and F-components when the point is at (5, vTT). 

4 

8. A point moves along the curve p = — ^' When p = 3, the component 

of the point's velocity along the radius vector is 5 ft./sec. Find (a) the com- 
ponent perpendicular to the radius vector, and (b) the velocity in the curve. 

9. A crank pin moves in a circle 2 feet in diameter with a constant speed of 
28 ft./sec. When the crank makes an angle of 30° with the horizontal, what is 
(a) the vertical component of the crank pin's velocity? (b) the horizontal 
component? 

10. Sand or grain, when poured from a height on a level surface, forms a 
cone with a circular base and a constant angle fi at the vertex, dependent on 
the material. Let a denote the radius of the base of the cone at a given time, 
and suppose material is being added at the rate of C cu. ft./sec. At what rate 
is the radius increasing? 

11. The velocity of a jet of liquid issuing from an orifice is given by the 
formula, v -" V2^, where h is the height of the liquid surface above the orifice. 
1( h — 100 feet and is decreasing at the rate of 0.2 ft./sec, find the rate at 
which V is decreasing. Take g »■ 32.2. 

12. Given x»3y' + 7y+ 1; find Dmy without first obtaining y as an 
explicit function of x. — - - 

13. Plot the curve y — x* sin - and discuss its continuity for x *= 0. How 
about its derivative for the same value of x? / - , ■ - : ^ 

14. Show that every integral rational algebraic function is continuous and 
has a derivative. 

16. Air expands according to the adiabatic law pv = C. When the 
pressure is 40 Ib./sq. in., the volume is 5 cubic feet and is increasing at the rate 
of 0.2 cu. ft./sec. Find the rate at which the pressure is changing. 
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16. The part of the perimeter of a cross section of a channel in contact with 
the water it carries is called the wetted perimeter. 

With the dimensions given in Fig. 34 the wetted peri- 
meter is 15 feet. Suppose the surface of the water to 
be falling at the rate of 0.2 in./min. At what rate 
is the wetted perimeter decreasing? 

17. The efficiency of a Camot heat engine is given 
by the formula 

E = 




T ^T. 



in which T is the absolute temperature at which the engine receives heat, and 
Tq that at which it rejects waste heat. With a fixed value of T^, find the rate 
of increase of efficiency compared with the rate of increase of the higher tem- 
perature T. 

18. The formula for the electrical resistance of a platinum wire is 

R '^ Ro(l + az + 6t»), 

where Rq, a, and b are constants, and r denotes the temperature of the wire. 
Find the rate of increase of resistance at the temperature t„ if the tempera- 
ture is rising at the rate of 0.1° per second. 

19. Another formula for the variation of electrical resistance of a metal 
wire with the temperature ia R = Rq(1 — ct + di^) *. Find the rate of change 
of the resistance compared with that of the temperature at the temperature rj. 

l^. Given (x* + j/*)* «= a* (x* — y*). (a) For what values of x has the 
curve representing this function a turning point? (b) For what value of x 
does the tangent make an angle of 45° with the X-axis? (c) Write the equation 

of the normal at a; =» - • 

21. Interpret geometrically by means of Fig. 30 the formula for the approx- 
imate value of small errors. Art. 33. 
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CHAPTER VII 

DIFFBRENTIATZON OF TRANSCENDENTAL FUNC T I ONS 



52. Circular functions. In the present chapter we shall concern 
ourselves with the development of certain formulas which are of 
importance in the differentiation and integration of trigonometric, 
exponential, and logarithmic functions. 

At the close of the chapter will be added a list of fundamental 
formulas for differentiation and integration, and also some applica- 
tions of the calculus to those problems in physics involving the 
use of transcendental functions. 

The student should recall the following fundamental limits: 

^ ^=1, (Art. 11.) 

« 

L 1 - "08 ^^ = 0, (Art. 13, Ex. 7.) 

Az *o Ax 

which will be of use in deducing the differential formulas for cir- 
cular functions. 

In what follows u is to be regarded as a function of x. 

1. Differentiation of sin uu 

Let y = sin u. 

Then 3/ + A?/ = sin {u -f Aw) 

and A.V = sin {u + Az/) - sin u 

= sin u cos Alt + sin Au cos u — sin u. 

Therefore 

At/ 



l£ ^ r sin u{\ - cos Aiz) ^ ^^^ ^ sin Aul ^ 
M L Au Aw J' 

7 At/ r • T 1 — cos Ati , J sin Awl 
L --2 = — sm w L h cos u L — I 

( ^ Au [ Att^ Au AM -^0 Au J 



and 

A«^0 A 
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But 

T 1 — COS A u ^ , T sin Ati - . 
^ 1 = 0, and ^ — 7 "1; 

hence ^ t^ = ^"2/ - cos w. 

Since u is a function of z, we have by Art. 21 

D^y = Buy • DxW. 
Therefore Dx2/ = cos u D^u; 

that iSy X>a, (8in t«) - cos u l>»te. (1) 

In the differential notation, we have 

dy = cos u dUf 
or 

d (sin u) — COS u du» (I') 

The other circular functions may now be differentiated by 
applying the general laws of differentiation. 

2. Differentiation of cos u. 

Let y = cos u = sin [ ^ — u j . 

Then by (1) D,y = cos {l ^ A ^-{l ^ A 

= — sin u DxU'y 

that is, X>« {cos u) ^— sin u DtmU, (2 ) 

or, in the notation of differentials, 

d (cos u) =— sin u du» (20 

3. Differentiation of tan u. 

sin u 



If y = tan u = 



cos u ' 



^, rk cos u Dx sin w — sm u D* cos u 

then I>a.y = 1 * 

cos^ u 

cos' u + sin'w xs 

« i i)xt* 

cos' u 

DxU = sec* u DgU. 



cos' M 

ft 

Hence D» (tan u) <= sec^ u D^u, (3) 

or d (tan u) « ««c* u du, (3') 
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4. Differentiation of cot u. 

T X X COS U 

Let t/ = cot w = 



sin w 



then D v — ^^^ ^^a? c osk — cos uDatSmu 



sin' u 
sin' u + cos' u 



DgU = — esc' u DxU. 



sin'tt 

Hence Da, (cot u)^ — csc^ u Da^u, (4) 

or d (cot w) = - C8C* u du. (40 

6. Differentiation of sec u. 
If y = secu = 



cos u 



we have D^y = — - D^. (cos t^) 

cos' u 

= sec' u sin u D^u == sec w tan u DgU. 

Therefore Das (sec u) = sec u tan u Da,u, (5) 

and d (sec u) » sec u tan u du» (50 

6. Differentiation of cso ti. 
Proceeding as in 5, we find 

Dao (CSC U) » — CSC U COt U DaoU, (6) 

or 

d (esc u) » — CSC u cot u du. (60 

The details of the proof are left to the student. 

7- Differentiation of vers u. 

Let y = verstt = 1 — cosw, 

then D^y = Z)x(I — cos u) = sin u D^u, 

Hence />«, (vers u) « sin u J>mUf (7) 

or d (vers u) = sin u du* (T^ 



Ex. Diflferentiate /(x) - tan' Va} - x». 



We have y = tan' >/a' — x*, 

whence -D.y = 2 tan v^a' — x' D, tan Va' — x*. 
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From (3), taking u -■ y/a* — x*, we obtain 

Dm tan Va' - x* - sec* Va» - x* D.>/a» - x» 



— sec* Va* — 



Va* - x» 



2 X . ■ y I 

Hence, /'(x) — . '■ tan v a' - x* sec* v a* — x*. 

EXERCISES. 

Differentiate the following: 

1. y » sin ax. 

2. 3/ « cos* X. 

3. y » sin 2 X + cos 2 x. 

4. y -» tan* x. 
6. y « sin ox cos &x. 
6. y "* sin* x tan x. 



7. 


X 

y - sm 5 . 


8. 


* * 
y - tan ^ . 


9. 


y - X tan ^ * 


10. 


y - tan ^ - ^. 


11. 


y -» cos 2 X. 


22. 8 


=* — r cos d + 1 





1 + sin X 

y =■ \ : • 

^ 1 — sin X 


,13. 


p » a cos 2 ^. 


14. 


^ « 6 (1 - cos fl). 


<16. 


1 


"^ 1 -cos^ 


ae. 


^ sin* Q r, 

p « 2 a ^ • / 

cos ^ 


17. 


p - a Vcos 2 (?. 



.•■',; 



18. p-a(8inn^)*. ' ^ 

19. p ^ a sec*5 • 

o 

20. « « a cos Vri. 

21. « a il cos w£ ~ B sin oat. 



e + lU ^A^i ■■^^*"' ^) 



23. Find the derivative D^y, when 

X » o (<^ — sin (j)), 
y =■ a (1 — cos 0). 

24. Let X "- a cos (f> + a<p sin 0, 

y «» a sin ^ — a0 cos ^. 
Fmd D^z, D^y, and i).y. 

25. Find the polar subtangent and polar subnormal of the curves: 

(a) p =» sin ^. G^) p «= a (1 — cos d). (c) p » a sec* - • 

26. From the equation sin 2 ^ » 2 sin 6 cos d, derive by differentiation a 
formula for cos 2 0, - ' : . , 

27. Find the subtangent and subnormal of the curve y »* a sin x. 

' 28. Find the angle at which the curves y » cos x and y -» tan x intersect. 

29. Find the angle which the curves y » sin x and y — cos x make with 
each other at their points of intersections. 

^ 30. Find the value of 6 for which tan is increasing twice as fast as ^. ' 

31. When 6 ^ 22^, find approximately the changes in sin 6 and cos d, for a 
change of 1' in the angle. (Use radian measure.) 
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53. Inverse circular functions. The following are the formulas 
for the diflferentiation of the inverse circular functions. The 
proofs for two of these formulas are given; the remaining proofs 
are left as exercises. 



X>« arc sin u 



d are sin u 



vjT;? 



!>««; 



du 



vT-T* 



1-tt' 



(1) 



X>a, arc cos ti » ^ - 



d arc cos u « — 



1-te 
du 



(2) 



X>«B arc tan u 



d arc tan u 



1 + f*' 
du 



I>»u; 



(3) 



Dao arc cot u » — 



d arc cot u ^ — 



1+u' 



I>»u; 



du 



l + tt» 



(4) 



Dm arc sec u = 



d arc sec u 



u 



du 



I>»u; 



te^/;?^7 



(5) 



X>» arc CSC li = — 



d arc CSC u — — 



u^u^^t 
du 



I>mU; 



u^u* -1 



(6) 



l>a, arc vers u 



d arc vers u — 



'^2u-u^ 

du 
^2u-u^ 



:^ I>»te/ 



(7) 
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Proof of (1) . 

Let y = arc sin u, 

then u = sin y. 

Differentiating; we obtain 

DyU = cos y. 

Therefore Duy = 1 

cos y 

and Z),j/ = Duy • Dj^u (Art. 21) 

- ^— D^u. 
cos 2/ 



Since cos y =« Vl — sin' y = Vl — t*', 
we have D^y = ^ i 



Vi - w» 



£>*w. 



Proo/ 0/ (5) . 

Let y » arc sec u, 

then w = sec y, 

and DyU = sec y tan j^. 

Hence Duy 



sec 3/ tan y ' 

and Z),i/ = Duy D^u (Art. 21) 

1 



sec y tan y 



DarW. 



Since sec y ^ u, and tan y = \/ sec'y — 1 =» V w' — 1, 
we may write D^y = DxU. 



It will be seen that the derivatives of all the inverse circular 
functions except arc tan u and arc cot u contain radicals. Since 
the sign of the radical may be taken either positive or negative, the 
sign of the derivative containing it is ambiguous. This ambiguity 
may be explained as follows: If y = arc sin x, then y is a multiple- 
valued function of x. For some of these values the derivative is 
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positive, while for others it is negative. Thus in the graph of y = 
arc sin z shown in Fig. 35, we have diflferent values of y as LJf ,, 

Lilf,, LAfj, etc., for x = OL, At Jlfj, Af,, as in- 
dicated by the slope of the curve, the derivative 
is positive; at M^ it is negative. To make 
the inverse functions single-valued, we restrict 

the angle y to values between — - and ~ for 

the inverse sine, cosecant, and tangent, and between 
and n for the inverse cosine, cotangent, and 
secant. With these restrictions the radicals in the 
preceding formulas are positive except in (5) and 
(6) ; and they are positive in (5) and (6) if < y < J ;r. 

It will be observed that the derivatives of the- 
inverse circular functions are algebraic, not tran- 
scendental. 




Tig. 85. 



Ex. 1. 



y » arc tan 



Vl - 2x> 



Let 



du 



Vl -2x» 



w; then y « arc tan u, dy - m?' 



and 



Vl - 2a:* 4- 



2x' 



du-^d 



Vl - 2a:» 



\/l - 2x» 



1 - 2x« 



dx 



(1-2 x>)' 



dx. 



Substituting for u and du, we get 



dy 



dx a 



1 + 



1 -2x* 



(l-2x>)* (1 - a:») >/l - 2x> 



^dx. 



Ex.2. 



X arc cos - • 
a 



dy — arc cos - dx + xd arc cos - 



■■ aro cos ^ dx . ^ <to, 

a Va' — z 



or 



dy XX 
-^ — arc cos , 

dx * V a» - x» 
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Differentiate the following ; 

1. y « arc sin — 

a 



8. V **" ^^ ^^^^ (<^^^ ^)* 



2. V — arc tan 



Vk 



3. y — arc esc -;' 

or 



9. 8 «» arc sec 



10. 8 » arc cos 



Vl -^ 



1 ~t» 




1 + t' 



4. y a- a; arc tan x. 



5. y — arc cos 



Sflj - 2 



6. y - arc sin (2 a; Vl - x»). 



7. y « arc tan — h arc tan - 

a X 



11. y -» arc tan Vl — A' tan aj. 

12. y — arc vers — r* 

io 1 . 1 ^ * 

13. y — o — 7 V + TT^ arc tan - • 

" 2a(x " a) 2o* a 

1 X 

14. y -= — arc tan— • 

mn m 



54. Exponential and logarithmic functions. The differentiation 
of the exponential functions a" and «** depends upon the evaluation 
of the limit 

r a' - I 
Ij , 

x*0 X 

which was discussed in Chapter II, Art. 14. 

1. Differentiation of a". 

Let t/ = a"; 

then y + At/ = a""^^", 

and Ai/ = 0**+^^ - a** - a»* (a^« -• 1). 

Therefore 



^u Au 



Taking limits, we have 



Av 



a^«- 1 



But 



hence 



L ^ =a^ L 

Au^OilU Au^O AU 

L — : = log a; 



Att -k Au 



[Art. 14 (e)] 



Av 



Duy = L -^ = a" log a. 

A«.i-0 Att 
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Using the theorem of Art. 21, we have 

D^ = Duy • D^u. 
Therefore DxV = a" log a D^u; 

that is, X>»a* = 

or da' 

If ti «= X, we have 

I>o,fiL'' ^ a"" log a, or da"" ^ oT log a dx. (1') 



^** » a~ log a du. J 



j?. DifferentiatioTh of e\ 

If in (1) we substitute e for a, we obtain (since log e = 1) 

!>»«•* - e**!).!*; de- « «*dw. (2) 

For u = X, we have 

i>«,e" = «•; d«* - e*da>. (20 

It may be remarked that e' is a function whose derivative is 
equal to the function itself. 

3. Differentiation of loga u. 

Let t/ = loga w, 

whence u = a^. 

From (1) we obtain 

DyU « ay log a, 

whence Duy = — ; . 

ay log a 

By the theorem of Art. 21, 

J^xV = ^uj/ • D^u 

^ D^u = —r — D^u. 



ay log a u log a 

We have therefore 

If 14 = X, we have 

X>«loflr«a5- T-^- / dlo^afic-y— !— ^- (30 
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The fraction , is called the modulus of the system of log- 
log a 

arithms whose base is a, and is denoted by m. For the Briggs' 

or common system, in which a = 10, m = .434294 

We have, therefore, 

Dx logo X = — . 

X 

4. Differentiation of log u. 

By the substitution of e for a in (3) and (3'), the following 
formulas are obtained (since log 6 = 1): 

Dob log W =» i I}g,U / d lOff u — • (4 ) 

I>mlogx^ ^; diogx'-^'—* (40 

Ex. 1. y » log sin X. 

dy — -: — d sin X « -: — cos xdx^ cot xdx. 

" sm X sin X 

Ex. a. y - e ^»'+^. 

55. Logarithmic differentiation. If a function consists of a 

number of factors, it may be conveniently differentiated by taking 

logarithms. Thus, if 

y = uvWf 

log y = log w + log V + log w. 

Differentiating, we have 

dy _ du . dv . dw 
y u V w ' 

or dy ^ ^du + ^ dv -}- ^ dw. 

u V w 



Ex. 1. y - -J 



(X -a) (X- b) 



X — c 
Taking logarithms, we have 

log y - 1 [log {x - a) + log (z - 6) - log {x - e)\ 

Differentiating, we get 

dy ^ \ r dx dx _ dx 1 

y 2\jx — a X — h x — cj' 
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wheaoe 

^_»r_L_+^^ 1—1. 

dx 2 Lz — a X — 6 x — cj 
Substituting for y from the original equation, the final result is 



i^„ i r / X -6 ^ / X- a / (x - q) (x - 6) 1 . 

dx 2 L\(x -a)(x-c) \(x-6)(x-c) > (x - c)» J 

Logarithmic differentiation is especially useful in differentiating 
an exponential function having a variable base. 



Ex. 2, y = e*x 



1 

X 



log y = log 6* + - log X 

X 

= X 4- - log X, 

X 

^-dx-^logxdx + ^ dx, 

|»y[i+ i.(i-iogx)] 

«= e*x* + c-x * (1 - log x). 

Logarithmic differentiation also enables us to differentiate u^, 
where n may have any constant value. We have 

y = w", 
log y = n log u. 

Differentiating, we obtain 

y u 

whence Dxy = n ^ DgU, 

u 

or DatV = nw*"^ D»U' 

This completes the demonstration begun in Art. 20, and shows 
that the formula given there for the derivative of u^ holds for all 
real values of n. 
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EXERCISES. 

1. y - log (x» - 3 X + 6). 7. y - e» + «-*. 

Vx«- o^ - sin* . 

8. y -» a . 9. y = « • 

4. y = e** + c*. 10. y - log ta ng. 

6. y - log Gog x), V ^ + 1 + « 

In Ex. 12 to 15, di£Ferentiate by taking logarithms: 

3x» - 1 



12. y ^ X (I - x)>/l + x». 14. y 



xVl - x» 



"• ^ (2x + 5)t • ^^-y-Vrinr- *. , 

16. If « — i4« 4- Be" , find -jg • 

17. If«- (A 4- BO c"**, find ^- 



» 



— Al ds 

18. If« — c [asinm< + 6 cos nU], find -^ • 

19. Find the polar subtangent, polar subnormal, lengths of polar tangent and 
polar normal of the curve p « «***. 

';20. Find the angle between the curve y « log x and the axis of x; between 
the same curve and the line y »- 2. " "" : j 

21. Find the curve whose subtangent (rectangular coordinates) is constant. 

22. Find the subtangent, subnormal, and normal of the catenaiy 

. X X. 

a I 

y 



l(e=+r-) 



28. Given log 4.32 — 1.4633, find approximately the value of log 4.33 by 
means of the theorem Ay « f*{x) Ax, 

24. By logarithmic differentiation prove formula (1), Art. 54. 



56. The hyperbolic and inverse hyperbolic functions. In many 
of the applications of calculus, it is convenient to use certain func- 
tions which have somewhat the same relation to the equilateral 
hyperbola that the trigonometrical functions have to the circle. 
They are called the hyperbolic functions, and may be defined in 
terms of the exponential functions as follows: 



\j 
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Name. Symbol. I>eflnitlou. 

Hyperbolic sine, sinh x = J (e* — «-*). 

Hyperbolic cosine, cosh x = i (e* + e-*), 

sinh X 



Hyperbolic tangent, tanh x 

Hyperbolic cotangent, coth x 

Hyperbolic secant, sech x 

Hyperbolic cosecant, csch x 



cosh X 

cosh X 
sinh X 

1 

cosh X 

1 

sinh X 



The student may derive the following relations between the 
hyperbolic functions: 

cosh'x — sinh' a; = 1. (1) 

sech' X = 1 — tanh' x. (2) 

csch' X = coth' X — 1. (3) 

sinh (x ± 1/) = sinh x cosh y ± cosh x sinh y. (4) 

cosh (x ± 1/) = cosh x cosh y ± sinh x sinh y. (5) 

sinh 2 X = 2 sinh x cosh x. (6) 

cosh 2 X = cosh' x + sinh' x. (7) 

The following formulas give the derivatives of the hyperbolic 
functions. The first two are derived by differentiating the defining 
exponential equations; the others by applying the general theorems 
of differentiation. 

Dx sinh u = cosh u DxU. (8) 

Dx cosh u = sinh u DxU. (9) 

Dx tanh u = sech' u DxU. (10) 

Dx coth -a = — csch' u DxU. (11) 

Dx sech w = — tanh u sech w D^-u. (12) 

Dx csch t^ = — coth w csch u DxU. (13) 

As we have inverse circular functions, so we have inverse hyper- 
bolic functions; thus, if y = cosh x, the inverse function is given by 
x = inv. cosh i/, just as x = arc cos y when y = cos x. 
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Each of these functions can be expressed in terms of a loga- 
rithmic function. 

Thus, if 2/ = inv. sinh x, 

X = sinh y = i (eJ' — e-*'), 

whence e'v - 2 x 6^ - 1 = 0. 

Solving the quadratic in e^, we get 

ev = X ± Vx» + 1, 
or 



V = log (x ± Vx^ + 1). 

In order to make the quantity within the parenthesis positive, 
the upper sign of the radical must be taken; hence 

y = inv. sinh x = log (x + Vx* + 1) . (14) 

The student may in a similar manner derive the following 

results: 

inv. cosh x = log (x ± Vx^ — 1), (x* > 1), (15) 

inv. tanh x = log \l\^^ , (x' < 1). (16) 

T 1 — X 

inv. coth X = log \/^^, (a:* > 1). (17) 

T X — 1 

By using the method of Art. 53, the derivatives of the inverse 
hyperbolic functions may be found. Thus 

Dx inv. sinh u = — 7== Dg.u . (18) 

y/v? + 1 

Da; inv. cosh t^ = ± — ^ D^cii . (19) 

Vw' - 1 

D, inv. tanh u = — ?-— - D^u . (20) 

1 — u^ 



1. Draw the graphs of e" and e-*, and from these by addition and subtrac- 
tion of ordinates draw the graphs of cosh x and sinh x, 

2. Show that tanh x lies between — 1 and + 1, and draw its graph. 

3. Verify the following differentiations: 

y — sinh' x, • i>,y =- sinh 2 x. 

^ ,, dy 2 sinh re 

y — tanh' x, -f = tjI — • 

" dx cosh' x 

y « log oosh X, dy « tanh x dx. 

y s- X — tanh X, dy = tanh' x dx. 
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4. DifiFerentiate y ^ i oosh' x — cosh x. 
6. Differentiate y -« log cosh x — J tanh' x, 

6. The equation of the catenary is ^ » a cosh - . Find (a) the equation 
of the tangent at the point (a;,, y^); (b) the subtangent. 

57. Fundamental differentials and integrals. From the results 
obtained in the preceding sections of this chapter, we have the 
following list of fundamental differentials and integrals. For 
the sake of completeness, the algebraic integral is included. The 
student should make himself thoroughly familiar with these 
formulas. 



•*-i 



. 1. d (!«") - »u*"* du, 



2. d (sin u) -» cos u du, 



f 



u^du 



u 



w+l 



nM- 



- + 0. (»*:^-l) 



j COS u du « sin u + Cm 
3. d (cos m) » — sin u dUf j sin u du » — cos u + C. 



4. d (tan u) — sec^ u du, j sec* u du^ tan u -^ C* 

6. d (cot w) — — CSC* u du, J esc* u du =- —cot u + €• 

6. d (sec u) = sec u tan u du, j sec u tan u du »» sec u + C. 

7. d (CSC M) « — CSC u cot u du, j esc u cot u du = — esc « + C. 

/du 
= arcsinu + C 
Vi-u* 



du 



— arc cos u + C 



9. d (arc tan u) = —d (arc cot u) f ^^ = arc tan u •\- C 

•^ 1+ w 



du 



l + u*' 
10. d (arc sec u) = — <f (arc esc u) C 

du 



= — arc cot u -\- C. 



du 



uVu*-l 



uVu*-! 



arc sec u ■\- C 
— —arc esc u -\- C. 



11. d (arc vers u) — 



du 



I' s 



du 



"s/^u-u* *^ Vaw-tt* 



=* arc vers t* -f C. 



2W-W' 
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12. d (a*^ -^a^loga du, f a'^du « t-2— 4. c. 

J log a 

13. d (6-) - e'^du, C e'^du - e* + C. 
U. d(logu)^^, f^^iogu+C. 

The following additional integrals are of great importance and 
should also be committed to memory. 

^ _ r du 1, u— a , ^ ,• •, 
16. I -5 s « — to^ + C (tt* > a") 

•^ f«*-a 2a M + a 

2a a+ u 



Vu»±a* - ^ (^ + Vu»±a») -H C. 
(tan u du = iog see tc -h C 



17 

18. J<^^ ^ ^^ "" ^^ '^^ tf + C 

19. J^^ ^ ^^ ^ ^^ ^'^ 1^ + C 

20. Csecu du » logr tan ( » + t) + ^« 

The derivation of these last forms will be given later. The 
student may here verify them by differentiation. 

58* Integration by inspection. The integrals tabulated in the 
preceding article are called fundamental or standard integrals. 
In these, the integrands are recognized as the results of previous 
differentiations; hence, if a given integrand has one of these forms, 
the integral is known at once as the function previously differen- 
tiated. When the integrand has not one of these standard forms, it 
must be prepared for integration; that is. by suitable transforroa- 
tions, it must be reduced if possible to an integrand of standard form 
or to a sum of such integrands. The general method used for such 
reductions forms the subject matter of Chapter XI. In the present 
chapter we shall consider only such reductions as are quite 
obvious. 
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It should be noted that the variable u in the standard forms may 
be any function, /(x). For example, take the integral 



/' 



sin X 



Bin X J 

e cos X ax. 



Since cos x dx ^ d (sin x), this may be written 



/ 



e'*°*d(sinx), 



which will be recognized as form 13, with u replaced by sin x. 

Frequently the integrand may be made to assume a standard 
form by the introduction of a constant factor. The following 
examples are illustrative: 

Ex.1. r(3x - 2)*dx. 

Here the standard form j u^du, where u » 3 x ~ 2, suggests itself. Since 

<2u » d (3 x — 2) » 3 dXf the reduction is effected by introducing the factor 3 
in the integrand and the neutralizing factor } outside of the integral sign. Thus, 

f (3 z-2)» dx « J C(S x-2y 3 di- J J(3 x -2)» d (3x - 2) - 4(3 « - 2)*+ C. 

Ex. 2. le dx '^^ - I e adx ^ - I e d(ax + 6) = h C. 

Here the introduction of the factor a reduces, the integrand to form 13, u 
being replaced by ax + b, 

Ex.3. f^^J^^ \ {a - hx')-\x dx. 

J Va - bx' J 

Introducing the factor — 2 6, we get 

- 2^/(a - 6x»)-*(- 2bxdx) « - 2fe/(« " bx*)'^ d (a - 6x»). 

This integral will be recognized as form 1 with u ^ a — ba?, and n «■ — i 
The solution is therefore 

1 («-6-'r*-^' + c — i(a-6x')*+C. 



Ex. 4. 



26 - i 4- 1 6 

dx 



/j 



Looking among the standard forms, it appears that form 9 is the one to 
which the integrand may be reduced. To get 1 as the first term of the denom- 
inator, we divide the denominator by a', and thus obtain 



L r da; ^ 1^ r dx 



Art. 58.] INTEGRATION BY INSPECTION 127 

We observe now that — x is the variable, whence the numerator must take the 

(b \ b ^ b 

- x)^ - dx. Therefore introducing the factor - , we have 

- dx - . 

-T arc tan — + C 
ctb a 



a l_ r a I 



It will be observed that d (3 a:* — 6 a; + 5) — 6 (x — 1) cte; hence except for 
the factor 6, the numerator of the integrand is the difiFerential of the denomi- 
nator. By the introduction of this factor the integral reduces to form 14, 

namely, J — Thus 

r (x-l)dx 1 r e (x - l)dx 1 r d(3x* -ex + 5) 

J3x»-6x + 5"6j3aJ-6a; + 5"6j 3a:»-6a; + 5 

-glog(3x»-6a; + 5). 

In some cases the integral reduces to the algebraic sum 
of several standard integrals. 




Ex 6. f^^^dx^ fX±^dx^ C ^ I f-i^-. 
J Vl - X J Vl - x» J Vl - x' J Vl - x» 

/dx 
-7== «= arc sin x, (Form 8.) 

--^J(l -x»r*(-2xdx)--i Al -x»r*d(l -x*) 
- - (1 - x»)*. (Form 1.) 

Hence / , dx « arc sin x — VI— x* + C. 

J Vl -x 

If the denominator of the integrand is of the same degree as the 
numerator, or of lower degree, divide before integrating. 

x' — 7 2 

We have zr = x + 3 4- 



X -3 X- 3 

x'-y, r , . ^ r , . ^ r dx 



- i x" + 3 X + 2 log (x - 3) + C. 
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EXERCISES. 

In the following examples determine by inspection the proper standard 
form, find the fmiction that replaces u in that form, and perfoim the integration. 

•arc tan xdz r. -^ . - > 






1. f(x + aydx. 4. pxif^dx. 7. /^^^ 

2. C2x(x^-a^)^dx,, 6. f^^ -^ 8. f-^^-.u..., ^ 

8. f oV!^. - 6. foos'^sin^d^. 9. fsec'^tan^d^. 

10. Explain why the integration in Ex. 9 may lead to either \ aec* or 
}tan»^. U ' ieci'^J-T 

In the following, reduce the integrands to standard forms by the introduc- 
tion of proper factors, and integrate. A>^' • a \ -^ C 
- < ■ ' 

?^ . .a -^ 11. r(ax + 6')*(to. 13. C ^^ . .^ 16. ( —^ ^. 

':N ^^ r ^ dx ^ . r dx 



"•/j?^«- »-/^i^-, '••/•--^,-- 

Verify the following important integrations. ^ ^ ' - ^ 

17. I , = arc sm - + C «= — arc cos - + C. 



18 



a a 

/dx 1 X ^ \ X ^. 

— y « - arc sec - + C = arc esc - + (;'. 

X V x» — a' a a a a 



*^ C dx X . ^ 

19, I = arc vers - 4- C. 

•^ V2ax - a^ a 




59. Integration by substitution. The reduction of a given inte- 
grand to a standard form is sometimes most easily effected by the 
substitution of a new variable. The following examples illustrate 
this method. 

dx 



Ex 



^ p ax 
• / '^ 1'' 



* dz 

Let e' » z; then cte » 2 ---, and the integral takes the form 

5 t(z +?-') "^ J*^-^ = 2 arc tan « + C - 2 arc tan «• + C. 
Ex. 2. f '^^ 



x*\/l -_x»_ 

Let X « cos ^; then da; « — sin ^ dO, Vl — a:* = sin ^, and the integral takes 
the form _^__ 

a^ . ^ - - I see* ^d^=»-tan^ + C -f- C 

cos^ ^ sm ^ ^ « • 
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The substitution x -• — may abo be used. The student may work out the 
details. 

As additional exercises, the derivations of forms 15 to 20 are 
given. 

Ex. 8. Since -= s « tt" ( ; — )> ^® have, if u* > a\ 

/ du ^ J_ r du 1_ r du 
u' — o'*"2a J u — a 2 a J u + a 

- ^aog (u - o) - log (u + a)] - J-log^^. 

The student may derive the second integral of form 15 and show that it 
applies when u' < a*. 

Ex. 4. To integrate J ^^^ ^ ^, , put w» ± a» - «>. 

-,, « J « J i_ du dz du + dz 

Then 2udu = 2zdz, whence — = — 



Therefore, 



z u u + z 

/du r du r du + dz , / . v 
y =1 « I j^ - log (U + Z) 



- log (u + Vw»± a»). 

_,- Z*^ J rsinxfia: /•d (cos x) 

Ex. 6. I tan z dx ^ \ — — I ^ 

J J cosx J 



cos X 
— — log cos X + C = log sec X + C. 

cos xdx r d (sin x) 



n« r^ J /•cosxdx r a (sm x) , . . ^ 

Ex. 6. I cot X dx = I — : =■ I -A ' — log sm X + C 

J J smx J Binx ^* 



:.7. / 



Ex. 7. I CSC X dx. 



X 1 + 2* 2 dz 

Let z -» tan ^ ; then esc x ^ —x — , and dx 



2' 2z ' 1+2* 

Substituting these valyes, we get 

rcscx^ix— J— — logz + C — log tan ^ + C, 
Ex. 8. r sec X dx. 

Making the same substitution as in Ex. 7, the integral reduces to the form 

/ 2dz 
1 -2>' 
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Hence 

, 14. If tan s 
J secxdx - 2 J j^ - ^^Sf^-^ + ^ " ^""^ i + ^ 



«logtan[?+ ^] +C. 



1 — tan 2 



From the following examples, the student will notice that it is 
often possible to reduce the given integrand to a standard form 
by writing the denominator as the sum or difference of two squares. 

Ex. 9. I , = I , « arc sin — -. h C 

•^ V? + 6 X - x» -^ V4» - (x - 3)' 4 

in f ^ C <^ (3? + 2) 

J 5 - 4 X - z' "^ J 3» - (x + 2)> 

"" g^^ f^ + ^' ^^ (* + 2)» < 3». 
«^log^4T + ^' if (iJ + 2)» > 3». 

dx r rf (x -f 2) 



£x 



Ex 



. 11. f ^ « C 



Vx» 4- 4 X + 8 -^ \/(x 4- 2)* + 4 



« log (x + 2 + Vx* + 4 X + 8) + C. 

There is a fundamental difference between differentiation and 
integration. The former is a direct, the latter an inverse process. 
•As we have seen, when once the derivatives of the elementary func- 
tions have been found, the derivatives of any functions expressed 
in terms of these functions can usually be obtained by one or more 
direct operations. On the contrary, it is not, in general, possible to 
determine the integral of a function from the known integrals of the 
elementary functions in terms of which the given function is ex- 
pressed. There are no general methods for expressing the integral 
of a product or a quotient of functions, or of a function of a function 
in terms of the integrals of the component functions. Hence the 
process of integration consists, not in a series of direct operations 
carried out in accordance with a general method, but rather in 
attempts to reduce the given function to a form, the integral of 
which is known. 

Integration, then, is largely a question of judgment in attacking 
the problem. Specific rules cannot be given, but the following 
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general directions will be found useful. First inspect the integrand 
carefully and determine whether it is a standard form. Frequen tly 
tTifi' intfigrand is m^rply a diflgiiiflfid gfapHftrH ffirm ar^A needs only 
a" rearrangement of its terms to be recognized as such. If the 
integrand is not in a standard form, see if it cannot be made to 
assume such a form by the introduction of a constant factor. Do 
not neglect the neutralizing factor outside the integral sign. If 
this device does not appear to be effective, try the substitution of 
a new variable. -'\. , • • . ' v ^ . - ♦ 

In the following exercises the student should in each example 
state the standard form or forms finally usedi 



EXERCISES. 



"/ 



3mx^-*dx. 



7? dx 



•\ 



t* 






8' f {5x - x»r*(5 - 2x)dx. 

' J Vz* -Ax + 6 

6. t^xdx, 

*• fam^OcoBede 

_ r C08 dO 

^' J sin* tf '' 

8. f COB (x 4- a) dx. 



9 



■/ 



(3 -\- 5x) dx 



\/9 - x» 
10. ( (ax + 6)* dx. 
0^ dx 



11 



•/ 



4x» + 7 



12 



'Jx* 



(2 g« + 3g»- 4x-Z)dx 
+ 2«»-4a:»-6a;-10V 

dx 



13. r--_.2 

•^ vz» + 4 X + 13 



a^dx 






2a:»4- 1 






6 



/ Sit 



X 

sinz <2x 



dx. 



bcosx 



7r COS a? . J 
. I 6 sin X ox. 



8 



■ f\ 



1 -X 



+ x» 



dx. 



9 



20 



■/rr 



•/ 



dx 



3x + 2x» 

dx 



21 



v/l2 - 3 X - x» 

/dx 
Vx' 4- 6x + 1 



«/?^ 



dz 
d^ 



28. f— «?- 

J 4 ~ 3 ^» 



«Vl -log»x 
26. f-- ±^ 



' — o ^ 



I 1 
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m. ftsn(mx + b)dx. 
28. j^rfTP^/ 



32 



dx 



2« + 5 



^ 



33 



29. 



/ 



x"^ dx 
logx ' 

3r dx 



84 



. C(2x-7)an(x^-7x)dx, 



■ s 






31 



J 77 ax 

■ / 



36 



Vl -x 



e* — sin a; + cos x 

e* + sin a; -f cos x 






(2x. 



60. Harmonic functions. In this and the following sections of 
this chapter we shall consider some simple applications to phys- 
ical problems. 

Functions of the type 

t/ = a sin (6x + c) 
y — a cos (6x + c) 
2/ = m sin ftx + n cos hx 

are called h^irmonio funciion& of x. The first two forms may readily 

be reduced to the third, or vice versa. These functions play an 

important part in many physical problems. 

(a) Harmonic motion. A radius 
OP, Fig. 36, rotates about the center 
with a constant angular speed w. 
In consequence of this motion, the 
point M, which is the projection of 
P on the horizontal diameter AB, 
moves from A to £ and back, and is 
said to have simple harmonic motion. 
Taking as origin, let OM = x, and 
OP=a. If t denotes the time occupied 

in the rotation from OA to OP, then the angle AOP = ait. Hence, 

since 

OM = OP cos AOP, 

X — a cos oA, (1) 




Fig. 86. 



Differentiating, we get 



dt 



(2) 
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This expression gives the velocity of M along the diameter 
AB. 

Differentiating again, we have 

a = — = — cut? cos cot =="- xa?, (3) 

which is the acceleration of the point M. It will be observed 
that the displacement, velocity, and accelera- 
tion of the moving point are all harmonic 
functions. 

(b) Harmonic electromotive force. A second 
example of a harmonic function is found in 
the electromotive force (e.m.f.) and the cur- 
rent induced in a wire moving in a magnetic 
field. If a rectangular coil of area a be placed 
at right angles to a magnetic field, the in- ./- 
tensity of which is n lines of force per unit 
area, the number of lines passing through ^ig. 87. 

the coil is na. When the coil is turned 
about its axis AB through an angle d, the number of lines N thread- 
ing through the coil is evidently 

N = na cos 0. (4) 

The induced e.m.f. (E) is given by the rate at which the coil cuts 
the lines of force; that is, 

E=f. (5, 




We have therefore 



E^-nasind^ 

dt 



But 3" is the angular speed w of the coil about its axis; hence 
dt 

E =" naoj sin 6. (6) 

If the e.m.f. is wholly used to overcome the resistance R of the 
circuit, the current i flowing is 

I = - = — sm 0. (7) 

Hence the e.m.f. and current are both harmonic functions of the 
same angle. If the circuit contains inductance in addition to 
resistance, the current will be a function of — e. The current 
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lags behind the e.m.f. by the angle e, which is called the angle of 
lag (see Ex. 6). Since, with constant speed of rotation, = (ot, 
we may, if we choose, use t as the independent variable. 

EXERCISES. 

1. Deduce expressions for the displacement, velocity, and acceleration of 
the point A*^, Fig. 36, which is the projection of P on the F-axis. 

2. Draw displacement, velocity, and acceleration curves, 

(a) with the stroke ^1^ as a base line; 

(b) with the values of the angle AOP as abscissas. 

3. In Fig. 36, let t be taken as the time reckoned from an initial position 
OE, making an angle 30° with OA, Deduce equations for displacement, velocity, 
and acceleration for this condition. 

4. Show that the sum of two harmonic currents t, i- A siniO — Ci) and 
t, — B sin {0 — t.^ is equivalent to a single harmonic current. 

6. In Ex. 4, take A » 3, B — 4, ^i » 0, e, » 60°, and draw graphs of the 
two functions t, and t, and of the sum t| + i^. 

6. When the circuit has inductance, the e.m.f . is given by the equation 

at 

■ • 

The part Ri \s the e.m?f. required to overcome the resistance, and the part L --r 

is the e.m.f. used to increase the current, where L is the inductance. Show that 
if t is a harmonic function, E is also a harmonic function. 

Suggestion : Since i » A sin w^, 

^-.A«cos< 



whence E ■- RA sin m^ + LA « cos «i « A ^B? + IW sin (art + «), 
where tan < "" ~p~ * Hence the current lags behind the e.m.f. 



61. The compound interest law. If a function has the general 

form y = 6***, 

then Dxy = ae^^ = at/; 

that is, the rate of change of the function is proportional to the 
function itself. Many natural phenomena follow this law, which 
has been called by Lord Kelvin the " compound interest" law. 
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The following are illustrations: 

(a) Atmospheric pressure. It is well known that the pressure of the atmos- 
phere decreases as the distance from the earth's surface increases. Assuming 
the temperature of the atmosphere to be constant, the rate of change of pres- 
sure with the height at any given height is proportional to the pressure at that 
height; that is, 

dh '^^• 

The negative sign is used because p decreases as h increases. We have then 

t — *^. 

P 
and integrating, we get 

log p ^ ^ kh + C. 

To determine the constant of integration C, let p^ denote the pressure at the 
earth's surface where A « 0. Then 

log Po =" + C', or C - log Po. 
Substituting this value of C and transposing, we have 

kh « logpo - logp = ^^^> 

whence — «= c**, 

P 

or p — Ptfi^'^^ 

This formula gives the pressure at any definite height, when the constant k is 
known. 

(b) NevrUm's law of cooling, A body has a temperature t, higher than the 
temperature Tq of the surrounding medium. The rate at which it cools is 
approximately proportional to the difference in temperature r — Tq; that is, 
approximately, 

w — *('--^»)' 

where k is some constant. We have then 
whence by integration, 

log (t - To) - - A:< + C. 

Let Tj denote the temperature when ^ — 0; then 

C - log (Tj - To), 

and substituting this value of C, we get 

log ^1-=-^" - la. 

T - To 

or T - T„ 
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Hence ^ « ^^ + (t^ - r^ c""**, 

from which r can be found for any time interval. 

(c) Inversion of sugar. Cane sugar in solution is decomposed into other 
substances through the presence of acids. The rate at which the process takes 
place is proportional to the mass of sugar still unchanged. Thus, if « is the 
original mass of sugar and x is the mass inverted, the rate of inversion at this 
stage of the process is proportional to the unchanged mass s -^ x. The equation 
expressing this law is 

Integrating, we get 

- log (« - x) = to + C. 

To determine the constant of integration C, we make use of the fact that x » 
when t ^ Oy whence C » — log 8. Substituting this value of C in the 
original equation, we have 

log — kty 

^ a — X 



or 

Solving for x, we get 



• -e-. 



S — X 

aj — « (l — e~**). 



(d) Electric currents. The general equation expressing the relation between 
the electromotive force (ejn.f.) and current in a circuit is 

E ^ Ri + L^' (See Ex. 6, p. 134.) 

Case 1. A constant e.m.f. E is connected to the circuit, and the value of the 
growing current t seconds after the e.m.f. is connected is required. 
From the general equation, we have 

di^E_ Ri 
dt L L' 

, di dt 

Integrating, we get 

- log (JB7 - jBi) = ^ + C. 

Since t = when < =- 0, we have C = — log E. Substituting, we get 

E Rt 



log 



E - Ri L ' 



JU 

E 1 

whence ^ _ ^^- = e * 

Therefore *"° ^bI^ "* ^) 
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C(ue 2. Let the e.m.f. be removed, and at the instant of removal, when < « 0, 
let the value of the current be 1^; the value of the current at any succeeding 
instant is required. 

Since in this case E ^ 0,vre have 

O^Ri + L ^*, 

, di dt 

whence -et — — F • 

R\ L 

Integrating, we obtain 

logi--~< + C. 

Since » « t© when < » 0, we have C « log t^ 

whence log- -»— 7-^ 

to L, 

L 

or » — IqC . 

EXERCISES. 

1. Find the amount of Pq dollars at the end of t years at r % compound 
interest, supposing the interest to be added to the principal at the end of each 
1/n th of a year. Show that the limiting form of the expression for the amount 
as n is indefinitely increased is 

P - Po«'~. 

Show that the same expression is obtained directly if it is assumed that the 
interest is added continuously. 

Take Po "- SIOOO, ^ « 2 years, r ^ 6% ; find the amount on the assumption 
that the interest is added (a) yearly, (b) semi-annually, (c) quarterly, (d) monthly, 
(e) daily, (f) continuously. 

2. The retarding effect of fluid friction on a rapidly rotating disk is propor^ 
tional to the angular speed, that is, 

dia , 

If c^o denotes the initial angular speed, show that 

MISCELLANEOUS EXERCISES. 

1. Derive the formulas for the derivatives of cos u, tan u, and sec u directly 
from the defining equation 

L ^ ^ L /(^ + ^^) - fM 

A«^0 ^W Att-^O ^^ 

and the theorem of Art. 21. 

2. Obtain the derivative of cot u from the relation cot u » r : also the 

tantt 



derivative of sec u from sec u =» V^l + tan' u. 
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3. Write out formulas for the derivatives of the inverse circular functions 
(see Art. 53) for the case in which u — — • 

4. Discuss the following curves by means of their derivatives. Find where 
they cross the X-axis, the angles at which they cross , and the points at which 
their tangents are parallel to the X-axis : 



(a) y-sin^x-|j 



(b) ^ — sin 2 X. 



(c) y — sin a; + cos x. 



(d) y - log X. 



> 1 ■• • 



6. When d « 36**, what is the rate of increase of (a) sin d; (b) cos 6; (c) 
tan d compared with the rate of increase of ^ ? 

6. An angle d is determined by drawing a perpendicular to ^^, as BC, Fig. 

BC 
38, and finding the ratip j-^ • Suppose AB » 5 

and BC »2.8. What error, expressed in minutes of 

arc, will be made in the calculated value of the angle 

if an error of 0.03 is made in the measurement «f 

BC? 
B 

Tig. 88. 7. The cycloid is given by the equations 

a; — a (tf — sin 6), 
y — a (1 — cos d). 

Derive an expression for the slope of the tangent, and find the value of this slope 
when a "> 3, ^ » } TT. For what value of d is the tangent parallel to the X-axis ? 

8. Differentiate the following : 




O-i-K-r 



(a) V a* — a:' — a log 

^j J^ - 3a y/2^ ^ aj 4. I fli log (x -f o 4- V2 ax 4- x*). 



(c) 



v/a» - ar» -f ^ 



. X 
„ arc sm - 
2 a 



(d) ;^ "" 3^ + »™ ^° ^• 



(e) log (e* -f €-•), . (f) tan a . --' 



9. Find the polar subtangents and subnormals of the following curves: 
(a) p « a (1 + cos d). (c) p ^ a* sin* 0. 



a» 



(b)p» « e^. 



(d) p « sec* 2 



10. Find expressions for tan ^ (Art. 28) for the curves of Ex. 9. 

11. If a point moves in a logarithmic spiral p » e^, show that the compo- 
nents of its velocity along and perpendicular to the radius vector have a con- 
stant ratio. 
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12. A point moves in the curve p ^ a (I — cos 6) with a speed of m units. 
Find general expressions for the velocity components along and perpendicular 
to the radius vector. 

13. The area of a triangle is determined by the measurement of two sides 
and the included angle. Find the relative error in the area due to an error 
iC in the measurement of the included angle C. 

1-1. Integrate the following: 
. . r dx . . r dx , . rSxdx 

e^dx ,,^ r X* dx ,^^ r 5dx 






*^ J (x-a)\/l 



x» 4- 1 -^ xVd 

dx 



X - ay - fe> 

16. Writb out integration formulas corresponding to the derivatives (18)- 
(20), Art. 56, taking u = -• 

* 

«16. The following formulas give approximately the relation between the 
pressure and temperature of saturated steam : 

(a) logp «A4-|+^. (r-T + 461) 

T 

(b) p - aJtr^-"' 

(c) log p - a 4- 6a* - c^. (^ « r - 32) 

From^ach formula derive an expression for the rate of change of the pressure 
with the temperature. 

17. When a body falls vertically in a resisting medium, as air, the accelera- 
tion is given by the relation 

a « ^ — kv^f 

in which g is the acceleration due to gravity, and A; is a constant. .Derive 
an expression for the velocity of the body, and show that this velocity ap- 
proaches a definite limiting value 'v/ ^ as ( increases without limit. 

18. Derive an expression for the velocity of a point moving in a straight 
line if the acceleration is 

a — C — A;i7. 

19. A point moves in accordance with the equation 

« = ae"^ cos 2 ;r (6< + c). 
Derive an expression for the velocity. 



CHAPTER VIII 

SUCCESSIVB DIFFERBirriATION AND mmORATION 

62. Definition of the nth derivative. The derivative of a function 
is, in general, a function of the same independent variable as the 
original function, and it may itself have a derivative if it fulfills 
the necessary conditions. The differentiation of the original 
function produces the first derivative; the differentiation of this 
first derivative gives the second derivative; the result of differen- 
tiating this second derivative is the third derivative, and so on. 
If the process is repeated n times, the final result is the nth deriva- 
tive of the function with respect to its independent variable. 

As an example, consider the function 

f{x) = x^ - 2 X + 5. 

The first derivative is 

3x^-2, 

which is also a function of x. Differentiating this, the second 
derivative is 6 x, which is again a function of x. The third deriv- 
ative is 6, a constant, and the fourth and each successive deriva- 
tive is zero. 

If 2/ = /(x) is the original function, the successive derivatives 
are denoted by the symbols: 

Dxt/, D:,^y, DJ^y, . . . D,~t/, 

or by 

f'ix),f"{x),f"'{x), . . . ,f-ix). 

A general formula for the nth derivative may be found for 
certain functions as shown by the following examples. 

Ex. 1. Let '' y = ^, where p is a Dositive integer. 

Then D,y = px'-S 

Wy = p(p - 1) (p - 2) «'-», 



-D.'y - p(p - 1) (p - 2) . , . (p^n + l)a;'-*. 
140 
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For n — p, x'""* — 1 and Dm'{x^ — P I ; hence for n > p, the derivative ia 
zero. 

Ex. 2. Let 

then we have 



y 


■" 


e . 


D^ 


- 


«*. 


D.^ 


- 


a'«-. 


D.'y 


• 


■ • 



63. Successive differentials. It has been shown that if 

y=/W, (1) 

then dy =/'(x) dx, (2) 

where dy, dx represent the rates of change with respect to some 
common variable t. As x is the independent variable, we may 
choose any value we please for the rate of change of x, that is^ 
for dx. For the sake of convenience and simplicity, we shall 
assume dx to be constant; in other words, we assume that the rate 
of change of the independent variable is constant. This assump- 
tion enables us to obtain a very simple relation between the suc- 
cessive derivatives and differentials. 

We have from (2) (noting that dy stands for D^), 

D,{D,y) = AV = DJifix) dx] 

= Dx/'W • Dtx . dx, (Art. 21) 

or d^y ^f'{x){dxy, (3) 

The second differential of y we denote by <Py. In general, the 
nth differential is denoted by d^y. In the second member dx 
appears twice as a factor but not as a higher differential; this 
follows from the fact that dx is constant. We shall ordinarily 
denote the nth power of dx by dx^ rather than by {dx)^, but this 
symbol must not be confused with c?(x"). We may now deduce 
the following relations by successive difiFerentiation. 

d»j/ = f"'{x) iz», ^ = /'"(x) - D»y. (4) 

d*y = /^z) dx\ ^, = r{x) = D,*y. (5) 



d"y = /»(a;) di», = fix) = D,»y. (6) 
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These relations hold so long as a: is the independent variable, 
and we can therefore assign arbitrary values to dx. If x ceases to 
be the independent variable, and its rate of change depends upon 
that of a third variable, these relations no longer hold and must be 
replaced by other and more complicated ones. 

Ex. Given y - 4 x* -H 6 x + 7. 
By difiFerentiation, we have 

rfy « 12 xMx + 6 rfa; . 

« (12x» + 6)dx, £i^ ^'y^ ^^^ '*" ^' 

d^ = 2^xdx', ^ = Z).V = 24x, 

d»y-24dx>, S"^- 



64. Successive differentiation of implicit functions. The following 
example illustrates the method of procedure in finding successive 
derivatives of an implicit function. 

Ex. Given /(a;, y) « x^ + 6y - 3a: « 0; find ^. 
Differentiating with respect to x, we obtain 

2xy + x^D,y + 5 D.y - 3 - 0, (1) 

whence ^-V = | = V+f ' <2) 

A second differentiation with respect to x gives 

(x» + 5) D.(3 - 2xy) - (3 - 2xy) D,(3^ + 5) 



D.h, 



(x» + 5) (2y-i- 2x D,y) - (3 - 2xy)2x 



(x" 4- 6)» ^^^ 

Substituting in (3) the expression for Dmy given in (2), we obtain after reduction 

n hi ^^y - 6a:V~ 12X-- lOy 

The same result can be obtained by using differentials throughout. Thus 
from the original equation, we obtain 

2xydx + x^dy + 5dy - Zdx « 0. (5) 

A second differentiation (remembering that dx is constant) gives 

2ydx^ + 2xdydx + 2xdxdy + x^d^ + ScPy *■ 0. (6) 

From (5) we obtain 

cte x^ -f 5 ' ^'-^ 
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and from (6) 

2!, + 4xg+(x'+5)g-0. 

Substituting the value of --— from (6) and solving, we have finally 



dV 6x»y - 12a; - lOy 



(8) 



Observe that each term of (5) contains a first differential, while each term of 
(6) contains either a second differential or the product of two first differentials^ 



65. Geometrical and physical interpretations of the second 
derivative. As has been shown, the first derivative D^y (or -^j 

gives the rate of change of y with respect to x, and expresses 
geometrically the slope of the curve which is the graph of y = f{z) . 

Evidently, the second derivative Dx^y (or —^ j gives the rate of 

change of the slope compared with the rate of change of the ab- 
scissa X. Take, for example, the function y =^ mx + b, which is 
represented by a straight line. The slope is constant, and therefore 
its rate of change is zero. This is shown by the derivatives; for 
Dxy = m and D^^y = 0. 

In the case of a moving point, the speed v is the derivative Aa, 
while the tangential acceleration a is D,v, If now DgS be substituted 
for V, we have 

a - D,iDr8) = D?8, 

(P8 , 

that is, tt^ tangential acceleration is the second time-privative of 
the space s. 

In the case of rotation about a fixed axis, the angular speed is 

D^$ = _. » a;, and the angular acceleration is 
dt 

a - Z),a> = Dr(D^) = D?d = -^; 

dt^ 

that is, the angular acceleration is the second time-derivative of the 
angle swept over. 
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1. Find the second derivatives of the following : 

(a) y — a:* — 3 x* + 5. (d) y « a; arc cos «. 

(b) y — X*. (e) y — sec z, 

(c) y — e"" sin x, (f ) y = arc tan 0. 

2. Find Dm^y when : 

X 

(a) y « X* log - ; (c) y - x tan x; 

(b) y — tan x; (d) y «- sin' x cos x. 

3. Find the first five derivatives of the following : 

(a) y - 3 x< - 7 x» + 5 X - 7. (b) y « log (x + 2). 

(c) y =* X* log x*. 

4. Find the nth derivatives of 

(a) y - a'; (*>) y - - ; (c) y « log x. 

6. Find ^ from (a) the equation of the parabola y* »4 px; (b) the equation 
of the ellipse a^y* + 6'x' = o*6*. 

6. Find ^ when (a) x»y + 3 x»y» + xy» - 0; 

(b) y* - 2 axy + x* - c = 0; (c) y « cos (x + 5). 

7. If pv* - C, show that ^ - n (n + 1) ^ • 

d'r 

8. Find the values of ^ for the following : 

(a) r - cosh - ; (b) r - log sin d; (c) r - ^ _ ^^ ^ ; 

(d) r = ac"*. 

9. If y « c* sin x, show that ^i^^^ + ^V^^* 

10. If y - log[x + Vi?Tl?l show that^ + ^j-^^i ^ "* «. 

66. Successive integration. As the inverse of successive differ- 
entiation, we have the process of successive integration. Starting 
with a function y =/(x), considered as an nth derived function, 
a single integration gives a new function, the anti-derivative or 
integral. The integration of this second function gives a second 
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anti-derivative or integral, and so on. The result of n integra- 
tions is the nth integral of the given function. 

For example, let 

fix) - 5 x». 

Then Z>«-*(5 x*) = } x* 4- C„ is the first anti-derivative, 

/>«~"HI ^ + C'l) =» ^i^j a:^ + C,x + Ca, is the second anti-derivative; 

^•~' (A a:* + C,x + Cj) = T»y j:* + i C^s^ + C^z + C,, is the third anti- 
derivative, etc. 

It will be observed that an anti-derivative contains the number 
of arbitrary constants indicated by its order; thus the third anti- 
derivative has three, the fourth, four, and so on. 

The successive integrals of y = f{x) may be denoted by the sym- 
bols: 

D^-'y, D^-^y, . . . , D^-^y, 
where 

Ox-'y = 2>x-^(^,-H2/)),etc. 

These are all functions of x, say/i(x),/2(x), . . . ,fn (x), respectively. 
It is customary, however, to use the notation of differentials. 
Since /i(x) is the first integral of /(x), we have 

/iW =fnx)dx. (1) 

Likewise, /2(^) ^//iW ^3:, (2) 

/3(^) =fMx)dx, (3) 

and so on. Substituting in (3) the value of /j(x) given by (2), we 
have 

and substituting in this result the value of /,(x) from (1), we get 

Aix) =/[/(//(x)dx)dx]dx. (5) 

This expression is more conveniently written in the form 

u^) = S f f n^) d'^- (6) 

Likewise we may write 
and in general 

fn(x) ^ffff . . . fff(x)dX^. (8) 
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Ex. 1. Find the successive integrals oi y = e". 

Mx) - J(^6- 4- C,)dx - - c- + C,x + C„ 

/.(x) « - e- + All— ^ + M"~' + . . . + ^_iX + A:., 

in which k^^ k^, • . . t kn are constants of integration. 

Ex. 2. A body falls with a constant acceleration g — 32.2 ft./sec'. If it 
starts from rest, through what distance will it fall in 10 seconds 7 

We have here ^ = 32.2, (9) 

S - /^ ^ ^ /32.2 (ft - 32.2 1 + C„ (10) 

8 - J^ di « J(32.2 1 + C,) dt « 16.1 H^ -{- C,t + C^ (11) 

We may now determine the constants Cp C, from the initial oonditions of 
the problem. Since the body falls from rest, we have for t — 0, 

.-0, g-o. 

Hence for < — 0, we have from (10) and (11) 

d - 0, C, = 0. 
Therefore, for the time t, the space passed over is given by 

« « 16.1 1\ 
For i « 10 seconds, 8 « 1610 feet. 

EXERCISES. 

1. If y — cos mx, find />.'"'y, ^•~^, D,-^y, and Dm^% 

2. Find /^(x), /,(x), /,(x), and /,(x), when /(x) = x» + 1. 

3. Find three successive integrals of y » -j- 

4. Find a curve which passes through the points (a, h) and (m, n) and for 

d}y 
which the second derivative -tzs at any point is k times the abscissa at that 

pomt. 

6. A point has an acceleration expressed by the equation 

a = — r«* cos fat, 

where r and « are constants. Derive expressions for the velocity and distance 

traveled. 

d^8 
We have Tifi'^ ~~ ^^ *^® ***• 
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It may occur that both f'{x) and f"{x) vanish for the same 
value a. In this case the last method of testing the given 
function for maxima and min- 
ima fails, and we must apply 
the first method. Theorem I 
must also be applied when 
f'{x) changes sign by passing 
through infinity, as x passes 
through a; = a, or by having 
a finite discontinuity, as in 
Fig. 39, (a) and (b) respec- 
tively. 

The special cases where higher derivatives vanish simultaneously 
with/' (x) will be considered in a later section, where a second proof 
purely analytic in its nature will be given. 




Fig. 89. 



Ex. 1. Examine the function {x + 2)' (x — 1)* for maximum and minimum 
values. 

/(i:)=-(x + 2)^(x-l)», . . 

r{z) « 2 (x + 2) (X - 1)» + 3 (X + 2)> {x - 1)» 
« 5 (X + 2) (x - 1)» {X + t). 
From (x -f 2) (x - 1)» (5 x + 4) - 0, 

we have the roots x = — 2, + 1, — |. These are critical values to be examined. 
We may test the value — 2 by examining the original function ; thus 

/(- 2) - 0, 

/(- 2 + ^) - ^» ( - 2 + /i - 1)* < 0, 

/(- 2 - A) =. A» ( - 2 - A - 1)* < 0. 

Therefore, since the function is greater for x = — 2 than for values of x just 
preceding or following it, it follows that for x = — 2, the function has a maxi- 
mum. The value x » 1 we shall likewise examine by substituting x » 1, 
X =^ I -¥ hf and x -* 1 — ^ in the original function. 

/(I) - 0, /(I 4- A) - (1 + A + 2)W > 0, 

/(I - fe) = - (1 - ^ + 2)W < 0. 

For this value, the function has neither a maximum nor a minimum, although 
f'(x) -« 0. For the critical value — i, we may examine the derivative /'(x). 



For 
For 



X •= — 4 — hf /'(^) is negative. 
X = — I + A, /'(x) is positive. 



150 



SUCJCESSIVE DIFFERENTIATION 



[Chap. Vin. 



Since f'{x) changes from negative to positive as z passes through the value 

— %f the function has a minimiin) for this 
value of X. 

The graph of this function is shown in 
Fig. 40. 




X 



Fig. 40. 



Ex. 3. Let 
Then 



/(x)« 



Ex. 2. Examine ;t» — 4x»4-5a; — 2 
for maxima and minima. 

fix) -a:»-4a:» + 5a;-2, 

/'(j:)-3x»-8x + 5 -(3x-5)(x-l), 

/"(x)-6x - 8. 

Putting f'{x) — 0, the critical values are 
seen to be x — }, x = 1. For x = f , 
/"(x) « 6 X t - 8 = 2, and for x = 1, 
/"(x) = — 2; hence, the function has 
a minimnm for X « { and a maximum 
for X « 1. 

X 



logx 
log X — 1 



flog x)» 

Hence for /'(x) — 0, log x — 1 or x =» c gives the critical value. For x < e, 
log X < 1, and f'{x) is negative, while for x > e, log x > 1 and f'{x) is positive; 
hence, /(e) is a minimum value of /(x). 

Ex. 4. Examine (x — 4)' + 5 for maxima 
and minima. 

Here /(x) - (x - 4)* + 5, 

2 



whence fix) — — . 

3 (X - 4)* 

For X -■ 4, /'(x) — 00 ; hence x *- 4 is a 
critical value. For x > 4, fix) is positive, 
while for x < 4, /'(x) is negative. Hence 
as X increases, /'(x) changes from negative 
to positive, and from Theorem I, /(x) has a 
minimum at x — 4. See Fig. 41. 



U,S) 



Fig. 41. 



Examine the following functions for maximum and minimum values 

(4-x)« 



, x» x> 
^- 3 " 2 • 

2. (x - 1) (x - 2)*. 

3. 2 x» - 15 x" + 36 X + 6. 

4. x»-3x'-9x + 5. 



^•4-2x 

7. 2 cos ^ + sin' 0, 

8. x*. 



>'. 



It ' \ y 
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Hence ^ " "^ ^ J ^cft «- — rw* fcosorfcft 

« — r« sin iot + C, 

and « - f^^ - - r« fsin wt dt -\-Cc'dt 

^ rcoBiot-h C't + C", 
ivhich is the law of simple harmonic motion. 

6. In Ex. 5, determine the constants of integration from the following initial 
conditions: when < — 0, « =- r and t7 — 0. 

67. MflTima and minima. In Chapter IV, we discussed the 
relation of the derivative to increasing and decreasing functions 
and to turning-points of a curve. At a turning-point, the function 
has the largest or the smallest value of all values in that neighbor- 
hood. We say that it has a maximum or a minimum value at such 
a point. A maximum value of a function may therefore be defined 
as follows: ^ 

A function f{x) is said to have a maodmum for x = a, if /(a) is 
greater than the values of /(x) for x just preceding and just fol-' 
lowing X = o. Expressed symbolically /(x) has a maximum for 

a? = a, if 

/(a) >f(a±h), 

where h is positive and takes all values in the immediate neighbor- 
hood of zero. 

Likewise, a function /(x) is said to have a minimum for x = a, 
if /(a) is less than the values of /(x) for x just preceding and just 
following x= a; in other words, if 

/(a) </(a±A), 

for all values of h in the neighborhood of zero. 

A function may have several maxima and several minima in any 
given interval. We shall limit the present discussion to continuous 
functions having only a finite number of maxima and minima 
in a finite interval. 

The analytic conditions for a maximum or a minimum are 
easily deduced when the fimction has a derivative. If /(a) is a 
maximum, /(x) must increase with x just before x = a and decrease 
as X increases just beyond. As shown in Art. 24, the derived 
function f(x) must then be positive for values of x just preced- 
ing X = a and negative for values just following. For similar 
reasons, in case /(a) is a minimum, /'(x) must be negative for 
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values of x just preceding x = a and positive for values just 
following. We may combine these statements in the following 
theorem: 

Theorem I. f(a) is a maximum or a minimum of the function 
/(x), according as f'{x) changes from positive to negative or from 
negative to positive valites a^s x, for increasing volutes , parses throttgh 
the value x = a. // f'{x) does not change sign as x passes through 
x=a, thenf(x) has neither a m^aximum nor a minimum al x=a. 

To apply this test, substitute (a - h) and (a 4- h) for x in/'(z). 
In case /(a) is a maximum, /'(a — h) remains positive and /'(a -f h) 
negative however small the value of h is taken; if /(a) is a minimum, 
then /'(a - h) remains negative and /' (a + A) positive for arbi- 
trarily small values of h. 

If the maximum or minimum occurs at an ordinary point of the 
curve, the tangent at the point is parallel to the X-axis, and con- 
sequently the first derivative for this value of x must vanish; that 
is, /'(a) = 0. We may determine whether /'(x) passes from posi- 
tive to negative values or vice versa by examining the character 
of its derivative in the neighborhood of x = a. In case of a max- 
imum, /'(x) is first positive, then zero at x = a, and finally nega- 
tive for values following a. In other words, as /(x) passes through 
the maximum value, /'(x) (decreases. Hence, by Art. 24, /"(x) 
must be either negative or zero for x = a. On the other hand, as 
/(x) passes through a minimum, /'(x) is first negative, then zero, 
and finally positive; that is,/'(x) is an increasing function at the 
point X = a. Hence /"(x) must be either positive or zero for x « a. 
For the case in which /'(a) becomes zero while /"(a) remains 
different from zero, we may therefore express the condition for a 
maximum or a minimum as follows: 

Theorem II. // /'(a) = 0, then f{a) is a maximum or a min- 
imum according as /"(a) is negative or positive. 

This theorem affords an easy method of determining the maxi- 
mum or the minimum points of a function. We equate the first 
derivative to zero and solve for the real values of the variable. If 
upon substituting these values for the variable in the second 
derivative we obtain a negative number, we have a maximum; if we 
obtain a positive number, we have a minimum. 
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Z O — X 



^> 



CTT 



10. x-tan*. ^t;-,-. J V^'.T ;-■'=" 



12. X — e*. ^.- o.> . y^ 0-, V 

13. (x - 2)' + 6. 
2x 



^-^ 



V 



11. a;VaxHh&. 



14. 



I + x^ 



68. Applications of maxima and minima. The theory of maxima 
and minima has many important applications in geometry, 
mechanics, and physics, a few of which are given in the following 
problems. In some of these problems the function whose maximum 
or minimum value is required is given; in others, however, the 
function must be found from the conditions stated in the problem. 
Frequently the function derived will contain more than one variable. 
In such cases, the conditions of the problem will furnish certain 
relations between the variables by means of which all but one can 
' be eliminated. The function of the single variable thus obtained 
will be treated according to the methods given in the preceding 
section. A careful study of the following illustrative examples 
will give a grasp of the proper method of attack. 

Ex. 1. A rectangular channel carrying a 
given volume of water is to be so proportioned 
as to have o. minimum wetted perimeter (i.e., 
surface in contact with water). Determine the 
proportions of the channel. 

Let X » width of bottom, and y « height of 
Tvater. The volume of water is proportional to 
the cross section; since this volume is to be constant, we have 

xy ^ C. 

The wetted perimeter p is given by the equation 

p « x H- 2 y. 

This is the function whose minimum value is required. It contains two vari- 
ables X and y, but one may be eliminated by means of the first relation; thus, 




7i9.4S. 



(1) 



(2) 



"whence 

Differentiating (3), we get 



p - a: + 2 - 
'^ X 



dp J 2C 



dx X' 

In order that p shall be a maximum or minimum, we must have 

X* 



(3) 



(4) 
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whence 
and 
that is, 



y= JV2C; 
a; = 2y. 



(5) 



To* determine whether this ratio between bottom and side gives a maximum or 
minimum, we observe that -^ is negative for 7?<2C and positive for x* >2 C. 
This shows that p is a minimum fdr 2; » 2 y. • 

Ex. 2. The deflection of a rectangular beam of a fixed length under a given 

load varies inversely as the product of the breadth and the 
cube of the depth. From a log a inches in diameter, a 
beam is to be cut of such dimensions as to make the 
deflection a minimum. 

Denoting by z the deflection, and by 6 and h the breadth 
and depth, respectively, the equation 

A: 




z ~ 



Pig. 48. 



bh^ 



(6) 



expresses the law stated above. 
There are two variables in this function, but one of them may be eliminated 
by means of a second equation derived from the geometry of the figure, viz. : 



6» + A» « a». 



Combining (6) and (7), we have 



A» Va* - A- 
By differentiation of (8), we obtain 

This derivative takes the value zero when 4 A' — 3 a' =■ 0, that is, when 



(7) 



(8) 



(9) 



(10) 



The corresponding value of b is, from (7), ^ . The student may show that for 
these values ^ is a minimum, not a maximum. 



'i. 



EXERCISES. 

1. Divide a number m into two parts such that their product is a maximum. 

2. Divide a number a into two parts such that the sum of their squares shall 
be a minimum. 

3. The range of a projectile is given by the expression 

P Vq* sin 2 <f » 
R ^— . 

in which Vq denotes the initial velocity and (f> the angle which v^ makes with the 
horizontal. For what angle 6 is the maximum range obtained? What is the 
maximum range? ^'- * ^'^ - 
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4. The efficiency of a screw as a mechanical device is given by the fonnula 

^ ^ fe( l - hii) 
h + fi ' 

where the ^ constant /i is the coefficient of friction, and h is the tangent of the 
pitch angle of the screw. Find the value of h for whi^ the efficiency is a 
maximum. -^ ut "^ v ^^-i- '^ 

'6. It is desired to make an open-top box of greatest possible volume from a 
Square piece of tin whose side is a, by cutting out equal squares from the comers 
and then folding up the tin to form the sides. What should be the length of 
the side of the square cut out? -~ 

6. A roofer wishes to make an open trapezoidal gutter of maximum capacity 
whose bottom and sides are each 4 inches wide aiid whose sides have the same 
slope. What should be the width across the top? 

7i Determine the most economical proportions for a cylindrical tank with 
flat heads; that is, find the ratio of the length to the diameter. 

8. A submarine cable consists of a core of copper wires with a covering 
made of nonconducting material. If x denotes the ratio of the radius of the 
core to the thickness of the covering, it is known that the speed of signaling 
varies as a^ log (1/x). For what value of x is the greatest speed attained?^."' 

9. A high vertical wall is to be braced by a beam which must pass over a 
parallel wall a feet high, and b feet distant from the other. Find the length of 
the shortest beam that can be used for the purpose. 

10. Determine the right circular cone of minimum volume that can be 
circumscribed about a given sphere. 

11. Given a triangle one of whose vertices lies at the center of a circle of 
radius a. If two sides of the triangle are radii of the circle, show that ) a' is the 
maximum aa-ea of the triangle. 

12. Find the dimensions of the following inscribed figures that will give 
maximum area : 

(a) Rectangle in a circle of radius r. 

(b) Rectangle in ellipse of semiaxes a and b, 

(c) Isosceles triangle in circle of radius a, 

13. Find the dimensions of the following inscribed solids in order that the 
volume shall be a maximum : 

(a) Cylinder in right circular cone. 

(b) Cone in a sphere of radius a. 

(c) Cone in a paraboloid of revolution; vertex of cone at intersection of axis 
of paraboloid with base. 

14. Find the dimensions of a cone of maximum volume (a) with given slant- 
height; (b) with given total surface S, 

16. Find the dimensions of a conical tent that for a given capacity V will 
require the least material. 
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16. The expression — ^—^ determines the sign of the derivative of van 

der Waals' equation (Art. 24, Ex. 2). For what value of v is this a maximum?^ ~^ 

17. The power P developed by a Pelton water wheel is proportional to the 
speed V of the wheel buckets and also to the relative velocity c — v with which 
the jet issuing from the nozzle with speed c strikes the buckets; that is, 

P = kv {c — v)f 

where A; is a constant. With a given value of the jet speed c determine the 
bucket speed v that will give maximum power. 

18. The horsepower transmitted by a hemp rope is given by the formula 

825 r t)" (Art. 4, Ex. 6.) 

Find the rope speed that gives maximum horsepower. Find the value of this 
maximum H when T = 420, w = 0.72. 

19. The weight of hot gas passing up a chimney in a given time is given by 
the formula 

k \/.96 7\ - T, 

" ** rwy t 

'* 1 

where T^ and T, denote respectively the absolute temperatures of the gas and 

T 
the outside air. Find the ratio ^ for which TF is a maximam. 

20. The velocity of a wave in deep water is given by the expression 



H^^(t- 



-^y* 



in which a is a constant and >l denotes the wave length. For what wave length 
is the velocity a minimum? 

21. The strength of a rectangular beam varies as the breadth and the square 
of the depth. Find the dimensions of the beam of maximum strength that can 
be cut from a log 14 inches in diameter. 

22. Find the beam of greatest stiffness that can be cut from a log 12 inches 
in diameter, knowing that the stiffness varies as the breadth and the cube of 
the depth. 

23. A body of weight W is dragged along a horizontal plane by means of a 

force P whose line of action makes an angle 
P with the plane. The magnitude of the 
force is given by the equation 



A vy.y.yyvv/y/ - .v/y^. v> A* sin ^ -f cos d ' 



y^>^..^vy/../Ay;...yy^y:AyAy^A.^.^ .^ ^^^^^ ^ denotes the coefficient of friction. 

Fig. 44. Show that the pull is least when B -= arc tan m. 

24. The turning effect of a ship's rudder is proportional to cos B sin' B^ 
where B denotes the angle between the rudder and the ship's keel. Find the 
value of B that gives maximum turning effect. 
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26. In a compound air compressor the theoretical work of compression is 



n-l 
n 



n-l 
n 



in which p., p, and Pi are respectively atmospheric pressure, the pressure in 
the intermediate receiver, and the final pressure. The constant n is the exponent 
of the compression curve pv* » C. Determine the relation between p«, p, and p, 
that the work may be a minimum. Remember that p* and Pi are fixed, but p 
may vary. 

60. Concavity of a curve. A curve is said to be concave upward 
at any point if an arc of the curve containing the point lies above 
the tangent to the curve at the point. It is said to be concave 
downward if the tangent lies above the arc. Thus the curve 
shown in Fig. 45 is concave downward between the points a and b, 
and it is concave upward from b to c. 




Fig. 45. 

The condition for concavity upward or downward can be ex- 
pressed in terms of the derivatives of the function represented by 
the curve. As we have seen. 



-^ = tan <i>. 
ax 



(Art. 24.) 



When the arc of the curve lies below the tangent, as, for example, 

between a and b, tan d>, and consequently 3^ , decreases as x increases. 

ax 

On the other hand, when the arc lies above the tangent, -^ in- 

ax 

creases with x. We may therefore say: 

A given curve is concave upward or downvxird according as the 

derivative —is an increasing or a decreasing function, 
dx 
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When -^is decreasing, its derivative, namely,--^, must be either 
ax djr 

negative or zero; if it is increasing, then the second derivative is 

either positive or zero. The values for which —^ is zero corre- 

djr 

spond to points on the curve where the curve crosses the tangent. 

Such cases will be discussed in the next article. A consideration of 

the values of -7-^ different from zero enables us to state the fol- 

djr 

lowing useful criterion: 

A given curve is concave upward if the second derivaiive is positive, 
and concave downward if the second derivative is negative, 

Ex. 1. Given the curve y -= sin x, 

d'u 
The first derivative, -r- = cos x, is a decreasing function from x «=» to x — ;r, 

and an increasing function from x = itio x » 2 r. Hence for values of x 
between and k, the curve is concave downward, while for r < x < 2 5?, the 
curve is concave upward. • 

Ex. 2. Given the curve y = x* — x' + 6, investigate its concavity. 

The second derivative, -r^ = 6 x — 2, is positive for values of x > §, and is 

negative for values of x < J. Hence to the left of x — J the curve is concave 
downward, and to the right of that point it is concave upward. 



EXERCISES. 

1. Test the following curves for concavity upward or downward : 
(a) y-x»-2x» + 5. (b) y - sec x. (c) y - id^ 

• 2. Test the concavity of the following curves : 



(a) y = a Vx — a; (b) y =« cosh x = J (e* + e "). 

3. Show that a curve is concave or convex toward the X-axis according as 

d^y . .. 

y-f^ *^ negative or positive. 

4. Show that the ellipse h^a? + a^y^ « a'6' is always oonoave toward the 
X-axis. 

6. Test the curves y = e* and y =» log x for concavity. 

6. Test the expansion curves given by the general equation p^tf^ *= C for 
concavity. 
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70. Points of inflexion. In the preceding article we considered 
the conditions under which a curve can be concave upward or 
concave downward. We now turn our attention to points at which 
the curve ceases to be concave upward and becomes concave 
downward, or vice versa. Such points are called points of inflexion 
of the given curve. The curve shown in Fig. 45 has points of 
inflexion at a, h, c. It is evident that at such points the curve 
intersects its tangent. 

The above definition suggests the analytic condition for a point of 
inflexion. As has been shown, so long as the curve is concave up- 
ward the first derivative increases with the independent variable, 
and when it is concave downward the derivative decreases as the 
variable increases. It follows then that, as the independent 
variable passes through a value for which the curve has a point of 
inflexion, the first derivative of the function passes from an increas- 
ing to a decreasing function, or vice versa. This is precisely 
the. condition that the derived function shall have a maximum or 
minimum, and to determine the points of inflexion of a curve, we 
need only to examine the derived function for maxima and minima. 
It is therefore a necessary and sufficient condition for a point of 
inflexion that the second derivative shall change sign as the 
independent variable passes through the critical value. This 
change occurs when the second derivative passes through zero 
or through infinity; hence the coordinates of the points of 
inflexion of the curve whose equation is 

y = /(^) 
may in general be found by solving the equations 

and determining whether /"(x) changes sign as x passes through the 
values thus obtained. 

Ex. Given the curve whose equation i8y = 5x' + 6a? — 7. 
We have 

/"(.)-g=.30*, 

which vanishes for x » 0. Moreover, f"(x) changes sign as x passes from 
negative to positive values. Hence the curve has a point of inflexion at 
x-O. 
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EXERCISES. 

1. Given a continuous curve. Draw a tangent to this curve, and through 
some fixed point draw a straight line which shaU so change as to remain parallel 
to the tangent as the point of tangency changes. Show that as the point of 
tangency passes through a point of inflexion, the line through the fixed point 
changes the direction of its rotation. For this reason, the tangent at a point of 
inflexion is sometimes called a stationary tangent. Express in terms of the 
derivatives of the given function the condition for a stationary tangent. 

2. Test the following curves for points of inflexion: 

(a) y « 3a:» + IQaj" + 24x + 7. (b) y - 5x* -h 7x» + 6x + 9. 

(c) (y - 2)» = X -f 4. 

3. Find the equation of a curve which has a point of inflexion at the point 
(0, 3) such that the inflexional tangent makes an angle of 45® with the X-axis. 
How many such curves can be found ? r ^"+ "/;■ - ^ ^^ ^ 3 

4. Test the following curves for points of inflexion : 

(a) y « tan x. (6) y — xe — x*. (c) y — sinh x «» i (c* — e-*), 

6. Determine the points of inflexion of the isothermal of van der Waals' 
equation for T - 300. (See Art. 24, Ex. 2.) 

1 — X 
6. Show that the curve y = ^ - has three points of inflexion and that 

these points lie in a straight line. 

71. Curve tracing. It is frequently desirable to determine the 
general form of the graph of a given function. The direct method 
of tracing a curve is to determine simultaneous values of x and y 
from the given equation y = f{x) and plot the points thus found. 
However, by a careful study of the derivatives of the function, 
the labor of this direct method can be largely avoided, and the 
general course of the graph, which is all that is required, can be 
found. In tracing a curve the student should proceed somewhat 
as follows: 

1. Examine the equation for symmetry. If only even powers 
of X appear, the curve is symmetrical with respect to the y-axis ; if 
only even powers of y appear, it is symmetrical with respect to the 
X-axis ; while if the equation remains unchanged when x and y are 
replaced by - x and - y respectively, the curve is symmetrical with 
respect to the origin. 

2. Find the points in which the curve crosses the X- and F- axes. 

3. Find the finile values of x (or of y) for which y (or x) becomes 
infinite. 
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4. Find the dope of the curve by means of the first derivative 
and note the turning-points. 

5. By an examination of the first or second derivative determine 
whether the curve is concave upward or downward, and find the 
points of inflexion. 

Having determined these characteristics of the curve, it is easy 
in most cases to sketch the graph. If a minute study of the form 
of the curve at any particular point is desired, it is well to trans- 
form the equation so that the point in question becomes the origin; 
then we need only consider the nature of the given curve in the 
neighborhood of the origin. In determining the nature of the 
curve in the neighborhood of the origin, the terms of the lowest 
degree in x and y are in general most important, since for small 
values of these variables the terms of higher order are small in 
comparison. Likewise the nature of the curve for very large 
values of the variables is determined by considering only the 
terms of highest order in the variables. 

In the following examples we shall consider a few of the simpler 
curves, which are frequently referred to in subsequent chapters. 
In Chapter XVI we shall develop further principles that will be of 
service in tracing more complicated curves. 



Ex. 1. The curves y = ax*. It is assumed that n is positive and either an 
integer or a fraction. For n » 2 and tor n » ), the curves are ordinary para- 
bolas. If n » 3 we have the cubical parabola y = cisc^. An examination of 
this equation discloses the following: (a) The curve passes through the origin. 
(b) For positive values of x, y is positive, and for negative values of ar, y is nega- 
tive; hence the curve lies wholly in the first and third quadrants, and is sym- 
metrical with respect to the origin, (c) j^ =3 ox'; hence the slope is always 
positive and increases as | x | increases. At the origin the slope is 2sero. (d) 

-7-§ « 6 ax J hence to the right of the F-axis the curve is concave upward, and 
to the left of the F-axis it is concave downward, (e) For x = 0, -i-^ = 0; hence 

the origin is a point of inflexion. From these conclusions it is evident that the 
curve has the general form shown in Fig. 46. 

If n » I, the equation becomes y^ » aV, and the curve is the semi-cubical 
parabola. From the equation we get 

dx '^2''^^' dx' =*=4x/J 
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It is readily seen that the curve is symmetrical with respect to the X-axis and 
lies wholly to the right of the F-axis. At the origin the slope is zero, and the 
two branches of the curve have the X-axis as a common tangent. There is no 
point of inflexion. Hence the curve has the general form shown in Fig. 47. 






•-X 



Fig. 46. 



Fig. 47. 



Fig. 48. 



Ex. 2. The cissoid y' 



The curve is symmetrical with respect 



2a — X 
to the X-axis. For a; » 2 a, y becomes infinite; and for x > 2 a or a; < 0, y is 

imaginary ; hence the curve hes wholly between the V-axis and the line x^ 2 a, and 

the two branches approach tangency with the latter line at an infinite distance. 

dy 
For X — 0, -^ "= 0, showing that the X-axis is a tangent to both branches at 

the origin. An investigation of the second derivative shows that there is no 

point of inflexion and that both branches are convex towards the X-axis. The 

curve has therefore the general form shown in Fig. 48. 

8 a' 
Ex. 3. The jbUcL y = -, . ^ • The curve is symmetrical with respect to 

X "T" * a 

the y-axis. y has a maximum value 2 a for x = 0, and there are points of inflex- 




>X 




Fig. 50. 



ion at i; => ± 2 a v^3. The two branches approach the X-axis at an infinite dis- 
tance. The curve is shown in Fig. 49. 
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Ex. 4. The lemniscate p* « a' cos 2 ^, 



or 



(x* + y'y - a* (x» - y»). 



The curve is symmetrical with respect to both axes, and crosses the X-axis at 
X ^ ^ a. For values of d from i tt to f jr and from } ;r to } ;r, p is imaginary. 
The curve has the form shown in Fig. 50. 



fe« + e *» 1 is 



Ex. 6. The catenary y -= § U * + c ** J is the curve assumed by a flexible 

cord of uniform weight suspended from two fixed points. The curve is sym- 
metrical about the F-axis, and cuts the F-axis at a distance a above the origin. 
The second derivative is positive for all values of x, hence the curve is concave 
upwards and has no point of inflexion. See Fig. 51. 




Ex. 6. The cycloid is the curve described by a point on the circumference of 
a circle which rolls on a straight line. Let a denote the radius of the circle, and 




Tig. 62. 

the angle PCM, Fig. 52, subtended by the arc PM (- OM). Then we have 
for the coordinates of P 

X « a (5 — sin 0)^ 

y — a (1 — cos ^). 
From these equations we readily obtain 

dy sin d dh/ I 

dx 1 — cos dx* o (1 — cos dy 

dhi 
The curve has a turning-point at x — ita, and since ^ is always negative, the 

curve is everywhere concave downward. 
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Ex. 7. The astroid or hypocydoid of four cusps x' + y' — a' is a cun'e 
described by a point on the circumference of a circle of radius } a rolling withm 
the circumference of a circle of radius a. See Fig. 53. The student may find 
the derivatives and by their aid study the curve for slope, concavity, etc. 





Kg. 58. 



Tig. 54. 



Ex. 8. The cardioid /> — 2 a (1 — cos ^). The curve is closed, and p is 
finite for all values of 6. Since cos ^ « cos (— d), the. curve is symmetrical 
with respect to the initial line OX, From the given equation, we get 



, dd 1 -coaO ^ , - 
tan ^ - /> -T- = — r-^- = tan i ^, 
^ dp Bind ' ' 



(Art. 28.) 



whence ff=id. 

For ^ — 0, ^ «= 0, that is, OX is a tangent at the origin ; for ^ — } » j ^ ** i ^f » 
and f or ^ » TT, ^ » } }r. For the limits of p we have /» — when 6 -» 0, p » 4 a 
when 6 ^ K, See Fig. 54. 



EXERCISES. 

The student should trace the following curves carefully and preserve the 
graphs for future reference. 

1. The group of curves z*y ^^ C {m positive). These are the curves which 
represent the laws of expanding gases. 

2. The curve x* + y* — a*. Show that this curve is the ordinary parabola. 

3. The logarithmic spiral p « «^. 

4. The spiral of Archimedes, p » aO. 

a 

6. The curve p ^ a sec* r * 

6. The parabolic spiral p' -« d^O, 
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7. The probability curve y — e' 
inflexion. 



.4 

•5' 



Find turning-points and points of 

8. The lituus f^d « o». 

9. The curves p - a sin n^, /» - a cos nd. (Give n values 1, 2, 3, 4.) 

10. Show that the cardioid is described by a point on the circumference 
of a circle of radius a which rolls upon a fixed circle of the same radius. 



72. Curvature. If a point moves along a plane curve as EF 
Fig. 55, the direction of mo- 
tion at any point is the direc- 
tion of the tangent to the 
curve. The direction of* the 
tangent continually changes, 
and a comparison of this 
change of direction with the 
distance traversed by the 
point leads us to the idea of 
curvature. Thus, as the point 
moves from P to Q, the 
tangent turns through the 
angle A^, and we say the curvature of the arc PQ is large or 
small according as the angle A0 is large or small. 

Denoting by As the length of the arc PQ, the ratio --^ is defined 

As 

as the mean curvature of the arc PQ, Provided the curvature is 

constant, this quotient is the curvature at all points between 

P and Q] but if the curvature is not constant, then the curvch 

ture at P IB defined as the limit 




Fig. 56. 



A«->-o As da 



(1) 



The curvature of the curve y =/(a:) at the point (xj, t/,) may be 
expressed in terms of the derivatives /'(x) and fix). We have the 
fundamental relation 

tan <l> =/'(x), <f> = arc tan/'(x), 
whence by differentiation 



I +(/'(!))* i+(/'(x)y 
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Furthermore we have 



2)x« = \/l + (/'(x))^* (See Art. 47.) 

From these equations we obtain by division 

# _ Dx^ _ fix) 

ds Dxs [1 4- (/'(x)^]* 

At the point (xj, t/i), therefore, the curvature is 



(2) 



[1 + (r{^t))^f 



(3) 



73. Radius of curvature. Center of curvature. Suppose that 
PQ, Fig. 55, is an arc of a circle. Let normals be drawn at P and 
Q intersecting at M; then MP = MQ is the radius of the arc, and 
angle PMQ = A^. Denoting the radius by r, we have 

rA0 = As, 

whence — ^ = — ; (1) 

As r 

that is, the curvature of a circle is constant and is the reciprocal of 
the radius. 

At any point of a curve y = /(x), conceive a circle drawn tangent 
to the curve, and suppose it to have the same curvature as the 
curve at that point. This circle is called the circle of curvature; its 
radius, the radius of curvature; and its center, the center of curva- 
ture of the curve at the given point. Since the circle and curve 
have the same curvature at the point in question, the radius of 
curvature R must be the reciprocal of this curvature, that is, 

R = ^. 
d(f> 

In terms of the derivatives involved, the formula for the radius of 
curvature at the point (x^yifi) becomes 

M = ^ll£(^, (2) 

By hypothesis, the curve and the circle of curvature at the given 
point have a common tangent; hence the radius of curvature has 
the direction of the normal to the curve. 

* A derivation of this relation is given in Art. 88. For the present, the 
student may make use of Eq. (1), Art. 47. 
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It is customary in the case of single-valued functions to regard 
R positive or negative according as the curve is concave upward or 
concave downward. To establish this convention, it is necessary 
to consider the positive value only of the radical in the numerator. 
The sign of R then depends upon that of fix), and the required 
result follows from Art. 70. In many cases it is the numerical value 
of R alone that is of importance. 

As we have 8een,/''(x) = --^ changes sign at a point of inflexion; 

hence R also changes sign at such a point. This property might 

have been used as the definition of a point of inflexion. Thus a 

point of inflexion is a point at which 

the radius of curvature, and conse* 

quently the curvature itself, changes 

sign. 

The coordinates of the center of cur- 
vature mav be found as follows: If 
(m, n), Fig. 56, is the center of cur- 
vature corresponding to the point 
i^if Vi) of the curve, we have from 
the figure, 




Fig. M. 



But 
whence 

and 



Xj — w = i2 sin 0, 

n — y^ ^ R cos 0. 

tan<^ ^r(x^), 

cos <t> = 



^i+[f'(xoy' 



sin <l> = 



nxA. 



VlH- [/'(!,)]' 



Using these expressions for sin <j> and cos <f>, and the expression for 
R given by (2), we obtain after reduction 



m = X-, — 



» = »i + 






(3) 
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Ex. Find the radius of curvature of the equilateral hyperbola xy « c* at 
the point (x^, y{) ; also at the point (c, c). 

We have y - ^ , /'(x.) - - 4 , /"(*,) = ^ ■ 

Substituting these values in (1 ), we get 



R 



L^ "^ xA (x,»-f y,»)« 



2^ 2c» 

At the point (c, c), therefore, 

«-£^-.^ 

2 

Also at this point /'(x) — — 1, and /"(x) = - • Substituting in (3), we find 

c 

for the coordinates of the center of curvature, 

m — n = 2c. 

EXERCISES. 

Find the radius of curvature of each of the following curves at the point (xi^y^). 

1. y* « 2ax. 

2. ay* - X* + 6. 

s. T + g-1- 

4. y •= log (x + a). 

6. y — log sec x. 

6. y "> sech x. 

7. y — cosh X. 

8. x* 4- y' =• a'. 

For the following curves find the radius of curvature and the codrdinates of 
the center of curvature at the points indicated. 

15. y* — 10 X, at X — 5. 

16. xy - 30, at (3, 10). 

17. y = cos X, at (0, 1 ). 

"• ©'+(!)* -^' **<»•*>• 

19. xy* =• 4 a\2 a - x), at (2 a, 0). 



9. 


X X 


10. 


a> 6» ^• 


11. 


y« - x« - 5. 


12. 


2^"2a-x- 


13. 


\/J+ Vy"- 2Vc? 


14. 


c " « sec <* • 



1 ■ 
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74. Radius of curvaturey parametric representation. If a curve 
is given by parametric equations, as 

we may obtain an expression for the radius of curvature as 
follows : 

We have the general formula 

dy 

^ = 1^ (1) 

dx dx 

dd 

from which by the aid of Art. 21, we obtain 

dx dPy^ __ dy d?x 
d^y ledG^ ddd^ dd 
dx* /dxV dx 



(dxV 
[dd) 



dx d^y __ dy d^x 

dddd^ ddde^ ' ,o\ 

W\' — 

\dd) 
Substituting these expressions in formula (2), Art 73, we obtain 

JMtM 

dx^d^ _ dy d?x 
dd d0^ dd dd^ 

Written in differential form (3) becomes 



dx d^y — dy cPx 



Ex. Find the radius of curvature of the cycloid 

X — a (6 — sin 0), 
y = a (1 — cos 0). 

By suooessive differentiation, we obtain 

dx ,t /.\ dy . ^ 

^ =- a (1 - cos ^), -^ =• asmd, 

d'x . - <Py ^ 



(4) 
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Substituting these values in (3), we find 

J, a*2* (1 - cos e)^ -v/Q^/i a A ' ^ 

R — — =-r — s TV- " — a v8 VI — cosd»— 4asin7=* 

a' (cos ^ — 1) 2 

If a curve is given in polar coordinates; we have 

X = p cos Oj y = pAxL 0. 
By means of these relations, (3) is reduced to the form 

'^ \de) '^ dd* 

Hence, using the functional symbols for the derivatives, the radius 
of curvature of the curve p = F{d) at the point (p,, (?,) is 

R = ^^' + (^^('^»))'^' (6) 

EXERCISES. 

Find the nulius of curvature of each of the following curves at the point 

1. p " ad, 6. p« COS 2 ^ « a\ 

2, pd ^ c. 6. /) — a (1 — cos ^. 
S. p « a (2 cos ^ - 1). 7. /» - e^. 

4, p -» asec'^* 

8. Find the radius of curvature of the ellipse from the equations 

X = a cos 0, 
y — 6 sin d. 

75. Other expressions for R. In rectangular coordinates, 
equation (2), Art. 73, is the usual formula for 22. There are, how- 
ever, other formulas which are in some cases more convenient. In 
stating these formulas we shall drop the subscripts that indicate 
the particular point (x^, y^. 

Recalling the relation 

{dsy - {dxy + {dy)\ 

ds I IdAjS? 

from which follows w'^^V^'^lw]' 



•n 






\\ 
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we may write the formula for R in rectangular coordinates in the 
following convenient form: 

R-^^' (1) 

In the theory of the flexure of beams, the formula for R is sim- 
plified as follows: The axis of the unloaded beam is taken as 
coincident with the X-axis. Since the bending is slight, the slope 
of the curve which the axis assumes under a load is very small; 
hence we may take/'(x) « 0, and we have approximately 

This approximation is frequently used in other applications, as 
the curvature of lenses, etc. 

EIx. The equation of the axis of a beam of length L under certain conditions 
of loading is 

^/y-^(3LV-2a:^). 

Find the radius of curvature [using (2)] for x ^ 0. Take the following values : 
^ - 30 000,000, / - 210, U7 - 60, L - 200. 

MISCELLANEOUS EXERCISES. 

1. Find -T^ for the following : 

oar ^ 

(a) x» - axV + y" - 0; (c) x* + y^ - a*; ^v'-. . 

: -^""-r, •7<^) y-^'sin^^ + f j; (d) y - ^^ ^J^y ; . 

(e) y « x* sin X. ^ . s \' '. X 

2. If y — A^ + Be"*", show that 3 ~" ""^ " ®' 

3. If « — Ci sin A:/ 4- C, cos kt, show that -js + ^* "" ^» 

4. If u and v are functions of x, show that 

Observe that the coefficients and sjonbolic exponents follow the law of ooeffi- 
dents and exponents in the expansion of a binomial. This is Leibnits^ theorem, 

6. Using the result of Ex. 4, find 

(a) D,*y when y ==■ e* cos x; 

(b) Dm*y when y — «■ log x. 
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6. The crank OA, Fig. 57, rotates about O with constant anyilar speed, and 
through the rod AB gives a reciprocating motion to the point B. Let r '^ OA 
and L => AB; then the distance of B from the outer end of its stroke Af is 



8 = L + r - rcoad - VL» - r* sin» ^. 

Find the velocity and acceleration of B for any given value of d. 

dt 
dt 



JO 

Svggeatum : Remember that -tt is the constant angular speed Wq. 




Fig. 67. 

7. In Ex. 6 determine the acceleration of B for d » 0, ^ , n, and on the 

stroke MN as a base line draw approximately the acceleration curve. Take 
L« 4 r. 

/8. Find the curve whose second derivative -r4 has the constant value 2a and 



which passes through the points (0, 0) and (2, 6). -^ y , w *^ . \ r. ^ 

9. If ^ =" "EI^^^ ^^' ^^^ ^ ^ ^^^^* knowing that y - and ^ « 0, 
wheii a; = 0. / ^ 4-C 

10. Find three successive integrals of 

^j^;'^ ■ (a)x* + 3; (b) e— ; (c) sin (A^ + f). ;y- 

11. The weight of gas flowing through an orifice in a given time from a 
vessel in which the pressure is pp into a space in which it is p, is proportional to 

fe)' - fef • 

For air. A; =» 1.41. Find the ratio — for which the flow is a maximum. 

Pi 

12. The following formulas give the theoretic efficiency of various types of 
water and steam turbines. In each, u denotes the peripheral speed of the wheel 
and is the variable. The other quantities are constants. Find the value of u 
that makes the efficiency a maximum, and find also the value of the maximum 
efficiency. 

(a) B « 4^^cosa - ^ j ; 

(b) -S = fcu (2 c cos Of — u); 
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^3. Examine for maxima and minima and for points of inflexion the curves 

(a) x" - axy -f &• — 0, V^ Z;^" ,\.^'.. . - \ -» V 



Trace the curves. 



*' ©"* (f)'- 



V v-i 



14. The intensity of an overhead light varies as the cosine of the angle with 
the vertical, and inversely as the square of the distance from the light to the 
illuminated point. What should be the height of an electric light pole to give 
the strongest illumination at a point 40 feet from the foot of the pole 7 

16. Derive the formula for the radius of curvature in polar co6rdinates 
directly from the defining equation -^ *" ;7jl ^y ^^ ^^ ^^ the relations 

^ - 7.^, and ^ - <? 4- ^. (See Art. 28.) 

16. A point which moves in a curve with a speed v has an acceleration com- 

ponent directed towards the center of ourvature, the magnitude of which is -^ 

(fi is the radius of curvature). 

(a) Find an expression for this acceleration component when the point moves 
on an ellipse, (b) Find. this component when the point moves through the 
position ;c = 6, y — 6 on the parabola y* » 6 x with a speed of 6 units. 

17. Find the radius of curvature of the curves given by the equations : 

(a) y = a sin' 6, x *= a cos* d; 

(b) y - 6 (2 sin ^ - sin 2 ^), a; - 6 (2 cos ^ -f cos 2 $). 

18. If x and y are both functions of an independent variable t, show that 
the successive derivatives of y with respect to x are as follows : 

/'(x)-|. 



J W = -j-^ , 



(ir» 



.,„. . d*ydx* - S(Py<Pxdx + S dy (dPzY - dydxd^x 
Suggestion : Proceed as in Art. 63, but consider dx a variable. 
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CHAPTER IX 



76. Definition of a definite integral. Suppose we have given a 
function /(x) which is continuous and single- valued within a given 
interval (a, b), and suppose further that 



/ 



/(x) dx - D:r'f(x) = <f>(x) + C. (!) 



The difference of the values of the function (x) -f C for any two 
values of the independent variable is called a definite integral. 
The values of the independent variable substituted are called the 
limits of integration. We shall denote a definite integral symbol- 
ically by writing the two limits of integration at the extrem- 
ities of the sign of integration. Thus, if x = a and x = 6 are the 
limits of integration in the definite integral formed from (1), we 
indicate that fact by writing this definite integral as follows: 



X 



VW dx = [D,-'nx)t = <l>(b) - <f>(a). (2) 



This is read: "The definite integral of /(x) between the limits 
X = a and x = 6 " or "from a to 5." It is to be noted that in the 
definite integral, the constant of integration disappears. This 
follows from the definition. For, we have 

[<t>{x) +C]l^ (0(6) + C) - (0(a) + C) = 0(6) - 0(a). (3) 

To distinguish definite integrals from those previously discussed, 
we shall call the latter indefinite integrals. 



Verify the following : 

1. r*4 x" dx i^ 624. 3. f ^sin ^ d^ - 1 - ooejft 

dx K 



2. r'(3 « - x») dx - }. *• f^ 



Vl - X* 6 
172 



Awr.77.] PROPERTIES OF DEFINITE INTEGRALS 173 



••Xr?-''«5;- ' 7./'tan*d0-O. 



4 



6. f*^-.log4. 8. f'sin^cos^d^-i. 

Evaluate the following definite integrals: 

XT 1 

COB 2 Ode. ^ 16. J sin ^ d^. ;j^ 



12. r sin a; <te. 1 ^ „ /• * cos ^ d^ 

Jo 1 + Bin* 



-h sin* ^ ' 



IS 



<;^ di 
gives the space traversed by a falling body in the time interval t^ — t^. 

20. Plot the curve v » f{f) — gt (see Fig. 2), and show from geometry that the 
area between this curve, the f-axis, and the ordinates at ^j and t^ is numerically 

equal to j gtdi. 

21. Evaluate f (3 a:* - 4) a; cte and T (3x'-4)a;dz. What is the 

relation between the two integrals? State a general law covering the inter- 
change of the limits of integration. 

22. Show that f (x» - 3 x) da; + f {ii^ -Zz)dz^ f (a;« - 3 x) da;. 
Ji Ji •/» 

What general law does this result suggest? 

23. Show that the general theorems for indefinite integrals (Art. 39) apply 
also to definite integrals. 

77. Elementary properties of definite integrals. The general 
properties of integrals already developed apply equally well to 
definite integrals. Thus, the definite integral of a constant times 
a function is equal to that constant times the definite integral 
of the function; the sum of a finite number of definite integrals is 
equal to the definite integral of the sum of the functions, etc. In 
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addition to these, there are certain properties which apply to 
definite integrals alone. Among the more elementary of these 
are the following: 

Theorem I. Interchanging the limits of integration changes the 
sign of the integral; that is, 

«/a «/» 

From the definition of a definite integral, we have 

J' fix) dx = 4>Q>) - (^(a), (1) 

and rVw dx = <f>{a) -<f>(b). (2) 

' fix) dx =^ — j fix) dx, (3) 

a Jb 

which was to be demonstrated. 

Theorem II. If c lies between a and 6, then 

f{Qc) doD-^ j fix) dor. -\- I /(a?) dx. 

For, we have 

J' fix) dx = 0(6) - 4>ia), (4) 

J^fix) dx = 0(c) - 0(a), (5) 

£fix) dx = 0(6) - 0(c). (6) 

Adding (5) and (6), we obtain 

rfix)dx + Cfix) dx = 0(c) - 0(a) + 0(6) - 0(c) 

= ^(6) - 0(a) 

= £nx) dx, (7) 

which establishes the theorem. Evidently the theorem may be 
extended to include any finite number of values between a and 6. 
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EXERCISES. 

1. Evaluate the integral C (Sa^ + 5)dz, using sucoeaaively the limits of 
integration, (1, 3), (3, 4), (4, 6), and (1, 6), and verify Theorem II by the result. 

2. By evaluating the integrals, show that 

f ' sin ddd + C*anede « f' sin dd. 

2 

8. Show that f <f>(u) du " C <f>(x) dx. State this result in the form of a 
theorem. 

78. Change of limits. In the process of finding an integral, it 
is sometimes convenient to change the variable (see Art. 59). 
In this case, we may by properly changing the limits of integration 
obtain the definite integral without a second substitution. Sup- 
pose we have the integral / f(x) dx and make the substitution 

z = F{x). For X =a, we have z = F{a)j and for x = 6, 
z = FQ))] hence the substitution of F{a) and F{h) as limits of 
integration in the transformed integral must lead to the same 
result as the substitution of a and h in the original integral. 

„ «. J r* arc s in xdx 

Ex. Fmd I — . , assunung z =» arc sm x, 

,TO' 1. J ^ i_ aro sin a; do; , 

We have dz — — , , whence — , ^ z dz. 

%/l - x' V 1 - x» 

For 2 « 0, z — arc sin — 0, the lower limit, and for £"-},« — arc sin } — 

^ , the upper limit. 

„ /•! arc sin a; dx r * j ^* 

""^^ Jo VT^^ "Jo '^"72- 

EXERCISES. 

'* xdx 






Let « — X*, 



^ i*^ dx » X 

2. I , - ■ Let « - — 



.1 



3. r sin'xoosxdx. Let;? — sinx. 
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'^xdx. Let* - *•, 



■r 






^ Bin 8 dd 






Ca' + jr")! 



Let c - tan 0. 
Let t — log X. 
Let I - arc tan 



79. Areas determined by Bummatioii. In the present article, we 
fliiall show iiow we may find by tlie sum- 
mation method the area bounded by a curve, 
the axis of the independent vanable, and 
two ordinates corresponding to two given 
values of the independent variable. 

For example, let y — z' be the equation of the 
given curve (Fig. 58), and let us undertake to find 
the area bounded by this curve, the 2-axis, and 
the two ordinates z » 1, x =• 3. 

Divide that portion of the X-axis between i — I 
and x — Z into n equal parts, and denote each hj Jx. 
At each of the points of subdivision. A,, A,, . . . 
An-i, erect the corresponding ordinates. Tbe re- 
quired area A^P^QB lice between the sum of the 
fi~_ 5S_ outer rectangles AaP^, A,P„ A,P„ etc., and tbe 

sum ot the inner recUngles P^A,, P,A„ P,A„etc. 
This fact may be expressed briefly thus : 

2)4,f*,+ t >area.4^„QB> %PtAt+i. (1) 

The difference between the sum of the outer and the sum of the inner rectangles 
is tbe sum of the email rectangles P, P„ P, P„ P, P.. etc. This difference is 
therefore given by 

2J P,P,+ i - (BQ - AJ',) .Jx^SQ.Ji. (2) 

As n increases indefinitely, or what is the same thing, as Jz ^ 0, SQ-Jx also 
approaches sero. Hence the two summations in the inequality (1) have tbe 
same limit, and we may write (Art. 11, Th. VI) 

L y,AtPt^t - areaA^^S - L ^.P^i+t . (?) 

We may now calculate the area A,P, QB as followK : 
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The abscissas of the points A^, A^^A^, etc., Bjel + Jz,l + 2 Jx, etc., re- 
spectively, and the altitudes of the inner rectangles are 1, (1 + ^x)*, (1 + 2 Jxy, 
etc. The sum of the areas of the inner rectangles is therefore 

Jx + (1 + Jx)* Jx -h (I + 2 Axy Jx + (1 + 3 Jx)' Jx + ... to n terms. (4) 

As Jx =^ 0, the value of n increases, and hence in the limit we have 

area AJ^^^QB « L { Jx+ (1 -^AxyAx-Jt (1 + 2 Jx)' Jx + . . . 

^**® + (1 + nT^ Jx)' Jx{ 

« L Jx{l + (1 + Jx)'+ (1 + 2 Jx)' + . . . 
^*^ + (1 + n - 1 Jx)'{ 

- L Jx{n + 2Jx(l + 2 + 3+...+ n - 1) 
^■*'° + (Jx)' (1' + 2' + 3' + . . . + n - l'){ (5) 

From algebra,* we know that 

1 + 2 + 3 + .. . + (n-l) = !L(!^^iJ^, 

l« + 2' + 3'+... + (n-l)'^ "("-^y^-^> > 
Substituting these values, we have after taking out the factor n, 

area A^^QB = L n Jx ( 1 + n Jx - Jx + (Jx)» (^- l)(p^- ^) } (6) 

-L ni.( 1 + nAx-A.^ 2(nix)'- 3(n^x)i.+ (ix)') .^^ 

However, we have n Jx » AB » 2; consequently 

area 4^0 G5 « I' 2 { 1 + 2 - Jx + 8-6^^+(^^)' { . gj. (g) 

Comparing this result with the value of the definite integral 

/•« /•» x^T 

J ydx-J x' dx - -^ J =- 8f , 

we see that the evaluation of the integral gives in this case the same 
numerical result as the summation. In the following article, we 
shall show that in general the summation process can be replaced 
by the shorter method of the definite integral. 

Ex. Find the area bounded by the straight line y >» 3 x, the X-axis, 
and the ordinates x » 2, x -> 5. Show that the definite integral J 3 x dx 
gives the same result. 

80. The definite integral as the limit of a sum. Let fix) be a 

single-valued continuous function in the interval a =» x = 6, 
and let the interval (a, h) be divided into n parts by inserting 

* See Hall and Knight's Higher Algebra, Arts. 67, 68. 



£' 
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between a and b, in any manner whatever, n — I values x„ x,, . . . 
!„-, in ascending order of magnitude. Suppose that each sub- 
interval is multiplied by the value oi f{x) at some point within it, 
and that the products thus obtained are added. Denoting the 
values of /(z) taken within the several aubintervala by/,(x), /,(a;}, 
/.(I) . . . fn{x), respectively, the result is 

(X,-0)A(x) + (X,-3^,)/.U)+- ■ . + (ft-^-i)/n(x) . (1) 

If we take Ao; as a general symbol denoting a subinterval, (1) may 
be written in the more compact form, 

We shall now show that as we make the subintervals smaller and 
smaller by introducing new points of division within the original 
subintervals, this sum approaches a limit) and that this limit is 
the definite integral 

'7(a:)dx = 0{6)-^(a). 

In any subinterval, as Xf+^ — Xi, let at denote the minimum 
value and ^( the maximum value oi fix). If we multiply each 
interval by its a and add the products, we obtain the sum 

S' - a,(a;,-a) + a^^x^ - x,) + . . . + a„(6 - a:„_,) . (2) 

By multiplying each interval by its ^ and adding, we obtain 

S" = ;3.{i, - a) + ^,(x, - x.) + . . . + ^„ (ft - x„_,). (3) 

From the manner of deriving the sums (I), (2), (3), it follows that 

5'£X /W A3;^S". (4) 

Subtracting (2) from (3), we obtain 
b 
S" - S' = 5) (/J,- ad Cx,+ .- xd. (5) 

The difference {^, — a,) measures the amount by 

which f(x) can vary within the interval Xj+, — x,-. 

(See Fig. 59.) If E is the largest variation that 

fix) can have in any of the subintervals, then 
n«- «■ from (5) 

S" - S- =2 ^f^f+1 - ^.)= -EC* - «)■ (6) 
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We have so far dealt with an arbitrary division of the interval 
{a, b) into n parts. Let us now consider the effect of increasing 
the number of parts by introducing in any manner whatever new 
points of division in the original subintervals. By continuing 
the process of subdivision, we can make the subintervals as small 
as we please, that is, we can make Ax approach zero. Now since 
f(x) is continuous, the amount of its variation in an interval 
decreases with the size of the interval; hence J5 = 0, as Ax « 0. 
From (6) we have therefore • 

L (/S'' - SO ^ L E(b - a) - 0; 

and since S" — /S^ is necessarily positive for Ax ^ 0, it follows that 

L (S" - SO = 0. (7) 

The sums S" and S' are functions of the kind described in Art. 12, 
that is, they are monotone functions. Both are finite, and as n 
increases, S" never increases and S' never decreases. Hence each 
sum has a limit, and from (7) the limits are equal. From (4) it 

b 

follows that 2)/(^) ^3; has the same limit. (See Art. 11,. Th. VI.) 

a 

We have, therefore, 

b 

L S" = L S' ^ L X/(^) ^^- (8) 

Ax^O ^x^O Ax^O ^ 

The considerations of Art. 82 make it geometrically evident that 

b 

the same limiting value of V /(x) Ax is obtained as Ax is made to 

a 

approach zero by all methods of subdivision of the interval (a, b) ; 
that is, the value of the limit is independent of the manner of 
subdivision.* 

b 

Having shown that ^f(x) Ax has a limit, we have now to show 

a 

that this limit is / /(x) dx. In this discussion /<(x) was taken as 
any value of /(x) within the interval x*+i — a:,- Furthermore Ax was 

* For an analytic proof of this statement, see Picard's TraiU <r Analyse, Vol. 
X> p. 4, or Veblen and Lennes' Infinitewnal Analysis, p. 154, et seq. 
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made to approach zero by the arbitrary insertion of new points of 
subdivision in each subinterval. Since the existence of the limit in 
(8) has been established, we may find its value by taking the sub- 
intervals and the corresponding values of the function in any par- 
ticular manner we please. It is convenient to make the values of 
Ao: equal and to take the value of f{x) at the beginning of each 
interval. We have then for all values of n, 

n Ax = 6 — a, (9) 

and the' original points of division become 

a + Ax, a + 2 Ax, . . . , 6 — Ax 

In defining the definite integral, ^(x) was taken as a function 
having /(x) as its derivative. From the law of the mean, we have 
therefore 

^(x + Ax) -^(x) =. Ax./(x + 5. Ax),0<«<l. (10) 

By hypothesis a and ^ are respectively the minimum and maxi- 
mum values of /(x) in a subinterval; hence we may write 

a =/(x + tf • Ax) « fl. 
By aid of (10) this inequality becomes 

a . Ax = 0(x + Ax) - <t>{x) =)9 . Ax. (11) 

We may now apply (11) to the successive subintervals by sub- 
stituting for X the values 

a, a 4- Ax, a + 2 Ax, . • . . , 6 — Ax, 

The resulting inequalities are 

«! Ax ^ ^(a + Ax) - 4>{d)= pi Ax, 

a. Ax = ^(a + 2 Ax)- <f>(a + Ax)- ^, Aa:, 



an Ax = <f>(b) - 0(6 - Ax)^ fin Ax. 
Adding these results, we have 

XcxiAx^<f> (6) - 0(a) =5) ^, Ax. (12) 
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If we now make Ax approach zero by dividing the subintervals 
into equal parts and continuing this process of division, we have 

6 b 

L Xa.Ax^L S\ and L X A ^« " ^ 5"- 

Hence from (12) and (8) we have 

^(6) - <f>(a) ^ L S' ^L S'\ 

We may therefore write 

i y,f{x)^x = i^(&) - <^(a) = I f(x)dx. (13) 

Because of the identical relation between the limit and the 
definite integral given in (13), this limit is often made the funda- 
mental definition of such an integral. As has been stated, this 
limit and hence the definite integral exists if /(x) is continuous. 
Consequently, whenever /(x) is continuous, we may pass at once 
from the summation form of expression to that of the definite 
integral. 

81. Value of the summation process. The idea of the summation 
of an infinite number of infinitely small terms is of fundamental 
importance in the applications of the calculus to geometry and 
physics. In the following chapters will be given examples of the 
use of the summation process in finding the lengths of curves, the 
areas of surfaces, the volumes of solids, etc. In mechanics, 
determinations of centers of gravity and moments of inertia also 
involve the summation principle. The work done by a variable 
force is found by the summation of terms of the type FAs, where 
F denotes the force and s the distance of the body to which it is 
applied from some chosen origin. The impulse of a variable force 
is the summation of terms of the type F At, The space over 
which a moving point travels is found by the summation of terms 
of the type vAt, where v denotes the velocity of the point. If 
water flows through a pipe of cross section A with the velocity t>, 
the volume flowing in the time i is Avi provided v is constant 
during this time interval. If v is not constant, the quantity dis- 
charged is found by the summation of terms of the type AvAL 
If the specific heat c of a substance varies with the temperature r« 
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the heat that must be imparted to the substance to produce a 
given rise of temperature is determined by the summation 
S c At. Other applications will occur to the thoughtful student. 

It should be noted that the summation of an infinite number of 
terms is always necessary when one of the factors entering into 
the problem varies continuously. As an illustration take the 
problem of finding the mass of a body. If V denotes the volume of 
the body and y its density, the product y F gives the mass, provided 
the density is constant throughout. The density, however, may 
differ for different parts of the body, as, for example, when the 
body is composed of different liquids which arrange themselves in 
layers or strata. If Vp Y^^ ^3, . . . , ^n denote the volumes of the 
separate parts, and yj, yj, ys, . . . , yn the corresponding densities, the 
total mass is evidently the sum 

In this case, the number of parts being finite, we need only simple 
addition. However, the density may vary continuously through- 
out the body, as in the case of the atmosphere. Here we must 
have recourse to the summation of an infinite number of indefinitely 
small terms. We divide the total volume V into n parts each 
equal to AF and multiply each element AF by the density at 
that part of the body. We thus get n terms of the type yAF. 
If n is finite, the sum of these n terms is not the exact value of the 
mass because the density varies in the element of volume AF. 
But as n is taken larger and AF smaller, the sum of the n terms 
approaches more nearly the mass. Hence, to get the exact 
result, we must increase n indefinitely, thus making AF corre- 
spondingly small, and effect the suipmation of the infinitely large 
number of infinitesimal terms. That is, we must find 

L SyAF. 

Equation (13), Art. 80, gives a convenient method of effecting a 
summation of an infinite number of infinitesimal elements, the 
terms being of the type /(x) Ax. We have only to find the anti- 
derivative ^(x) of the function /(x), substitute the limits of inte- 
gration, say o and 6, and take the difference ^(6) — ^(a). The 
problem of performing such a summation reduces, therefore, to a 
problem in integration. 
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82. Geometric interpretation of a definite integral. When we 
represent graphically the processes employed in Art. 80, we are led 
to a useful geometric interpretation of the definite integral 



£ 



f{x)'dx. 



Let the curve EF, Fig. 60, be the graph of the single-valued 
continuous function /(x), and let the interval (a, b) be divided 
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Fig. 60. 



into subintervals by locating points between A and B on the 
X-axis. At these points of division let ordinates be erected. In 
any subinterval Ax^ let a< and ^,- denote respectively the smallest 
and largest numerical values of the ordinates of the curve EF. 
With Aa:< = ^i^i" ^i as a base, let two rectangles be constructed 
having ai and ^i respectively as altitudes. Repeating this con- 
struction for each subinterval, we obtain finally two plane areas, 
the first A' made up of rectangles lying entirely below the curve 
EF, the other A" made up of rectangles whose upper bases lie 
above the curve. We have therefore 

A' = area AEFB = A". 

b 

The area A^ represents graphically the sum 5' = 2) a.Axj given 

a b 

by (2), Art. 80; and likewise A" represents the sum 5" = X A ^^< 

a 

given by (3). It follows that as Ax is made to approach zero, 
A' and A" have the same limit; and from Art. 11, Th. VI, 

area AEFB ^ L A' ^L A". 
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From Art. 80, (12) and (13), 



X 



f{x)dx = L S'=LS'. 



Hence, since the area A' represents graphically the sum S', the area 
AEFB, which is the limit of area A', represents graphically the 

limit of S'f that is, I f{z) dx. This result may be formally stated 

as follows: 

The definite integral / / {x)dx is represented by the area between 

the curve y = f{x) , the X-axis, and the two ordinates x = a, 
X = 6. 



In applying this theorem, certain precautions must be observed. 
For example, if the graph of f{x) crosses the X-axis, as shown in 

Fig. 61, the integral I f(x) dx is represented by the algebraic 

sum of the areas I, II, III, where II appears as a negative area 

since it lies entirely below the 
X-axis. If we wish the numerical 
rather than the algebraic sum of 
these three areas, we must take 
the numerical sum of the three 
integrals 




f/Cx) dx, rf(x) dx. 

Jb Je 



We have said that the definite integral is represented by a given 
area. It is not to be inferred that a definite integral is such an 

area. What is meant is that the definite integral / f{x) dx has 

the same numerical value as the area in question. 

A definite integral may be used to denote the magnitude of 
such measurable quantities as distance, volume, work, heat, 
impulse, or mass. But whatever its concrete association in the 
problem under discussion, that same numerical value is represented 
by the area mentioned above. Hence, we may, and frequently 
shall, represent such quantities as those mentioned by their corre- 
sponding areas. 
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EXERCISES. 

1. Give a geometric interpretation of Theorem IE, Art. 77. 

2. Give a geometric proof of the following theorem: If M and iNT are 
respectively the greatest and least values of the continuous function /(z) within 
the interval (a, &), then, provided & > a, 

AT (6 - a) < J V(aj) dx<UQ}-a\ 

3. Give a geometric proof of the following theorem : If 6 > a, and ^(x), 
/(«), and #(a:) are three functions such that for any value of x within the 
interval (o, 6), ^(x) < /(x) < 0(x), then 

r%(x)dx< fVw^< f%Wcix. 

Ja Ja *fa 

/•* dx 

4. Using the theorem of Ex. 3, show that if < n < 2, J lies 

between 0.5 and .7854, and that if n > 2, it lies between 0.7854 and 1. 
6. Give a geometric proof of the theorem 

C F{x)dz - C Fif^ - «)<^. 



a 



6. Show that f sin'^d^- f cos'^rf^. 

7. Show from geometric considerations that 

J sin ^ <f ^ - 0. 

8. Show the area that represents the definite integral I gtdt, which applies 
to falling bodies. 

83. Definite integrals of discontinucms functions: Infinite limits 
of integration. So far we have 
discussed definite integrals of con- 
tinuous functions with finite limits 
of integration. We must now con- 
sider cases where one or both of 
these conditions do not hold. 

Suppose that /(x) has a point of 
discontinuity at x = c, Fig. 62. 
The extent of this discontinuity may be finite or infinite. Ihe 

fix) dx, I f(x) dXf I f{x) dx have here no meaning 

a t/a «/e 

by the definition given for a definite integral. However, the 
definite integral does have a meaning for the intervals (a, c — e), 
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(c + €,b),{oT within these intervals the function is continuous. 
We may, therefore, define the value of the definite integral for the 
intervals (a, c) and (c, b) as the limits 



L I f(x) dx, 

9^0 Ja 



li I f(x)dx, 



provided these limits exist. The definite integral for the interval 
(a, b) may therefore be defined as the sum of these two limits. We 
may not, however, obtain the proper value of the last integral by 

evaluating directly the integral I /(x) dx. 

Ex. 1. Find the area between the curve y — -p ^rj, the X-axis, and the 

ordinates for which a; « 0, a; «- 4. 

This function is discontinuous for 
2 — 2, as is shown in the figure. The 
definite integral for the giYen interval 
is found by taking the sum of the limits 




^X 



/-'-« dx J. /•* dx 

.iTo Jo (X - 2)« "^ .io J, +. (X - 2y 

— 1 T""* — 1 "I* 

,^oa; — 2J0 «-o« — 2Jt+t 

«^0 t 2 2 c^o < 



« L - - 1 « 00. 

Hence the area in question is infinite. 

Let us now take the integral directly between the limits and 4. We obtain 
for the area 



^.]:-'. 



*' V'«' ~ 2) X — ^ J 

an incorrect result. Consequently in this case we say that the integral 
I f{x) dx does not exist. 



We must also consider the special case in which one of the limits 
of integration is infinite. This again is a limiting case of the 
ordinary definite integral. We define the definite integral 






dx as the limit 



imit L I /( 

a; ■■00 «/a 



x) dx. 
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Hence, provided this limit exists, the integral / /(x) dz has a 
meaning. The following example will illustrate this case: 

Ex. 2. Find the area between the ^-axis and the witch of Agnesi, whoae 

equation is 

8a» 

See Fig. 49, Art. 71. The curve is symmetrical with respect to the F-axis 
and approaches the JT-axis as x becomes infinite. Hence the area is given by 

2 1 ydx^L 16a* I , 7\ , »16o» L hr" arc tan ^r- 
— 8 a' L arc tan ;r— — 4 ;ra*. 



EXERCISES. 

-=— — j • 3. Evaluate I -, • 

a* + x» Jo (1 - xy 

2. Evaluate j e— cte. *• Evaluate j^^ ^^^ _^ ^ 



'0 

6. Of the following definite integrals, which have finite values? 

dx_ 
x* 



(■'/.'S^ *'/.'f^ <'>/;?^ «";.'r^ 



6. Show that if n < 1, the area under the curve sf'y » C from the origin 
to X — a is finite, while forn > 1 the area under the curve from x » a to x = oo 
is finite. 

7. With the data of Ex. 6 investigate the area when n » 1. 

8. Find the area under the curve 

y(x»- 1)' -X 
between x — and x -• 4. Draw the curve. 

MISCELLANEOUS EXERCISES. 

1. Evaluate the following definite integrals : 

(a) p V27« ds ; (b) /" ( a; Va> - x» + ^— \ix; 



(c) f sin» eco^ Odd, (Put cos* ^ - 1 - sin* ^.) 
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2. Show that 



C x{a — x)dx 

J(ja — x)q 




"a"*- 



I . sin ^ cos do 
3. Evaluate (a) '^ 



5> 



(b) 



/ 



acoB'^sin Odd 



sin e dO 



f. 



cos sin do 




,JIJJJJJJJJJji},,UIJ3JMi»3JJlJiJiiJjA 



4. Find by the summation method of Art. 79 the area between the curve 
y = c' the X-axis, and the ordinates a: =* 1, x = 4. 

6. A vertical wall (as a dam) is subjected to water pressure, the intensity of 

which varies as ,the depth below the liquid 
— surface. By the process of direct summation 
find the total pressure on the wall. 

Suggestion : The intensity of pressure at a 
depth X below the surface is kx, where k is 
^ constant. Divide the wall into strips of 
< width Ax and length 6; then multiply the 
area of each strip by the pressure at the top 
^' ^* of the strip. The terms to be added are then 

hJx .0, 6 Jx . kAx, 6 ix . 2 kAx, . . . , 6 Jx • (n - 1) kAx, where n Jx - A. 

6. Change the limits of integration of the following integrals when the 
variable is changed as indicated. 

( )rfx, x=-«> + 4; (b)j ( )dx, x-sin^-oos^. 

J^Iogio ^a 

^ ( )c/x, e*-e»+ 1; (d)j ( )dx, x^asin^. 

7. Show from geometrical considerations that 

(a) J^ cf(x)dx « c J^ f{x)dx; (b) §^ Kx)dx - /^""/(x + a)dx. 

8. Evaluate the following : 

•^0 \/2 - X Jo V^a^ - a:> Jo (x - 2)» 

9. Prove and interpret geometrically the following theorems : 

(a) If /(- x) = -/ (x), r " /(x) c/x = 0. 

(b) If /(- X) = / (x), r '' /(x) dx = 2 f V(^) dx. 

-^— a •/ft 
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10. Apply the theorems of Ex. 9 to the definite integrals 

w w 

I Bind dd; j coa dd. 



2 



* dx 



J* dx 
—. lies between 0.6 and 0.52. 
VI — tT 

12. If /(x) ■=lx»-ia:* + 4a;+V, show that f /(x) dx must lie be- 
tween 20 and 42.5. 

Suggestion : Find maximum and minimusft values of f(x) between and 5, 
and apply the result of Ex. 2, Art. 82. 

13. Find values between which I f(x) dx must lie, where x^ is the ab- 
scissa of the point of inflexion in the curve of Ex. 12. 

14. Given f''(x) - ^ =- 2a: - 3. (a) If the slope is - 2 for x - 0, find 

the difference in the ordinates corresponding to x » 2, a; = 5. (b) Find maxi- 
mum and minimimi points of the curve, (c) Find the angle between, the tan- 
gents to the curve at the points x >« 1, x = 4. 

16. Find the radii of curvature of the curves of Ex. 12 and 14 at the 
point X « 3. 

16. Prove the following theorem geometrically : 

/h 
4>(x) dx '^ (b - a) <t>[a + e Q) - a)l 
a 

where 0<^<1. 
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APPLICATIONS OF IHTBORATION TO OEOBffETRT AND 



84. Areas of plane curves, rectangular coordinates. If the 

equation of a curve in rectangular coordinates is 

2/=/(^), (1) 

then, as proved in Art. 82, the area between the curve, the X-axis, 
and the ordinates a; = a and x = b, respectively, is given by the 
formula 



«/a 



fix) dOD 



= / ydx. 



(2) 



Ex. 1. Find the area included between the parabola y' » 8x, the X-axis, 
the ori^n, and the ordinate x »* 18. 

Since y* = 8 a;, y — Vs x, and 

A - r^dx'^Vs r\^dx = VsLji'J'- 144. 
Ex. 2. Find the area under one arch of the curve y — cos x. 



B\ 



-t/ 




Sn 


A C 


) c\ 


/Ei 



D 



iff. 65. 



From the graph of the curve, Fig. 65, it is seen that y « for x 



- I and 



for X — ^« Henoe 



area ABC 



/ COS X dx — sin X I =2. 
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Likewise 



area CDE 



X 



cos xdx '^ Bin X 



J? 



Also, 



area ABODE 






area BCD = sin 



in X I — 0. 



The last two results are consistent when the signs of the areas are taken into 
account. See Art. 82. Thus areas ABC and CDE are equal in magnitude but 
opposite in sign. The absolute magnitude of the area ABCDE is 4. 

It will be observed that the area ABC is symmetrical with 
respect to the axis OY; consequently 

area ABC = 2 X area OBC ^ 2 j cos xdx ^ 2. 



Likewise area CDE 



-'j:. 



cos X dx ^ — 2, 



In general, it is advisable to make use of conditions of symmetry 
as far as possible, and take the narrowest interval of integration 
that the problem permits. 

Frequently it is desirable to find the area between the curve, 
the F-axis, and the abscissas corresponding to y — a and y = /9, 
respectively. The formula for this area is 



-r 



xdy. 



(3) 



The derivation of form (3) follows precisely that of form (2) and 
need not be given in detail. 



Ex. 3. Find the area between the curve 
y* *-> kx, the F-axis, and the abscissas for y = 2 
and y ^ S. 

Ex. 4. Find the area included between the hy- 
perbola 0!^ » 36 and the straight line x + y ^ \b 
(Fig. 66). The points of intersection of the two 
curves are found by solving the equations 



>X 




E 



Fig. 66. 
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simultaneously. The solution gives (3, 12) and (12, 3) as the ooOrdinateB of 
A and B, respectively. 

Area ABCD - area EADBF - area EACBF 

lidx 



(15 - z)dx -36 j 
-[ 15 X - I* - 36 log x]* = 17.59. 



85. Areas of plane curves, polar coordinates. When polar 
coordinates are used, the area swept over by the radius vector in 
passing from an initial position to a final position is the required 
area. 

Let AB, Fig. 67, represent the curve p = f(0), where f(d) is a 
continuous function. Let OX be the initial line, and a and p the 




Fig. 67. 

initial and final values of 0. The area required is that of the 
sector AOB. 

Let the angle AOB = ^ — a be divided into n parts, A^,, A^j, 
etc. In the ith division, let p/ and p/' be respectively tne 
smallest and largest values of p. If from as a center arcs are 
drawn with p/ and p/' as radii, two circular sectors are formed 
whose areas are respectively i />/^A^i and i p/'*AS<. Proceeding 
in this way with each of the n divisions we get n circular sectors 
with arcs lying within the given curve AB and n circular sectors 
with arcs lying without the curve. The required area OAB is 
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greater than the sum of the inner sectors and less than the sum of 
the outer sectors; that is, 

X i P'^^0 < area AOB S^ i p^'^M. (1) 

a « 

Since 2) i P'^ ^^ ^^^ 2/ ^ P"^ ^^ always remain finite, the first 

a a 

never decreasing and the second never increasing, each sum has a 
limit, and by the method used in Art. 80, it may be shown that 
these limits are equal. We have therefore 

area AOB ^ L^i p'^^O^L ^ i /" Atf. (2) 

Furthermore, since p is a single-valued and continuous function of 0, 
we may replace the common limit by a definite integral and write 

A = ^£ f*d6, (3) 

where A denotes the required area. 

Ex. 1. Find the area swept over by the radius vector of the curve p =■ -h, 
as 6 varies from ;r to 2 ;r. 



^=2Jo '"^^^2). ¥'W 

Ex. 2. Find the area swept over by the radius vector of the logarithmic 
spiral /> = e** in one revolution. 



EXERCISER 

1. Find the area between the line y « 3 x + 4, the X-axis, and the lines 
X = 0, X « 6. 

2. Find the area between the parabola y = Bx^, the X-axis, and the lines 
X =- 0, X — 4. 

3. Find the area under the curve 5 y* = x* from the origin to the line x = 5. 

4. Find the area between the parabola y = 3 x* and the straight line y = 12 x. 

5. Take the segment of the equilateral hyperbola xy = C between the points 
A and B. Show that the area between this segment and the X-axis is the same 
as the area between the same segment and the K-axis. 
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6. Find the area under the catenaiy y — cosh - between x » and x » m. 

7. Derive a general expression for the area under the curve xy* — C between 
X =» a and x = b. Discuss the case m -> 1. 

8. Find the area swept over by the radius vector of the spiral of Archimedes 
p — a^ in one revolution. 

9. Find the area of the two loops of the lemniscate p* ^ a cos 2 0. Make use 
of the symmetry of the curve and take narrowest limits of integration. 

10. Find the area swept over in two revolutions by the radius vector of the 
parabolic spiral />* — a"^. 



86. Volumes of solids of revolution. A plane area AEFB, 
Fig. 68, bounded by the curve EF, whose equation is y = /(j), 
the axis of X and the ordinates AE and BF, rotates about the axis 



Y 
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=6 * 



Fig. 68. 



OX and thereby generates a solid of revolution. To derive an 
expression for the volume of this solid we proceed as follows: 
Let the interval AB be divided into n parts, Ax^ Ax,, Axj, etc., 
and let ordinates be erected at the points of division. In any sub- 
interval Ax<, let yl and yl' be respectively the smallest and largest 
numerical values of the ordinate, and construct rectangles having 
Axj as a base and yl and t//^ respectively, as altitudes. Repeating 
this construction for each of the subintervals we obtain one 
plane area made up of rectangles lying entirely below the 
given curve EF and a second plane area made up of rectangles 
whose upper bases lie above this curve. The solids obtained by 
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revolving these areas about the X-axis have respectively the 
volumes 



a 

The volume V of the solid generated by the revolution of the area 
AEFB must lie between F' and 7". That is, 



a a 



It will be seen that V and F" are both monotone functions, the 
first never decreasing and the second never increasing ; hence since 
the functions are finite, each has a limit as Ax =^ (Art. 12). 
Following the methed of Art. 80, it may be shown that the two 
limits are equal. Consequently we may write 

6 b 

Since y is taken to be considered a single-valued and continuous 
function of x, We may replace the common limit by the definite 
integral and write 

ya dx. (3) 



X 



By a similar process it can be shown that the volume of the solid 
generated by a rotation about the F-axis is 



"X 



ac« dy, (4) 



where c and d are the ordinates of the end-points of the curve. 

Ex. 1. Find the volume generated by the revolution about the X-axis of 
the area bounded by the line ^x + y '^ 12 and the coordinate axes. 

For y »■ 0, a; « 3 ; henoe the limits of integration are a; = 0, and x — 3. 

V - ;r rV^-"rr' (12- 4x)»da; = ;r(144x- 48x2+ ^^)\ = 144 tt. 



196 APPLICATIONS OF INTEGRATION [Chap.X, 

Ex. 2. Find the volume generated by the rotation about the ^-^xis of the 
area bounded by the segment of the parabola v* — 8 a; between the origin, the 
X-axi8t and the ordinate for x = 6. 

F = ;r r y»da;= TT r 8aJda;-4;rx»"| - 144 jr. 
Jq Jo Jo 

The rotation about the F-axis of the area bounded by the y-axis, the corre- 
s{x>ndlng abscissa, and the same segment generates the volume 



EXERCISES. 

1. A point (m, n) is joined to the origin by a straight line. Find by inte- 
gration (a) the volume of the cone generated by revolving the line about the 
axis OX; (b) about the axis OY. 

2. Find the volume of the solid generated by the revolution about the 
X-axis of a segment of the equilateral hyperbola xy '^ 12 between x = 4 and 
X - 16. 

3. Find the volume generated by the same segment about the F-axis. 

4. The segment of the curve y =» sec x between ar = and x « Jjr is 
revolved about the X-axis. Find the volume of the solid generated. 

6. Find the volume generated by the revolution of the catenary 
about the X-axis, taking x — and x => c as limits. 



y 2 



87. Volumes determined by the summation of thin slices. The 

method of determining a volume by taking the limit of a number 
of thin slices, which we have used in finding the volume of revolu- 
tion, can be extended to other solids. We conceive the solid to 
be cut by a number of parallel planes usually perpendicular to one 
of the coordinate axes. In this way, the solid is divided into a num- 
ber of thin slices lying along the axis in question. Suppose the 
cutting planes to be chosen perpendicular to the X-axis; the thick- 
ness of the slice may be denoted by Ax, and the area of the cross 
section will be a function of x, say F{x). As in Art. 86, the 

b b 

volume V lies between two sums V = ^ a Ax and V'' =^ fi Ax, 

a a 

where a and p denote respectively the smallest and largest values 
of F(x) within the subinterval Ax; and, furthermore, these sums 
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approach the same limit as Ax»0. Hence we have 

The limits of integration must be so chosen as to include all the 
sHces. 

It will be observed that (1) has the same form as the formula for 
an area. The F(x) which gives the area of the cross section is, 
however, generally different from the /(x) which gives the ordinate 
of the bounding curve. 



Ex. 1. A circular cylinder of length h is cut by a plane which passes through 
the diameter of one base and is 
tangent to the other base. Re- 
quired the volume of the piece 
cut from the cylinder. 

Takmg the axes as shown in 
Fig. 69, let the solid be divided 
into slices by planes parallel to 
the FZ-plane. The sections cut 
by the planes are evidently sim- 
ilar triangles. For any triangle 

as ABC, AB " y and BC ^ ^ h 

where a la the radius of the base; 
hence the area is 

y!*« (q' - 3:') k 

2a 2a 

For the total volume we have 
therefore 

h 




Tig. 89. 



-2^'2X («'-=«')'^ -!«'*• 



X' t/' 2* 

Ex. 2. Find the volume of the ellipsoid -, -f r* + -• — 1. 

a^ b' <^ 

Let the cutting planes be taken parallel to the FZ-plane; then a plane 
section at a distance x from the FZ-plane will be an ellipse having for its 
equation 



6> "^ c» a> ' 



This equation may be written 



a' a*^ 



-1. 
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The semiaxes of the ellipee are therefore - v^a* — x* and - Va* — 3^. and the 
area of the ellipse is — ^ (®' "" **)• 



Henoe, we have 



a' Jo 3 



EXERCISES. 

1. By the method of integration derive the formula for the volume of a 
pyramid or cone. 

2. Derive the formula for the volume of the frustum of a pyramid or oone. 

3. Find the volume of the elliptic paraboloid ^ + -5 -* 4 a? between the 
planes x — and x — 3. 

4. Find the volume of the solid bounded by the surface 

5. A right circular cylinder of base radius a and altitude h has two slices 
cut from it by planes passing through a diameter of one base and touching the 
other base. Find the volume of the wedge^haped solid remaining. 

88. Lengths of curveSy rectangular coordinates. The length of 
a curve may be defined as the limit of the sura of the lengths of 
the inscribed chords as the number of the chords is increased with- 
out limit and the length of each approaches the limit zero. 

Given the curve whose equation is y =/(x), where fix) is a 
continuous function having a continuous derivative. The length « 
of this curve between the limits x = a, x = 6 is required. Divide 




x^a 



Kg. 70. 



the given interval ABy Fig. 70, into n equal parts, denoting by Ax 
one of these equal divisions. Denote by Ac, Ay, respectively, 
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the corresponding values of the chord and of the increment of y. 
From the definition of the length of a curve^ we may now 
write 

. = L 2 Ac = L X v/l+(|§' Ax. (1) 

With the restrictions imposed upon y—f{x), the quotient -r^, 

by the law of the mean, is equal to the derivative -^ for some 

dx 

value of X within the subinterval Ax. Hence, since by Art. 80 we 
may take the value of the integrand V 1 + ("T^) ^^ ^^7 point 

within this subinterval, we may in (1) replace--^ by -—• and write 



s 



-„^Jv/^^- 



Replacing the summation by the definite integral, we have finally 



If i/ is taken as the independent variable, this formula for the 
length of a curve becomes 

where a, fi are the values of y corresponding to x ^ a, x ^ b, 
respectively. 



Ex. 1. Find the length of the curve y" = 


« 3 x' from the point (0, 


0) to the 


point (3, 3). 








From the given equation we have 








dx y* 








dy" 2x' 






■ - O' ■ 


i2^ + y*' 
4x» 


=-i(4 + 3y). 




y*l / . 1 . • 


/•» 




.T» 



dyj •'o -'o 

- 1 (13* - 4«) = 4.32, 
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Ex. 2. Find the length of the cycloid described by a point on the circum- 
ference of a rolling disk during one revolution of the disk. 
The equations of the cycloid are 

a; "" a (^ — sin ^), 

y = a (1 — cos 0), 

in which denotes the angle through which the disk has turned. 

Differentiating, we have 

dx = a (1 — cos 6) do, 

dy — a sin dd, 

whence da:* + dy* « 2 a' (1 - cos ^) dd\ 

From (3), we may write 

8 = (\/dx^ 4- dy*, 

whence « - ( {dx^ + dy*)* = a V2 fci - cos d)^ d0. 

Now Vl — cos 6 = \/2 sin J 6, and the limits of 6 are obviously and 2 r for 
one revolution. 

Hence a«2oi sin-^d(?«— 4a cos ■» I — 8 a, 

EXERCISES. 

1. Find the length of the curve a:' + y* = a*. 

2. Find the length of the semicubical parabola ay^ = a? from the origin to 
the point (w, n). 

3. Find the length of the catenary from x = to a: =• ajj. Use the expo- 
nential equation 

y ^ \a (eo. + c « )• 

4. Find the circumference of a circle (a) using the equation :r* + y* — a'; 
(h) using the equations x ^ a cos O^y^a sin <?. 

6. The involute of a circle is given by the equations 

X =^ a (cos + ^ sin 6), 
y = a (sin — cos ^). 

Find the length of an arc between the limits 5 = and 6 ^ k. 

89. Lengths of curves, polar coc^rdinates. The formulas of the 
previous article for finding the length of a curve in rectangular 
coordinates may be easily so transformed as to cover the case of 
polar coordinates by means of the equations 

X = p cos Oy y '^ p sin d. (1) 
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From Art. 88, we have 

or introducing the differential dx under the radical, 



8 



= r Vdx" + dy". (3) 



From equation (1), we obtain 

dx = — pBin d dd + cos dp\ 
dy = p cos 6 dO + sin d dp ! 

Substituting these expressions in (3), we have 



(4) 



Vdx^ + dy^ =- V[(-psm d dd + cos d dpY + (pcoad dd + Bin d dpY] 

= Vp" dO' -f dp\ (5) 

Consequently, we have 

where a, /? are the limits of integration corresponding to the Hmits 
a, 6 when written in rectangular coordinates. 

When p is taken as the independent variable, this formula may- 
be written 



•-rv'-^'"©"'"- <« 

Ex. Find the whole length of the cardioid 

p = 2 a (1 - cos ^). 
Diffeientiating the equation of the curve, we get 

J^ = 2a8m^. 

Substituting in (6), we have 

s - 2 f' 2ar(l - cos Oy + sin> d 1* dO. 

-2f'4a8in|d^ = 16a [- 008^'- 16a* 

EXERCISES. 

1. ¥md the length of the circumference of the circle 

p =- 2 a cos Q, 

2. Find the length of the logarithmic spiral p » e^ from (9 — to ^ » -:? ; 

mm ^ 

also from I? — 5 to (? »■ w. 
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3. Find the length of the spiral p =- e^* from the pole 0> » 0) to /> « 1. 

4. Find the length of an arc of the conchoid /» "-• a sec d between ^ — and 

90. Areas of surfaces of revolution. Let a plane curve y^f^x) 
revolve about the X-axis and thereby generate a surface. 
We may find an expression for the area S of this surface by a 
method similar to that employed in finding the length of the curve. 

Divide the interval AB. Fig. 71, into n equal parts, and denote 
the length of each by Ax. Denote by Ac the length of the corre- 
sponding chord PQ, by Ay the corresponding increment of y, and by 



r 


V J 


Ay \ 




K 


p— 1 


^ 


lax 


















0'^ 


^ 








4 


3 '^ 



Fig. 71. 

AS' the surface generated by revolving the chord Ac about the axis 
of X. We have then for the element of surface thus generated 



A^'- 



But 



'=2r(v±f^)Ac. 
Ac « \/Ax» + Ay' = y^l + (^Y Ax; 



(1) 



(2) 



hence, taking the sum of all the elements of surface thus formed, we 
have 



XAS' = X^^{y±^)\/^^{fJ^'' 



(3) 



As Ax » 0, the left-hand member of this equation approaches the 
area of the surface generated by the revolution of the pven curve , 

that is, the required area. In the right-hand member (y ± -^J 
approaches y, andl/l + (ir^) becomes v/l + [-r-] » since y=f{x) 
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is assumed to be a continuous function having a continuous 
derivative. We have then 

or S =='2ir Ty i/l + (^^ day. (Arts. 80, 88.) (5) 

When OF is taken as the axis of revolution, the fonnula becomes 



« = a,£.y/i + (g)'eix. 



(6) 



From (2) it is evident that we may, if we choose, replace 



3 

dx 



in (5) and (6) by y/l + l^dy. 

In some problems the latter form is more convenient. The limits of 
integration must be changed to the values of y corresponding to 
X = a, x = 6. 

Ex. 1. Find the surface generated by revolving the hypocycloid a;' + i/' 
» cfi about the X-axis. 

From the given equation, we get 



1 + 
We have therefore 



(ir - ©■ 



'"X"^©*''^''^''''*'!^*] 



S ^2'2n 1 y{-Vdy^^na* - ^v*!*- y '«'. 







Ex. 2. Find the area of the surface generated by the revolution of a cycloid 
about its base. 

The equations of the cycloid are 

a; = a (^ — sin ^), y — a (1 — cos 6), 

DifiFerentiating these equations, we have 

dx => a (I - 0O8 d) dd, 
dy ^ a sin d dO, 



whence V ^ "*" (^)' ^^ " v^Si^T"^ - a V2 (1 - cos ^)d^. 
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Substituting in (5), we get 

iS - 2 7ra» C^ V2 (1 - cos dfdd 



-.„./; ^. (-•).(?)- a „.. 



EXERCISES. 

1. Find the area of the surface generated by the revolution of the parabola 
y* — 8 X about the X-axis. Take the limits x ^ and x ^ 2; also the limits 
a; — 2 and x ^ S, 

2. A line joins the origin to the point (m, n). Find by integration the sur- 
face of the cone generated by revolving this line about the X-axis. 

3. Find the area generated by revolving about the X-axis the are of the 
cubical parabola 2 y >» x* between x « and x ^ 2. 

4. Find the area of the surface generated by revolving about the X-axis the 
arc of the catenary y = W^ "^ ^ */ '^^^^^^ « — and x — a. 

91. Mean value. Let y = f(x) be a continuous function within 
the interval x = a and a; = 6, and suppose this interval to be 
divided into n equal parts each equal to Ax. Then b — a = n Ax, 
Denoting by y^, y^t 2/s, • . • , 2/n the values of the function corre- 
sponding to the values of x at the middle points of these successive 
subdivisions, let us form the quotient 

2/1 + ^2 + ^3 + . . . -\- yn 

n ' ^^^ 

which evidently is merely the arithmetic mean of the n values of 
y. This quotient will vary with the number of divisions n, and 
the limit which it approaches as n is indefinitely increased is called 
the mean value of the function for the interval 6 — a. 

Substituting for n its value — 7 — , (1) may be written 

Ax 

t/i Ax + 2/2 Ax -f ... + Vn Ax 

6 — a 

The limiting value of this quotient as n becomes infinite, and con- 
sequently as Ax = 0, is 



L 2^ y Ax I ydoD 



6 1 a ~ '^'t^rr • ^ 
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The numerator of (2) is represented by the area under the curve 
y = /(^) (as AEFB, Fig. 72) between the ordinates f or x = o 
and x » b. Hence if a rectangle 
AMNB be constructed having an 
area equal to the area under the 
curve, the altitude of this rect- 
angle represents the quotient 



f. 



ydx 



6 — a 




or the mean value of the func- 
tion. 

The independent variable may Pig. 72. 

be time, distance, angle, area, vol- 
ume, or any other geometrical or physical magnitude. Mean 
values may be taken with reference to different variables. Thus 
in the case of a moving point, values of the velocity may be taken 
for equal time intervals or for equal space intervals. In the former 
case, the mean velocity will be the mean ordinate of the velocity 
curve on a time base, in the latter case it will be the mean ordinate 
of the velocity curve on a space base. 



Ex. 1. In simple harmonic motion the velocity of the moving point is 

V ^ aaimat, 

and the time of a half-osoillation is 2 » tt/w. 

Hence, the mean velocity for the time interval to Tz/ta is 



a I sin tat dt i cos lat I 



w 
ta 



1 



It 

01 



-O. 

It 



and 



Ex. 2. In the case of a falling body we have 

V ^ gi 

^ - 2g8, 
For the mean velocity, taking time as the variable, we have for the interval 



Otot 



\> 



r 



vdt 



9 



r 



tdt 



t^-O 



t 



'-^^• 



1 
2 
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Since the velocity at the end of the time tj is gt^f the mean velocity is one-half 
the final velocity. This fact is also evident from the velocity curve on a time 
base, Fig, 2. 

The mean velocity for the space «p taking equal space intervals, is 

f\ds Vrg^VedB 2 _ 2 



«i - 



8i 



that is, the mean velocity is two-thirds the final velocity. 



EXERCISES. 

1. Find the mean of the ordinates of the pacabola y* '^ lOz from x »> to 

a; = 8. 

2. Find the mean ordinate of the curve y=-a;' — 7x + 5 between z — I 
and a; — 5. 

3. Find the mean value of the ordinates of the curve y » cos x (a) between 
a: =» and a; « J ;:; (b) between x — and x — n. 

4. In the compression of air, the pressure rises as the volume of air decreases, 

as shown by curve AB, then as the air is 
expelled from the compressor cylinder, 
the pressure is constant, as shown by 
BC. Derive an expression for the mean 
pressure throughout the stroke exerted 
by the compressor piston on the air. 
Take pv — C for the curve AB and 
denote the volumes at A and B by r. 
and Vh respectively. 

5. In Fig. 73, let u. = 20 cu. ft., 
v» = 5 cu. ft., and p, — 14.5 lb. per sq. in. 
Find the mean pressure. 




Fig. 78. 



92. Work of a variable force. When the point of application 
of a force is moved in the direction of the line of action of the 
force, the force is said to do work. For example, work is done by 
the draw-bar pull of a locomotive when the locomotive moves along 
the track, thus moving the point of application. 

If the force is constant in magnitude, the work done is the prod- 
uct of the force and the distance through which the point of appli- 
cation moves in the direction of the force. If W denotes the work, 
F the force, and s the displacement of the point of application, then 

W ^ Fb. (1) 

For example, the work done in raising a load of 800 lb. a height of 
6 ft. is 800 X 6 = 4800 foot-pounds. 
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Fig. 74. 



If the direction of the displacement 8 does not coincide with the 
line of action of the force, the work 
done is the product of the force 
and the component of 8 in the 
direction of F. Let denote the 
angle between the directions of the 
displacement and line of action; 
then 

W = Fs cos 0. (2) 

The magnitude of the force may vary as the point of application 
moves, as in compressing a spring. In this case, the work may be 
expressed as a definite integral as follows: Let s^ and 8^ be the 
initial and final distances of the point of application of the force 
from some origin, so that Sj — Sj is the displacement. Let «2 ~ ^i 
be divided into n subintervals As^, ASj, etc., and in any subinterval 
Asf let F/ and F,'' be respectively the smallest and lai^est values of 
the force F. Then denoting the work by W, we have 

2) F' As = H^ - 2) ^''^^' (3) 

As in Art. 80, we may show that the finite monotone fimctions 

2) F'A« and V F'^As have the same limit as As = 0, and we may 

therefore write at once, 

IF - L ^ F As = jFds. (4) 

From the method of deriving (4), it is clear that the work of 

a force may be represented by an area. 
On the displacement 8^82 let the forces 
F corresponding to the successive posi- 
tions of the point of application be laid 
off as ordinates, and let a curve be 
drawn through the ends of these ordi- 
nates (see Fig. 75), then the area S^ABaSj 
under this curve will represent the work 
of the force between 8^ and S,. For 



1^1 



^2 



s. 



Pig. 75. 

the area under the curve is 



i: 



Fds, 



which according to (3) gives the work W. 
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In order to integrate the expression F ds, the force F must be 
expressed as a function of the displacement 8, The following 
cases are those occurring most frequently in practice. 

(a) When the force varies directly as the displacement. 
This is the law in the compression of a spring. We have 

F = ks -\- b, 
W = p(fcs -f 6) ds = 1 ks" + 6sl'* 

J Ml 2 J ,^ 

= i A W- O +b(s^ -s,). 



.VN 



Ex. 1. A spring IB 10 inches long, ana a force of 48 pounds is required for 

each inch it is compressed. Find the 
/f* work of compressing the spring from 
10 inches to a length of 6 inches; also 
from a length of 8 inches to a length 
of 5 inches. 



^ . ' ^ ^, 



iwmmmm 



-iO- 



ig. 76. In the first case, 

ai=0, «a- 10 - 6 « 4,F « 48«. 

Hence TT - f* F d« - 48 f * « <fe « 24 ir'T - 384 in. lb. 

J»x •^o Jo 

For the second case, s^ -» 2, 8, « 5, and 

TT - 48 r* sda - 24 «»"]* = 504 in. lb. 

Ex. 2. A bar is stretched from its original length L by a gradually increas- 
ing load. Denoting by 8 the amount of stretch for a given force F, Hooke's 
law gives as the relation between F, s, and L, 

F- -J-. 

where E denotes the coefficient of elasticity of the material, and A the area of 
the bar. The work of stretching the bar by an amount s is therefore 

^" Jo ^^^--XJo ^'^- -2L' 

As a numerical example, take E >-> 30,000,000 for wrought iron, and suppose 
a bar having a cross section of 2 square inches be stretched from 60 inchos to 
60.5 inches. Here A » 2, a — 0.5, and L -» 60; hence the work is 

W - 30,002^^2X05. _ J2S.000 in. lb. 
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(b) When the force varies inversely as the displacement. 
In this case, 

s 



whence 



c/#i •/»! S Si 



(c) When the force varies inversely as the square of the distance. 

The law of the inverse square applies to gravitational forces, to 
forces between electric charges, etc. 

Ex. Let a positive charge m of electricity be concentrated at a point 
Pf and a unit charge at a point Q at a distance s from P; then the repulsion of 
chaige m on the unit charge is 



F = 



m 
PQ' 



m 



The work required to move the unit charge from s >» ato 8 = b ib 

Ja Ja «' fiJo \a bj 







L 



93. Work of expanding gases. A gas is confined by the walls 
of a cylinder and a movable piston, Fig. 77. By virtue of its 
pressure, the gas expands or increases in 
volume, moves the piston, and thus does 
work against some external resistance. 
Let p denote the pressure exerted by 
the gas on a unit area (square inch or 
square foot), and A the area of the 
piston. Evidently the total force act- 
ing on the piston is F = pA; and for F^As, F^As, etc., we may 
write PiA As, p^A As, etc. But A As is the volume swept over 
by the piston in moving through the distance As, and may be 
denoted by Av; hence F As = p Av, and the work done is 



r 



Kg. 77. 



TF = L V p Av = / p dv. 



(Art. 80.) 



In using this formula it must be noted (1) that p denotes pressure 
per unit area, not the total pressure, and (2) that for correct 
numerical results consistent units must be used, pounds and feet, 
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or pounds and inches throughout; thus, if p is in pounds per square 
inch, V must be in cubic inches, and the result will be work in inch- 
pounds. 

Ex. 1. Air expands without change of temperature following Boyle's law. 
pv — P}V| — const. The work of expansion is 

W~ Qvdv- p.„. Q ^ = p.„. log g . 

Ex. 2. Air expanding adiabatically follows the law 

pr* — p^v^ = const., where k « 1.41. 
The work done during the expansion is 

A-lL» =^ J ifc-1 ' 

since PiVj* — ^2^2*' 



EXERCISES. 

1. The unst retched length of a spring is 16 inches, and a force of 225 pounds 
is required to stretch it 1 inch. Find the work required to stretch it from a 
length of 18 inches to a length of 22.5 inches. 

2. In hoisting coal or ore from a mine, the load consists of two parts: (1) 
the weight M of the car and contents; (2) the weight of the rope, which is m 
pounds per foot. Find the work required for hoisting a distance of h feet. 

Suggestion : Let a denote the distance of the load from the lower level; then 
F «= Jlf + m (A - «), and 



W 



C'^IM + m(A- «)]d«. 



3. In Exs. 1 and 2 draw diagrams showing by areas the work done, and 
derive the results by elementary geometry. 

4. Suppose the force to vary directly as the square of the displacement of 
its point of application. Derive a formula for the work. 

6. Confined air having a volume of 6 cubic feet and a pressure of 80 pounds 
per square inch expands following the law pv = const, to a final volume of 
20 cubic feet. Find the work done. 

6. Use the data of Ex. 5 and find the work done if the expansion is 
adiabatic, i.e., according to the law pr^*** — const. 

7. Find the work of stretching a round iron bar having a diameter of 
1.5 inches from a length of 40 inches to a length of 42.3 inches. Take 
^« 28,000,000. 
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MISCELLANEOUS EXERCISES. 

1. Find the areas bounded by the following curves, the X-axis, and the 
ordinates indicated: 

(a) y « a:* + a; + 5, from x « to a; — 6. 

(b) y — a:* — 3 a::* + 4, from a; — 1 to a: — 5. 

(c) y — «•, from a: =■ to a; — 1. 

2. Find the area of one loop of the curve ^ » a sin 2 (?. 

3. Find the area between the curve y — tan x and the X-axis from a; «- to 

n 

4. Find the area between the parabola a;^ + y^ -" a^ and the oo5rdinate 
axes. 

6. Find the volume generated by the revolution of the entire curve 
a:* + y* «* 1, (a) about the X-axis; (b) about the F-axis. 

6. Find the volume generated by revolving about either axis the part of 
the curve x^ + y^ -» a^ intercepted between the axes. 

7. A cylindrical vessel having an altitude of 12 inches and a base diameter 
of 8 inches is tipped and the contained fluid is poured out until the liquid surface 
coincides with a diameter of the base. Find the quantity of liquid remaining 
in the vessel. < 

8. If 6 is the eccentricity of an ellipse and ^ the eccentric angle, the para- 
metric equations of the ellipse are: x '^ a cos 4>$ y — 6 sin ^. Show that the 
entire length of the ellipse is 



4 a r Vl - e» cos* ^ rf^. 



9. Find the volume generated by the revo- 
lution about OX of that part of the curve 
y - «• lying to the left of OY, 

10. The solid shown in Fig. 78 is generated 
by moving a variable rectangle DEFQ parallel 
to the plane XOY, One angle D moves along 
the axis OZ, and the other angles E and (?, 
move in given curves on the planes YZ and 
ZX, respectively! If the curves QER and PGR 
are circular arcs of radius a with centers at O, 
find the volume of the solid. 

11. In Ex. 10 find the convex surface 
QSR. 

12. In Fig. 78, take Oi? « 8, OP - OQ - 6, Fig. 7g. 
and assume the curves RQ and RP to be para- 
bolic arcs with vertices at R, Find the volume of the solid and the areas of the 
convex surfaces. 
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13. In Fig. 78, let the curves RP and RQ be elliptic quadrants with major 
and minor semi-axes of m and n respectively. Find the volume of the solid. 

14. The value of a harmonic alternating 
current (Art. 60, b) is given by the equation 
i « to sin df where t'o is the maximum value. 
Find the mean value of the current for a 
half cycle, that is, from 6 ^ to 6 ^ j:. 

16. In Fig. 79 is shown a cylindrical 
journal and bearing. The intensity of the 
normal pressure at any point P is assumed 
to be proportional to the depth of P below 
the diameter AC. If p^ is the intensity at 
the lowest point B, find the mean intensity 
over the surface ABC, 




Fig. 79. 



16. Find an expression for the work 
done by a gas expanding isothermally ac- 
cording to van der Waals' equation 



(p + ^)(t^-6)-C 



from an initial volume v^ to a final volume ^2* 

17. Find an expression for the work done by a force which varies as the 
nth power of the displacement of its point of application. 

18. Find the work required to compress 20 cubic feet of air from a pressure 
of 14.5 pounds per square inch to a pressure of 63.5 pounds per square inch, 
the equation of the compression curve being pv^'* » const. 



CHAPTER XI 

SPECIAL METHODS OF INTEGRATION 

94. Integration of rational fractions. Thus far we have made 
use of only those integrals which can be evaluated by use of the 
fundamental formulas given in Chapter VII. In some cases we 
were able to reduce the given function to a fundamental form by a 
simple transformation. Not all functions, however, can be easily 
reduced to those types by the methods already employed, and 
in this chapter we shall consider some special methods by which 
this reduction may be effected in cases more complicated than 
those already discussed. 

In the present article, we shall show how the decomposition of 
rational fractions may be employed in simplifying an integration. 
By a rational fraction we mean the quotient of two rational integral 
functions. We shall consider only those fractions in which the 
numerator is of lower degree than the denominator; for, if this is 
not the case, we can always by division reduce the given expression 
to a rational integral function plus such a fraction. It is often 
convenient in integrating a rational fraction to express it as the 
sum of several fractions. The decomposition of rational fractions 
is fully treated in algebra,* and a knowledge of the principles and 
methods involved is assumed here. This method of integration 
can be applied whenever the denominator of the given fraction 
can be factored. We shall consider the following cases. 

(a) When the denominator is the product of several linear factors, 
none of which is repeated. 

The given function can then be written in the form 

We may now assume 



a. X — a, X — a* 



* See Fine's Colbige Algebra, pp. 235-244. 
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and calculate the numerators A, 5, . . . , K hy the principles of 
undetermined coefficients. The integral of f(x) is then found by 
taking the sum of the integrals of the separate terms. The follow- 
ing examples illustrate the method. 

Ex. 1. f -^^±i^,. 
J or — 2x — S5 

We have 

5g + 1 5a; + 1 A B 

a;»-2x-35"(x4-5)(x-7)"a: + 5"'"a:-7 

Oearing of fractions, we obtain 

5x + 1 = A{x ^7) + B(x + 5). 

Equating the coefficients of the same powere of x in the two membens of this 
equation, there results 

5 - A + 5, 

1 « 5B -7A. 

Solving for A and Bf we obtain 

A - 2, 5 = 3. 
Substituting these values in the original equation, we have 

/ (5a -f l)dx r 2dx r 3dx 

(X + 5) (a - 7) " J I + 5 "^ J x~^ 

« 2 log (x + 5) + 3 log (x -7) + C 

- log (X + 5)» (X - 7)» + C. 



(x» 4- X - l)dx 



^''' *• J x* + x«-6x 



Since x» + x> - 6 x - x (x + 3) (x - 2), 

x» + x-l A , B , C 

we have, -7 — -r~5w o;\ ™ — ^ — r~o + 



x(x + 3) (X - 2) X X + 3 X - 2 

Clearing of fractions, we get the identical equation 

x»-fx-l=X(x + 3)(x - 2) + B(x - 2) X + C(x + 3) x. 

For X « 0, we obtain A — J; for x =- — 3, B — §; and for x « 2. C - J. 
Hence we have 

x» + x-l 1,1 . 1 



x* -f .x» - 6x 6x 3(x + 3) 2(x - 2) 

■ 

Therefore, / x^X^-^x " / 6^ + / 3(^T3) "^ / 2^"^^) 

« t log X + § log (x + 3) + i log (x - 2) + C 
- log -s/xCx + S)\x - 2)» + C. 
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2 + 7x + 3x» 



Q f (3a; —5)dx ^ f x* — 5^* + 6a; — 4 ^ 

^' J x» + 2x - 15 • *• J a:»-4a;»-5a: ''*• 



g /• (3 a; -f 4) dg /* (^J* + mn) da; 

J a;» - 7a;» + 12a; * J a;(x + m)(a; - n) 



(2a;-l)dx _ /•9a:»-4x-8 






a:^ — 4 a; 



dz. V 



(b) Wh£n the denominator is the prodiLct of several linear factors, 
some of which are repeated. 

In this case, the given function has the form 



/(x) = 



4>{x) 



(a: - a) (a: - ^)* . . . (x- y)' 
which can be written in the form 



X - a x-fi (x-py (x - ^)* 

+ -^^^ + . . . + ^ 



X - y (^-y)' 

We may calculate the coefficients A, B, C, • • • , -K, L, • • • , S, as 
in (a). The following example illustrates this method. 

F r (g - 8) da; 

• Ja;»-4:r« + 4a;' 

We have 

X - S X " S A B C 



a^-4x*-h4x x(x-2y x ' x-2 ' (a; - 2)» 
CSearing of fractionsi we get the identity 

• a; - 8 « A (a; - 2)» + J5a; (x - 2) + Car. 
Equating the coefficients of like powers of x, we have 

-8-4 ii, 1--4A-2B + C, 0-A4-B; 

and from these equations we obtain 

A - - 2, B = 2, C = - 3. 



2)> 



-logx» + log (X - 2)> + ^ + C 
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EXERCISES. 

/ (z - 4)dx /' 6a' - Ba^ - 4x + 1 

r (3x - 2)dx /* (3x-l)dx 

J X (z + 3)> ' J 3* -x* -x-hl' 



dx. 



i C (2 X — 5) dx ^ r xdx 

^- J (x-2)» " ^- J (X + 1)» (X - 

/• ( x - \)dx r x» -f 2x - 3 

^•J (x + 3)» ' ^J x>-x» 

J y* - 3 j/» ^ ( 



1) 
(2x. 



m + x)* 



(c) TTAen <Ae denomindtor contains factors of the second degree. 
Aside from linear factors, the denominator may contain quadratic 
factors not decomposable into real linear factors. For the linear 
factors, we assume a decomposition into partial fractions in accord- 
ance with the principles of cases (a) and (b). Corresponding to 
the quadratic factors, we assume fractions whose numerators are 
linear in the variable. If any of the quadratic factors appear to a 
degree higher than the first, then we assume in the decomposition 
as many fractions as the degree of the factor, the numerator of 
each being linear and the denominator having the given factor in 
increasing powers. The following examples illustrate the method. 



Ex 



f x'rfx 

J (X - l)(x'+ 1) 



w * a;» A . Bx + C 

^^^•"*« (x^i)(x'+i) "F^-^-^TT' 

Clearing of fractions and equating coefficients of like powers of x, we find 

A = B = C - 1. 

__ r x*dx 1 r dx .Ifar + l. 

^^^«^ J (x-l)(x»+l) " 2 J ^^n + 2 J iM^^ 

- |log(ir - 1) + ^log(x>+ 1) + iart5tanx + C 
= ilog(x - l)»(x» + 1) + |arotanx + C. 

Ex- 2. /(x-iHx» + l)» ^ 
If we write 

X + 1 _ A Bx + C Dx + E 



(X- 1) (x»+ 1)» X - 1 ^ x» + 1 ^ (x»+ ly 
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we find by clearing of fractions and equating like powers of x the following 
values for the coefficients : 

A - 1, B - - 1, C - -J, i) - -1, ^ - 0. 
Hence 

J jg + 1 , 1 /• dx _]_ C a? 4- 1 , _ r zdx 

(X- l)(x»+ iy'^'^2j X- 1 2jx>+l'^ J(x>+1)' 

- 2^^ (x - 1) - ^log (x» + 1) - ^arc tan x + ^ (jJ -|- i) + ^• 



5x* + lOx-3 , ^ r dx 



fSx* + lOx-3 , of 

•J x*-l ^- ®- J 



(X + a) (x» + 6») 



^ r dx t% C ^ 

^•Ji^^T *• J x» (x» + 3) ' 

J X* (l+X*)* J X* + 



X* (1 +X»)» J X» + X» + X + 1 

^^ T7" r (2 x' — 1 ) dx 1 

x* + 4x» + 3' "• J (1 +x)»(l -f x + x») J 



A- . ^- — .- 



6 



/ xdx iQ r ^^ 

X* + 5 x^ + 4 ' "'J X (1 + 2 X*) 

f (g' - l)dz c x»dx 

•J«* + 2z»+l ' "• J (x» + D* ' 



/'•/ 



(y'-4)dy 



Off. Integration of functions containing radicals. A few irrational 
forms have been considered in the preceding articles. In the 
present article we shall consider some special methods by which 
such functions may frequently be changed into equivalent func- 
tions free from radicals. 

(a) When f(x) contains fractional powers of a -]- bx, hut no other 
radicals. 

In this case, f{x) can be transformed into a rational expression 
by the substitution 

a + 6x = 2», (1) 

where n is the least common multiple of the denominators of all 
the fractional exponents of a -f hx. This follows from the fact 
that f{x) and dx can then be expressed rationally in terms of z and 
dZj as the following examples will illustrate. 
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Ex. 1. Find f-J^ . 

Put 1 + y - «", 

whence y — «" - 1, dy = Si^dz, 

J (I + y)h ^ z J 

=» S Cz^dz-3 Cedz 

- f (^ + !)• - f (y + D* + C'. 

Ex. 2. Find I ^ r — • 

J X* + 1 

Put ««■«*, whence dx = 4 a^dz. 
We have then 

/ (x* + a:^ + 4) cfa; ^ /• (g^ + z + 4)4^dz 
X* + 1 ""J «* -H 1 

-4j(z« + «» + 3z-,l - ^^)dz 

^4[f,az^f.az-,sfzdz-fdz^sfJ^^-, f^] 

-4[i2* + i«" + i2»-2-|log(a»+ l) + arctan« + C] 
-«* + la"4-6«»-4z-61og(z»+ l) + 4arctan24-C' 
« X + 1 X* + 6 X* - 4 x^ - 6 log (x* + 1) + 4 arc tan x^ + C. 



(b) When f(x) contains the radical v^ac* -f ax -f 6 and no oiAer. 
In this case,/(x) dx can be rationalized by the substitution 



Vr* + ax + 6 = 2 - X. (2) 

Squaring (2), we have 

x' + ax -f 6 = 2* — 2 2X H- x*, 



whence x = 



a + 2z' 



rf^^ 2(^ + a2 + b) ^^ 
(a + 2 zy 

Consequently, /(x) dx becomes free from radicals upon substituting 
these values of Vx* + ax + b, x, and dx. 
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Ex. ll±^^^ZJdx. 



f 



2 Vx' H- a; + 1 



Put Vx^ + X + 1 - i - x, 

whence ^ " ^Tl ' ^•"^frTTF^^- 

Substituting these values, we have 

C x -f Vx* H- X -f- 1 ^ ^ r g<fe ^ 1 r^ __ 1 p dz 
^ 2 Vx» -h X + 1 " J 2z+ l'' 2 J 2J2«+1 

-M-ilog(2«+ 1) + C. 

Replacing the value of z, we obtain as the final result, 

} [x + Vx" + X + l] - i log [2x + 2>/x" + X 4- 1 + l] + C. 



(c) When fix) contains the radical V— a;* + ax + 5 and no oiAer. 

We shall consider only those cases in which the expression under 
the radical can be broken up into real linear factors. The radical 
can therefore be written in the form 

V- r* + ax + h = \/(x - «)(/? - x), 
and/(x) dx can be rationalized by the substitution 



V(x - a) (fi - x) = (/? - x) 2 [or (x - a) z], 
as we shall now show. Squaring, we obtain 

(X- a)(^-x) = ip-xyz', 

,,hence x = ^-±^ , dx = ^f'/^f/ d.. 

1 + r (1 + 2r)^ 

The integrand which results from the substitutions is rational. 

dx 



Ex. Find f- 
•^ X 



V- x» + 4x 



We have here V(x - 1)(3 - x) « (3 - x) «, 

, 3«»+l, 4zrf« 

whence x — — — ■ — r- . dx 



1 + «' ' (!+«*)' 

Substituting these values in the given integrand, we have 

(—, ± 2 C-^ ?=arctanv/3z + C 

- -^ are tan 4 /5AZI) + C, 
\/3 V 3 - X 
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(d) Integration by substituting x = — . 

z 

In the cases considered so far in this' section, the substitutions 
have been such as to rationalize the expression under the integral 
sign. It is often possible to perform the integration by means of a 
change of variable which does not rationalize the given function. 

There is no general law for such cases, but the substitution a; = - 

z 

is often helpful. 

Ex. 1. Find f — ^ . 



Put 
We have then 



X « -, whence dx — — -\ 
z zr 



s 



dx 



dz 



r r az ^ . c 

Vl + x» J Vai» + 1 z + Vz* + 1 

r-r 
= log 



1 4- Vl -I- 



Ex. 2. Find / 



\/2ox - x* 



dx. 



Putting X = -, dx = — -p, we have 



/ 



V2ax - x» 



dz 



- ^y/2az - 1 dz «- - ^(2 

•^ 6a 

(2 ax - x»)* 



az 



i)« 



3ax« 



+ C. 



1. r — idx. 

•^ 1 4- X* 
^ /• 2 Vx"dx 



x» dx 



EXERCISES. 

^ /• x* dx 

•/ V X - 1 
(3x - l)dx 



4 Vx - 3 x' 
dx 






V4 X - 3 - x» 
3dx 



6 



■/ 






V7x - 10 - X* 
dx 

Va^ + 5 X - 3 
dx 

Vx^ - 7 X + 4 
dx 

x\/- x» + 5x -6 



i 



Vx» - 3 
dx 



* J n/x^ -f 2 X H- 5 

/x* dx 
Vl - x» 

/x* dx 
(1 + X*)' " 
r\/2x - x» 

"J Vx* + 



x» 
dx 



dx. 



>^ (x - 1 



dx 



)i _ (x _ 1)1 
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17. Integrate Nos. 5, 6, 7, 11, 15 without rationalization. 
Derive the following integrala : 

18. C f "^ « ^ ,_ 4 o5x + 3 IW)V7+^. 
•^ Vo + bx 15 6' 

19. JxVa + bxdz=' - ^^ (2a - 3 bx) (a + 6x)*- 

20. J a^VoTTxdx^ _|-.(8a» - 12aftx + 15 fr'x') (a + 6a;)». 

21. Derive Nos. 46, 47, 48 of the integrals for reference. 

96. Integration by parts. If u and v are two functions of the 
same independent variable, we have upon differentiating their 
product, 

d(uv) =^ udv + V du, 
udv =^ d(uv) — V du. 



or 

Integrating, we get 



I udv = uv -^ j vdu, (1) 

By this formula the integral j udvis obtained by the evaluation of 

another integral / v du. This method is called integration by parts, 

and is one of the most useful of the integral calculus. It is par- 
ticularly helpful in the integration of the product of two functions 
where the integral of one can be easily found; also in the inte- 
gration of logarithmic functions, exponential functions, and in- 
verse trigonometric functions. No general directions can be given 
as to which of the two functions is to be taken as u and which as dv. 
In general, we should make such a selection as will render dv and 
vdu most easily integrable. This can, however, be determined 
only by experience. 

Ex. 1. ixe^dx. 

Put dv = e^dx, u ^ z, 

whence v = €■, du ^ dx. 

Substituting these values in formula (1), we have 

Cx&'dx - xe*- Cef dx =- e* (x - 1) + C. 
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Ex. a. /x«ctoa*rf«. 

Put dv ^ xdx, u — arc tan x, 

whence v — 4 x', du — ■; = • 

1 + ar 

Substituting these values in the formula, we have 

/x arc tan xdx^ « ** arc tan x — - \ s dx 
^ Z J 1 -{• x 



ix»arctanx-ij(te + ij- 



dx 



+ x" 



2 ^ arc tan x — -^ x -H ^ sltc tan x + C 
— 2 — ^^ *a° * ~ 2 * "*" 



Ex 



. 8. Jlog X (2x. 



Put dv ^ dx, u — log X, 

dx 
whence w — x, du — — • 

X 

Substituting these values of u, v, and du, we have 

jlogxctx — xlogx — r = xlogx — x + C 

- x(logx - 1) + C. 

Ex. 4. J Va» - x' dx. 



Put u — Va' — x*, dv — dx, 

- , X dx 

whence du — , , r « x. 

Va» - x» 
The result of substituting these values in (1) is 

/ r x* dx 

v/a»-x»dx«xVa»-x» + J ^^, ^ ^ • 

We may write 

x* ^ __ o* — x' q* ^ _ ^/TZr? J. fl' 

Va» - x' >/a*-x* Va^-x* Va* - x* 

We have therefore 

J \/^^r^ dx - X Va'-x» - J v/o'-x» dx + a* J ^ , _ . i 
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whence 2 I Va' —T^dx^z Va' — a?* + o' arc sin -, 

and J Va' — x* cte « -^ I x Va* - x' + o* arc sin - I • 

EXERCISES. I 
1. \3?(^ dx, 9. r x* arc tan x dz. 



X 

cos- ax. 



2. Jo:" log X (ix. iQ J^5 

8. fare sin ^ d(9. - - r 

•/ 11. I xoosxox. 

4. fare cot Odd. ^^ feef^Odd. 

6. I inv. cosh x c2x. /•• / 

«. J m . CUB ^^ J V^i + a»dj;. 

«• J <r sin 6x <ix. 14. C ^ Vo' - x\ dx. 

7. r inv. sinh x dx. 16. Jx* log* x <ix. 

8. J cos d log sin ^ d^. le, T « cos ^ cos 2 ^ d^. 



97. Reduction formulas for algebraic functions. As has been 
seen, we may use the method of integration by parts to make 
certain integrals depend upon others of a simpler character. To 
apply this method to all such cases is often a laborious task. 
Therefore, we shall now develop certain reduction formulas which 
may be used to advantage in the more difficult cases. The student 
is advised to use these formulas only for reference; they need not be 
memorized. 

The general form of the integral to which these reduction formu- 
las apply is 



/ 



x- (a + k..y d,, 

where a, b, m, n, p are constants. The object of the reduction 
formula is to increase or decrease either m or p in such a way as 



; ^ 



0>^ 
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to make the integration depend finally upon the evaluation of some 
known integral. The four principal formulas are the following: 



/ 



xTia -f hxTY dao = 



X— ^(« + »«,»)>^^ _ (m - n + 1) « r «^(^ + ^^»), ^ (A) 
(np 4- fH + 1) 6 (f»p + t» + 1) 6t/ 

\Qcr{a-\-bQcr)^dx = 

x-^Ha + ft^-)^ + «2£ r«,-(a + 5a5-)p-i ^ (B) 

ftp + «» + 1 np + m -\- IJ 

(m + 1) a (w + 1) a J 

/"»"•(« + &«•*)' dx = 

.^a^-^V« + 6x-r-^ + np + n + m -fl T «(^ ^ ^.^^i ^^ (^^ 
an ip + 1) aw (p + 1) ./ 

Formula (A) reduces m by n, (B) decreases p by 1, (C) increases 
m by n, and (D) increases p by 1. Evidently (A) and (B) are not 
applicable if np 4- m + 1 = 0, (C) fails for m = - 1, and (D) 
fails for p = — 1. 

The proof of formula (A) is as follows: 

In the formula for integration by parts, 

I u dv = uv — I V du, 

put u = x^-^+^f dv = (a + bx^y x""* dx, 

(a + 5x")^* 
whence dii = (m - n + 1) a:"»-» dx, v = ^ ^ . 

We have then 

Cx^(a + hx'^ydx^ 

nb (p +1) n6 (p + 1) J 
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But 

jx^-^(a + fex^)*"*-^ dx ^ a Tx"*-** (a + bx^^y dx + 

h Cx^{a + bx^ydx. (2) 

Substituting this expression for the integral in the second member 
of (1), we have after transposing and combining, 

/ x"* (a + bx^y dx = 

(jip + m+ l)b (np + m + 1) 6 J ^ ^ ' 

which is the required formula. 

To derive formula (B), write the integral in the form 

Tx"* (a + bx'^y dx = ix"^ (a + bx'^y-^ (a + bx'') dx 

= a Cx^ (a + bx'^y-^ dx + 

b rx'"+'» ( a + bx'^y-^ dx, (3) 

and apply formula (A) to the last of these integrals. The result 
of applying (A) is 

raj^+n (a + bx^y-^ dx = 

x-^^a + bxny ___ aim + 1) f^^ (^ ^ j^^^y^, ^^ 
b{np + m + 1) b(np + m + 1) J '^ 

Substituting this expression in (3), the result is 
/ x"*(a + bx^ydx = 

a;"'->-Mo + &^")'' + anp r^.n^a+ bx-y-* dx. 

np + m + I np -\- m + I J 

Formula (C) may be derived directly from formula (A). Solving 
(A) for I x^~^ (a + bx^y dx, we obtain 

Cx^-^^ (a + bx'^y dx = 

xm-n^^ (a + bxny^^ ^ (np + m + l)b C^^^ ^ j, ^^ 
(m— n + 1) a (m - n 4- 1) a J 
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and this takes the required form upon the substitution of m + n 
for m. Likewise (D) is derived from (B) by solving (B) for 



/ 



x^ (a + bx^y-^ dx and substituting p + 1 f or p. 



Ex.l. (-^M=. 

If we write the intftgral in the form jx* (c* —7?)"^ dx, we see that the reduc- 
tion of the exponent m by n will give a fundamental form. Henoe formula (A) 
applies. 

We have then 

m — 2, n — 2, p — — i, a — c*, & — — L 
Substituting these values in formula (A), the result is 

« — TT Vc* — a;* + rt arc sin - + C 
2 2 c 

Ex. 2. / Vc* -h 3^ dx. 

/dx 

by the application of formula (B). We have in this case, 

m — 0, n ■» 2, p « J, a ■■ c?, 6 — 1. 
Hence by the formula, we have 

- I Vc» + x» + ^ log (a? + >/c» + a!») + C. 

Ex.8, f— ^£ 

We have m= — 3, n — 2, p— — i, a« — c', 6 « 1. 

Substituting these values in (C), the result is 



Vx' - c" ,1 * . i^ 
+ :r— 5 arc sec H C 



Ex.4. f-^li^,. 



2c»x« ^ 2c»'""'^"c 



Here we have m — 2, n «» 2, p — — f, a — c*, 6 «- — 1, 
Substituting these values in (D), we obtain 

r ^^ » X* _ r2 x»<ig 
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From Ex. 1, we have 

SB -__vc* — x* •*• — am Rin 

Henoe the final result is 



, "^ - o '^<^ - a:* + « arc sin - + C. 



i — , + -, Vc* — x' — arc sin - + C 



— arc sin - + C 



EXERCISES. 

1. I / ' 7. I , 

•^ Vi - x' J X* Vx' - 1 

^ /* x* dx g r x' cfa; 

' -^ vTTx^ ' -^ ^2 ox - X* 

a f«___dx__ ^ r (x - g) cto 

*• Jo (a> + x»)» ' ''• J aJ\/ir3^.' 

4. JV(a» - x*/ dx. 10. fx-* V2ax~x»dx. 

•^ x» V o* - a;' ■^*- J (a 4- ^2)3 

6. rxWi?~r^dx. 12. f-^^^^. 

Jo -^ (x» + a»)* 

13. By the methods of this article derive two or more of the reduction for- 
mulas given in the integrals for reference, Nos. 83 to 86. 

08. Integration of special trigonometric functions. There are 
certain types of trigonometric functions, which are readily inte- 
grated by easy reductions to standard forms. The following are 
of this kind : 

(a) I ««c*** no dx, j cac^^ x dxm 

Here n is assumed to be a positive integer. By the substitution 
sec'x - 1 + tan' x, sec''* a; becomes (1 + tan'x) '*""* sec' x; hence 

we have / sec"* x dx — / (1 + tan' x)^"^ d (tan x). 

Similarly, I esc"* xdx=— /(1 + cot' x)**"* rf (cot x). 

In each case the binomial can be expanded, and the separate terms 
of the integrand are then standard forms. 
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Ex. 1. Jsec* x dx=» )(! + tan' x) sec' x dx 

— r sec' a; da; + i taxi^ x aec^ x dz 
«- tan X + i tan* x •}- C, 

Evidently integrals of the form 

/ tan"* X sec'" x dx, / cot*" x sec'" x dx 

can be integrated equally well by this device. 

(b) / 8€c^ ic tan^^-^^ acdx, j c»c^ x cof**+^ x dx. 

Here n is a positive integer (or zero), and m is any number. 
We have 

/ seC^ x tan'"+* x dx ^ / sec"*~* x • (sec' x — 1) " sec x tan x dx 

= / seC^-* X . (sec* x — 1) " d (sec x), 

a form which is readily integrated. A similar form may be deduced 
for the second integral. 

Ex. 2. 1 sec^ x tan' xdz ^ i sec" x tan' x tan x sec x dx 

= Jsec' a; (sec' a; — 1) d (sec x) 

i= jsec* X d (sec x) — Jsec" x d (sec x) 

^ i sec' « — } sec* x + C. 

(c) / din**"*"* X dXf / cod***"*"^ ac dXm 

Again n is a positive integer. We have in this case, 
/ sin'''+* xdx == I (1 ™ cos' x)'*sin xdx « - I (1 —cos' x)** d (oosx). 

/ cos'**+* xdx= I (1 — sin' x)** cos xdx = / (^ " s^^' ^)'* ^ (sin 3^)- 

Either of these may now be integrated by expanding the paren* 
thesis and integrating the result term by term. 



Art. 98.] INTEGRATION OF TRIGONOMETRIC FUNCTIONS 229 



— — Cd(coax) + 2 Jcoe'ayrfCooea;)— roo8*:B^(coea;) 
■- — cos X + i COB* a; — J cos* x + C, 

(d) I sin*'*^ 05 daj, / co«** x dx» 

We may perform the integration in this case by the use of mul- 
tiple angles. From trigonometry we have 

cos^ a; = i (1 + cos 2 x), 
sin^ x = J (1 — cos 2 x). 

By the aid of these formulas the integrand can be expressed in 
terms of multiple angles of the variable, where the sine and cosine 
appear only to the first degree. 

When the degree of the original function is high, this process 
is somewhat cumbersome, and for such cases^ it is better to make 
use of a reduction formula. 

Ex. 4. f cos* X dx. 
We may write this as follows : 
C{co8^xydx « i ((X + coa2xydx « i ( 0- + 2 cos 2a: + C08»2x)cte 

— i a; H- J sin 2 X + J f (1 + cos 4 a;) da; 

*"i* + i8in2a; + Ja; + ^sin4aJ + C 
=■ f 3? + } sin 2 a; + ^ sin 4 a; + C 



(e) / 



sin"* X COS** sc dx» 



In general, the integration of this form is effected by the reduc- 
tion formulas given in the next article. There are, however, 
three cases in which the relation between m and n may lead to 
simpler integrations than the general method. 
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(1) When either m or n is a positive odd integer. 

In this case, we can reduce the integral to the fundamental 
form / u^du. For example, suppose n is odd, say equal to 2 A: + 1. 

The given integral may then be written 

/ cos*" X sin** X sin x dx = — / cos"* x (I — cos' x)* d (cos x), 

which may be integrated easily by expanding the parenthesis and 
integrating the result term by term. 

Ex.6. t co8^XBui*xdx. 
This may be written in the form 

I cos* a; (1 — cos'x) sin a; <2x — j oo8*x sin zdx — jcos' x sin x dx 

— —J cos* a: + J cos* x -h C. 

\ (2) When m + n is a negative even integer. 
In this case we may write 

/sin*" X cos** xdx == I — — ^ cos"*"*"** x dx 
J cos"*x 

= I tan"* X sec •■(*»■*■**) x dx. 

Since — (m + n) is by hypothesis a positive even integer, the inte- 
gral falls under type (a). 

Ex. 6. r — :— dx .— f tan' x sec* x da; — J tan' x + C. 

(3) When m and n are positive and both even. 

We may then reduce the given integral to an integral depending 
upon the integration of the sine of some multiple of the given angle. 
This may be accomplished by the aid of the substitution 

sin 2 X = 2 sin x cos x 
and those given in (d). 
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EXERCISES. 

1. j sec* X tan x ax. 7. j tan' x dx, 

2. j csc^ X dx. 

3. j cot' X CSC* X dx. 
. /•cos' X J 

4. I -r-r—dx. 

J Sin* X 
6. I sin' x cos' X dx. 



6 



J sin' 



dx 



XCOBX 



8. 


J sec' X tAn* 


xdx. 


9. 


j sin X cot' X 


dx. 


10. 


r Vsin X J 

J 1 ''^• 
cos'x 




11. 


j sin* X cos' 


xdx. 


12. 


j cot' X sec* . 


xdx. 



d9. Reduction formulas for trigonometric integrals. In many 
cases, integration of tlie forms 

/ sin" X dXj j cos** x dx, j sin** x cos** x dx 

is most easily effected by the use of general reduction formulas 
derived from the method of integration by parts. 

For / sin^x dx we proceed as follows: 

Put u = sin**-"^ X, dv = sin x dx, 

dw = (n — 1) sin""' x cos x dx, t? = — cos x. 
We may then write 

I sin" xdx ^ — sin""^ x cos x + (n — 1) / sin"~' x cos' x dx 

= — sin"-* x cos X + (n — 1) / sin**-' x (1 — sin' x) dx 
=» — sin"-* X cos X + (n — 1) / sin'*-' x dx'^ 

— (n — 1) / sin" X dx. 

Transposing the last term of the seccmd member to the first mem- 
ber, we have, after combining and dividing by n, 

n n J 

Successive application of this reduction formula will make the 



232 SPECIAL METHODS OF INTEGRATION [Chap. XI. 

given integral depend upon j dx or I sin x dx, according as n is 
even or odd. 

If we consider the integral / cos** x dx, we may deduce in a 

similar manner the reduction formula 

/,» , sin a? co«*~' go . n — 1 C •*-» ^ m^ 

cos'^Q&dM = ^'VL 1 I eos^^^Q&daa. (B) 

n n J 

For the integral / sin"* x cos'* x dx we have the following reduc- 
tion formulas. 

+ — — / 8in^ a? co«*^* a? dx, (C) 

m -f nj 

f 



fn-{-n 
sin*'* X cos** X dx = 



sin***'^ X cos**"^^ X , m — 



+ VUl L Csin*^"^ X cos"* X dx. (D) f T/l 

m + n J tt ' 



f 



w + n w» -r »• t/ A 

sin"* X cos** X dx = 



sin*'*-*^^xcos**^^x , w + n + 2 r ^ •» «^a ^ 

f- — ^L ±^ I sin*'* X cos**-^* x dx* 

n + 1 n + 1 J 



(E) 



/ 



sin*** X cos** X dx = 



sin***-*-^ X cos*"^^ X , m + n + 2 r J ^^% n ^^ rT7\ 
h 1 J—L I sin***^* X cos^ x dx* (F) 

»» + 1 m + 1 J 



To develop formula (C), we put 

u — cos**"^ X, dv = sin*'* x cos x dx, 

dti ■= — (n — 1) cos"~' x sin x dx, v 



gin»»+i X 



w + 1 
Substituting these values, we obtain 

« 

I sin*" x cos** X dx = 

glj^m+i 3- cos*"* X , n — 1 r ' mX9 «..« J /i\ 

f I sm'"^' X cos*^ a; dx. (1) 

m + 1 m+lj 



ABT.99J REDUCTION FORMULAS 288 

But we have 
/ sm"*"*"'x cos""*x Ac ~ / sin"* x (1 — cos' x) cos**"^x dx 

— / sin*^ X cos'*"'a; dx — I sin"* x cos** a; dx. (2) 

Substituting this in (1), we have 

Tsin"* X cos** xdx^ sin'"-^* x cos'*"^ x ^ n^^ T j^^ ^ ^^^^-a ^ ^^ 
J w + 1 m + lj 

— ^^-^^^ — / 8in"» X CDS'* X dx. (3) 

wi + 1 J 

Transposing the last integral of the second member to the first 
member, we have the given formula, when we solve the resulting 

equation for / sin"» x cos** x dx. 

Formula (C) is useful when we wish to decrease the value of n, 
keeping the value of m fixed. It holds for all values of m and n 
except such as make »i + n = 0. 

Formula (D) can be derived in a similar manner from the formula 
for the integration by parts, if we put 

u — sin**""* X, dv = cos" x sin x dx. 



du = (m — 1) sin*""* x cos xdx, v = — 



cos^'*'* X 
n + 1 



It is useful when we wish to decrease the value of ?n, keeping the 
value of n fixed. This formula also fails for w + n = 0. 

When we wish to increase the value of n, keeping that of m 
unchanged, formula (E) is used. (E) may be derived from (C) by 

first solving the equation for l sin"* x cos**"* x dx and then replac- 
ing n by n + 2. This formula does not hold for n = — 1. 

Formula (F) is used to increase the value of m and leave the 
value of n unchanged. It is valid in all cases save those in which 
m + 1 = 0. This formula can be obtained directly from (D) 

by solving that equation for I sin"*-*x cos** x dx and then replac- 
ing mhy m + 2, 

The use of the reduction formulas is illustrated by the following 
examples. 



1 
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Ex. 1. jsin* X dx. 

Apply the reduction formula (A). We have, since n >■ 6| , 

/sin X cos X /* 

sin* xdx ^ ^ "^ i I ®*°* ^ ^' f^) 

Applying the same formula to jsin* x dx, we have 

/. . , sin' X cos X , . r . , J /o\ 

where, also by (A), 

Jsin' X dx = ^ f- J r (ix = — i sin X cos X + J X + C. (3) 

Substituting in (1) the results given in (2) and (3), we have 

jsin* X dx — — J sin' x cos x — /^ sin' x cos x — Jf (sin x cos x — x) + C 

Ex. 2. Jsin* X cos* x dx. 

Applying formula (D), we have 

/sin X cos? X /* 

sin* X cos' X dx = ^ "*" i ) ^^"^^ * ^^^ x dx. (1 ) 

But 

j sin' X cos' X (ix = 1 j sin' 2 x dx = J ) (^ ~ ^^^ 4 x) dx 

^ ==1 -^sinix+C. (2) 

Substituting this value in (1), we obtain 

J sin* X cos' X dx — — J sin' x cos x + ^^j x — ^ sin 4 x + C. 

EXERCISES. 

1. J sin'xdx. 6. J sin' x cos* x dx. 

2. j cos' X (ix. 7. j sin' x cos' x dx. 

3. r sin' dd, 8, f sin' ^ cos' ^ dO. 

4. r .sin* d dd. «• r n r 

J -^ sm* X cos" 

5. I cos'xdx. 10, 1 r 
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11 



/ sin* X dx r dx 

008* X ' J sin' 



X oosx 

12. J sin* X cos-* X da;. 17. Jcot^xdx. 

13. \- =— • 18. Ceec^xclx, 

•/ sin X cos' X J 

Vl4. f^. 10. f-^ 

J wn' X J sin' ^ c 



416. f-^- 20. f sin« ^ cos* ^ d^. 

J cos*x J 

100. Integration by t rigonom etric substitution. If /(x) contains 
a radical of the form Va* ± u^, where u is some function of x, it 
can often be easily transformed to an equivalent function free from 
radicals by the substitution of a trigonometric function. All that 
is necessary is to substitute for u that trigonometric function which 
renders the expression under the radical a perfect square. It will 
be readily seen that this end is accomplished by the following 
substitutions : 

(1) Put u = aain d, or a cos d in functions involving Va^ — u^. 

(2) Put u = a tan 0, or a cot in functions involving Va* + t*'. 

(3) Put u = a sec d, or a esc d in functions involving y/ u^— a*. 

Whenever the resulting trigonometric function does not fall at 
once under one of the fundamental formulas, the student should 
apply the methods of integration discussed in the preceding articles. 

Frequently the substitution of a hyperbolic function for the 
va riable leads to an easy integration. If th e integral contains 
\/a* + x^ substitute a: = a sinh u, if Va* — x* substitute a cosh u, 
etc. 

The following examples illustrate the use of these substitutions. 

Ex. 1. J" Va* - x'dx. 

Put X » a sin z, dx = a cos z dz. 

We have then 

r Va* — x^ c/j = a' r cos' z d« =» J a' j (1 + cos 2 z) dz 

- i a» r dz + i a' fcos 2zd{2zy 

- } a'z 4- J a' sin 2 z -f C 



. X 



— i a' arc sin - + i x Vo' — x' + C. 
a 
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dx 



Ex.2, r ^£_ 

J x^ (0^- a»)* 



Put X >» aaeoz, dx '^ aaeoz tan g dz. 
Then we have 

dx r a sec z tan z dz 



/ ax r _ 



x'Cx' — a')* -^ a' sec* «(o' sec* « — a')* 



« - I cos zdz '^ — i — h C -" , + ^« 

a' J a? a^x 

Ex.3. Find Jv'^Ta'cir. 

Let X — a sinh u, hence dx -* a cosh u (2u, and 

J " V^M-o* da? « a' J cosh' it c7u — } a'(ii + sinh u cosh i*). 



2 / jj^ o; 

Since sinh u — -. , cosh t* — i / 1 + -a , and t* — inv. sinh - 

a y a* a 

Hence f VS + o* dx =• jr- inv. sinh - + « '^^ + <*' 
•/ 2 a 2 



glog ^ +5 



a , X -t- A' X" -t- a- , X ^ /IT"; — ; . n 



1 



EXERCISES. 

dx 



^ r x^dx ^ c x*dx 

-. /• x^dx _ r x'da; 

3. I i • 7. I . • 

•^ (x» - o»)* -^ \/l + x» 

®- I \/2ax - x»(to. [Put a; « a(l + sin ^)0 

10. f* — ^^_ . [Put X - sec e:\ 

Jl X* Vx* - 1 

/dx 

reduced to an integral of the form jcos' dO, 
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MISCELLANEOUS EXERCISES. 

1. Integrate the following: 

(a) f ^ . (b) f.^ ^ (c) C^l^^dx. 

2. Integrate in three different ways each of the following : 

(a) J(a« - a:*)! dx. (b) Jx» Va^-x^dr. 

/tan"""* a; /• 
tan*x da; « ^ _ ^ "" J tan**"* a; (to. 

Suggestion: Use the substitution tan' x » sec' x — 1. 
4. Making use of the reduction formula of Ex. 3, find 

(a) ftan* x dx, (b) ftan* dO. 

6. Perform the following integrations: 

(a) / ^ J^5~ ^ 4 <fa- (b) J x' arc cos a: dx. 



Va» + X* 



6. Integrate I — dx by the substitution x' -= a* cos 2 ^. 



7. Prove that j sm*x dx =« j cos* x dx 

1 • 3 • 5 . . .(n — 1) ;r .- . , . 

= T^—A — 5 ^ • s . if w 18 an even mteger, 

^ • 4 • O . . . It Z 

2«4-6. . .(n- 1) .- . jj . ^ 

"* ; — s — ? ^ • f if nis an odd mteger. 

1 • o • 6 . . . n 

8. Evaluate the following definite integrals : 

dBmd coaddd, (b) f ^ sin> <? cos ^ d^. (c) ( ^^?-^dd. 

J A J sm V 

9. Integrate the following : 

(a) r ^, (b) f ?^^? (c) fx»Va + 6x»dx. 

^ ' J (1 _ aJ) Vl + x» J (x» + a») (x» + 6>) -^ 
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10. By means of the substitution 2 »- tan ~ verify the following important 
results: 

r r ri=^ «"«*»"[ 1/^^^ tan ^1. («' > ft*) 

Ja + 6oo8x Va'-d* L V <» + 6 2j' ^ ' 

] V6 + o + V6 - a tan 5 

^ , . ,/^ — i-, arc tan 2 I (a» > 6») 

J a tan I + 6 - \/6» - a' 

^^ '^ otan^ + 6 + VS^^T^' 

11. The speed of a certain type of chemical reaction is g^ven by the equation 

dx 

— = k(a - x)(b - x){c ~ x), 

in which A; is a constant and a, 6, and c denote the concentration of the sub- 
stances (Mellor, Higher Math. p. 218). (a) Derive an expression for k, knowing 
that X => when i = 0. (b) Find an expression for x when a = 6 = c. 

12. The effective value of a harmonic electric current is that which gives 
the same heating effect as the actual varying current. Since the heating effect 
is proportional to the square of the current, we have 

(effective current)* = mean value of (actual current).' 
Hence denoting the effective current by i^, we have (see Article 60 (b)). 

r (io sin 6y dd 

m 

Show that u = A, 

V2 ' 

13. Find the area of the ellipse -j + ^^ = 1. 

14. Find the area bounded by the curve (-) + (^) *■!• 

16. Find the area between the cissoid y* = ^r and its asymptote 

_ ^ a — X 

a: - 2o. 

16. Find the area under the curve y =■ log a; from x = 1 to a; « 10. 

17. Find the area of the loop of the curve my* — (a; — a) (x — 6)'. 
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18. Find the length (a) of the curve y — 6* from x«Oto« — 2; (b)of 
the curve y == log x from « — 1 to a; — 6; (c) of the curve 9 y' ■■ x (x — 3)' 
from X = to X — 3. 

19. Find the length of the spiral p ^ aO from the origin to the point (tto, ^r). 

Bin'g 
cos 6 



sin' 
20. Find the length of an arc of the cissoid p = 2a -^from I? » to 



21. Find the length of the curve p = a sin' ^ 



a 



22. A circle of radius ^ rolls on a circle of radius a, and a point on the 
circumference of the rolling circle traces an epicycloid whose polar equation is 

4 0>» - a»)» « 27 a V sin» d. 

Find the whole length of the curve thus traced. 

x' v' 

23. Find the volume generated by revolving the ellipse -^ + rj =• 1 about 

the X-axis. 

24. Find the volume generated by revolving one arch of the cycloid 



about the axis OX. 



X = a (^ — sin d) 
y = a (1 — cos 0) 



26. Find the volume generated if the cycloid is revolved about OY, 

26. Find the volume generated by revolving one arch of the curve y — cos x 
about the axis OX. 

27. Find the volume generated by revolving the cardioid p = 2 a (1 — cos d) 
about the axis OX. 

28. A conoid is generated by a straight line which moves in such a manner as 
to intersect a given straight line and a given curve, at the same time remaining 
parallel to a given plane. Find the volume of a right conoid having an altitude 
k and a circular base of radius a. 

29. Two cylinders, with the same altitude h, have a common upper base of 
radius a, and the lower bases are tangent to each other. Find the volume 
common to the two cylinders. 

x' v' 

30. Find the surface generated by revolving the ellipse -^ + -^ = i about 

its major axis; also about its minor axis. 

31. Find the surface generated by revolving the cardioid p = 2 a (1 — cos 6) 
about the initial line. 

32. Find the mean length of the ordinates of a semicircle of radius a, if the 
ordinates are taken at equidistant intervals on the diameter. 

33. A line of length a is divided into two segments. Prove that the mean 
area of the rectangle formed on the segments is ( a\ 
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34. Find the mean distance of the points on the circumferenoe of a circle 
of radius a from a fixed point on the circumference. 

36. Zeuner's equation for superheated steam is 

pt, « Br + Cp*. 

For an isothermal expansion the temperature T is constant. Derive an expres- 
sion for the work done during an isothermal expansion from V| to v,. 
SuggeMtion: Use the equation 



Work 



■- jpdr — pw— \ V dp. 



CHAPTER XII 
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101. Definition of a function of several variables. Heretofore 
we have discussed functions of a single independent variable. 
A function, however, may depend upon two or more variables 
having no mutual relation, that is, independent of one another. 
Thus the volume of a gas depends upon the temperature and also 
upon the pressure to which it is subjected, and the pressure and 
temperature may vary independently. In general, we may say: 

z is a function of the independent variables x, y, . . . when for each 
set of valiLes of these variables there is determined a definite valvLe or 
values of z. 

In what follows, we shall have occasion to deal, for the most 
part, with functions of two inde- 
pendent variables. We shall de- 
note such functions symbolically 

by 

f{x, y), F(x, y), <f>(x, ?/), etc. 

In order to interpret geometri- 
cally the relation z =/(a:, y), we 
must make use of space coordi- 
nates. To each position of the 
point P(x, y) (Fig. 80) of the 
XY' plane, there corresponds a 
definite ordinate z. As P takes all 
positions in the XY- plane, the extremity of this moving 2-ordi- 
nate generates a surface whose equation is 

z ^f{x,y). 

The essential thing to be noted is that to every set of values (x y) 

which enter into the discussion, there is a corresponding point on . 

this surface. 

The motion of a point on this surface depends upon the manner in 

which X and y vary. One of these variables may remain constant 

241 




P («,V> 



Fig. 80. 
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while the other is allowed to vary, or they may change simultane- 
ously. In the first case, the extremity of the ordinate describes a 
plane curve lying in a plane parallel to the YZ- or XZ- plane; and in 
the second case the ordinate may describe a space curve. So long 
as the point on the surface moves along a curve lying in a plane 
parallel to either coordinate plane, that is, so long as we have a 
function of a single variable, there is no choice of path between any 
two points of that curve. When, however, the point is free to 
move upon the surface in any manner whatever between two fixed 
points, the motion is no longer restricted to a particular path. 
There is a closer restriction upon the motion of the point in one case 
than in the other. 

102. Continuity of functions of two variables. The different 
ways- in which a function of two variables may vary, as discussed 
in the previous article, introduces a distinction as to the kind of 
continuity the function may have. So long as one of the two vari- 
ables remains fixed while'the other is allowed to change, the only 
continuity involved is that of a single variable. Consequently no 
new principles are involved. Suppose, for example, that we con- 
sider the function /(x, y) in the neighborhood of the point (xq* .Vo)- 
If y remains constantly equal to j/ot we say that/(x, y) is continuous 
with respect to x alone at this point, if 

^ fi^^yo) =/(a;o»2/o)- (1) 

Similarly, if x remains constant, we say that the function is con- 
tinuous with respect to y alone, provided 

L /(Xo, y) = /(xo, ^o). (2) 

Another kind of continuity is introduced when we permit x and 
y to vary simultaneously. To distinguish this from that already 
discussed, we shall call it the continuity of the function with 
respect to both variables together. In general, whenever we speak 
of the continuity of a function of two variables, the continuity 
with respect to both variables is to be understood unless other- 
wise stated. The condition that a function /(x, y) shall be con- 
tinuous with respect to both x and y at any point (xq, y^) is that 

we have 

L /(x, y) = /(xo, yo). (3) 
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The essential characteristics of this condition are that the 
function must approach the same limiting value as the variables 
approach the limiting point in any manner whatever, and, moreover, 
that this limitingvalue shall be the value of the function at that point. 
When a .simultaneous limit exists, it follows that the single limits 

L fix, i/o) and L /(Xq, y) also exist and give the same limiting value. 

Hence, if a function is continuous with respect to both variables 
taken together, it is also continuous with respect to each taken 
separately. The converse of the statement does not hold; that is, 
there are functions which are continuous with respect to each vari- 
able separately, yet are not continuous in both together. The fol- 
lowing examples will illustrate this distinction. 

Ex. 1. Discuss the continuity of the function fix, y) — ^ ^ , , where 
/(O, 0) is defined as 0. ^ + y 

We have for the point (0, 0), 

L Ax,0)^ L -£^,-.0«/(0,0), 
ar-0 ap-»-0 «* + W 

L /(0,y) - L ^^^ - -/(0,0), 

If the point {x^ y) approaches the origin along the line z » 0, or along the line 
y '^ Oj the limiting value of the function is therefore 0, the value of the func- 
tion. If, however, (2, y) approaches the origin along the line x » y, the limit- 
ing value is 

,*0 2x' 2' 

which is different from zero. Hence at the origin the given function is contin- 
uous with respect to each variable separately but not with respect to both 
variables taken together. At all other points it is continyous with respect to 
both variables taken together and hence with respect to each separately. 

Ex. 2. Given f{x, y) = x' + y*. Here we have for the point a? « y « 0, 

L (x» + y^ - - /(O, 0). 

Hence, at the origin, as at all other points, the function is continuous with 
respect to both variables, and, consequently, with respect to each separately. 

EXERCISES. 

1. Investigate the continuity of the function /(x, y) — ^ > /(O, 0) being 

X "T y 

defined as 0. Why is it necessary to define /(ar, y) for a: — y « 0? How about 
the continuity when we define /(O, 0) >« 4 7 
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2. Investigate the continuity of the function /(«, y) — , J' » where /(0, 0) is 
defined as 0. 

3. Investigate the continuity of the function a^ — 2y^ &t the origin. 

103. Partial derivatives. In the previous article it was shown 
that a function of two variables may vary either by permitting one 
of the variables to remain constant while the other changes, or by 
allowing both to vary simultaneously. The increment of the 
function /(x, y) due to a change in x alone is 

f(x + Ax, t/)-/(x, j^). 

Let us consider the ratio of this increment to the increment of the 
variable x. The limit of this ratio as Ax = 0; viz., 

I /(x -f Ax, y) - /(x, y) 
Ax^o Ax 

is called the partial derivative affix, y) with respect to x. Similariy, 

the limit 

^ fi'x, V + Ay) - fix, y) 

Ay*0 Ay 

is called the partial derivative of /(x, y) with respect to y. These 
derivatives are called partial derivatives because they measure 
only partially the variation of the function as compared with that 
of the variables. To distinguish these from the derivatives which 
have been thus far considered, we shall call the latter total deriva- 
tives. In a subsequent article we shall discuss methods of deter- 
mining total derivatives of functions of several variables. 

To distinguish symbolically the two classes of derivatives, we 
shall denote the partial derivatives by using the round d instead 
of d. Thus the partial derivatives of 2 = /(x, y) with respect to 

X and y will be written 

dz dz 

5x ' dy' 

respectively. They are frequently represented also by the equiva- 
lent symbols 

fxi^yy)ffii^jy)* 
Partial derivatives are, in general, functions of x and y, and may 
likewise have partial derivatives with respect to either variable. 
Thus we may have 

_i/if^ l.(^\ A(^\ A(^. 

dx \5x/' dy \dy/ ' dx \dy/ By\dx/ 
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These higher partial derivatives are represented symbolically by 

^z ^z ^z ^z 



or by 



dx* ' dt/* ' dz dy^ dy dx * 

fjix, y),fl'(x, y), f'l^^x, y),r:j.x, y), 



respectively. 

We may extend these considerations to partial derivatives of 
still higher order and to functions of more than two variables. 
The notation employed for the partial derivatives of higher order 
indicates the number of differentiations and the order in which 



they are made. Thus, 



*%9 

-— ^ indicates three differentiations, the 
dxdy» a*w 



dz 



first two with respect to y, the third with respect to x; _ « « ^^ , 

oz oxr oy 

indicates five differentiations, the first and second with respect to y, 
the third and fourth with respect to x, and the fifth with respect to z. 
It has been shown that the function z = /(x, y) represents a sur- 
face, while z = /(x, b) gives a plane curve cut from this surface by 

dz 
the plane y = b. For the derivative ^- we have the same geo- 
metric interpretation in this 

plane as was given earlier 

dz 
for—-, namely, the slope of 
dx 

the tangent to the curve in 
question. 

Let z = /(x, y) be the sur- 
face shown in Fig. 81. Con- 
sider any point on this 
surface, as P, at the inter- 
section of the curves BPC 
and- EPF, cut from the sur- 
face by the planes y = b and 
X = a, respectively. Then 
the slope of the curve BPC 

is given by the partial deriv- 

dz 
ative ^-, and that of the 
ox 

curve EPF by the partial derivative ^ • That is, 

dy 

tan = -- , tan = — . . 
ox ay 




Tig. SI. 
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The values of tan (f> and tan (p for some definite point P on the 

dz 
surface are obtained by substituting in the expressions for — - and 

dz 

-Z-, respectively, the corresponding values of x and y. Thus if (a, b) 
By 

is the projection of P on the Xy-plane, we substitute a for x and 
b for y. 

The process of finding a partial derivative is in all respects the 
same as that employed in finding an ordinary derivative of a 
function of a single variable. The following examples illustrate 
this statement. 

Ex. 1. Find 3- and r- , when « — y" sin x. 
ax dy 

Treating y as a constant and differentiating with respect to x, we have 

g^-y^coso:. 

likewise, if we consider x constant and differentiate with respect to y, we get 

Ex. 2. Find successive partial derivatives of the function xe* log y. 
We have « — X6* log y. 

^ -(1 +x)«-logy; 

^-.(2 + x)e'logy; 

&h (1 + g)e* . 
dySx^ y * 

Ex. 3. The surface « - |- + ^ is cut by planes a; - 4, y — 3. Find the 

slopes of the curves cut from the surface by these planes at the point of inter- 
section of the curves. 

We have here 

dz X dz y 

3x 4' dy 6 
At the specified point, therefore, 



dz 

dy 


X(f 

y 


dh 

dy* 


xe' 


d^ 


(1 + !)«• 


dx dy 


y 
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EXERCISES. 

1. Find the partial derivatives ?- and ^ for the following functions: 

(a) z « 3^. (e) z ^ y. 

(b) z "= sin X COS y. (f ) z — tan - • 

(c) « «- yc* + xe». (g) z — y sin X + X sin y. . 

(d) « = 3 a:* - 4 a:» + a: - 17. (h) z «- cot (x* - 2/*). 

2. Find ^ i x- , "a- in the following functions of three variables. 

(a) tt — 5 xy'z'"*. (d) u « log • 

(b) u »-» e* log y«. (e) u =- sin (yz + «? + xy). 

(c) u » sin a; cos y + sin y cos a; + sin « cos x. 

3. The volume of a cone may be expressed as a function of the radius of the 
base and of the altitude. Denoting the volume by F, the base radius by r, and 

the altitude by h, express V in terms of r and h, find the partial derivatives 

bV dV 

-g- f XT- y and give interpretations of these derivatives. 

4. Express the area A of a triangle as a function of its base x and altitude y. 
Find the rate at which the area changes: (a) when the altitude remains unchanged 
and the base varies; (b) when the base is constant an'd the altitude varies. 

6. Interpret geometrically the equations 

^(3?y) ^^ ^{xy) 
dx '"^' dy ^^' 

6. Form ^-^ , ^—g- , g—^ , and ^, for the following functions. 

(a) u «=" tan xy*. (d) u -« x* + xy — y". 

(b) M — X log y. (e) u -» 6*"^'. 

(c) u « x^y*. (f) u - X (1 - y»). 

7. The formula H «- kt^D* is used to determine the horsepower required to 
drive a steamship in terms of the speed s and displacement D. What is the 

interpretation of the derivative ^ ? of ^^^ ? Derive expressions for these 
derivatives. 

104. Interchange of order of differentiation. Among the partial 
derivatives enumerated in Art. 103 were the second derivatives 

r— V 7 T-^ • III most cases that arise in the applications of the 
ax ay dy ox 

calculus to physical problems it is a matter of indifference in 
what order the differentiation is performed; that is, in most 
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cases these two partial derivatives give the same result. This, 
however, is not always true, and it is desirable to have some 
criterion for the equality of these derivatives. 

Let us consider the limits involved. We have by definition, 

^ = L /(a^ + Ax, y) --fix, y) ^ ^^ 

dx Ax^o Ax 

^^ L /(^> y + ^y) -/(^> y) . (2) 

dy Ay-o Ay 

Consequently we have 

fix + Ax,y + Ay) -/(x, y -f Ay) f(x + Ax,y) ~/(x, y) 

^i!L= L L ^ ^^ 

dy dx Ay^^OAx^o Ay 

^^ 2^ /(x + Ax,y + Ay) -/(x,y + Ay) -/(x + Ax,y) +/(x,y ) . 

Ay^OA;r^O Ay Ax /^\ 

and similarly, 

^y ^ jf;^ ^ /(x+ Ax,y4- Ay) -/(x,y-f Ay) -/(x+ Ax,y) +/(x,y ). 
dx 5y Ax.4«0AyA0 * Ay Ax /4\ 

It appears that the only difference between the two derivatives is 
the order in which the increments Ax and Ay are allowed to 
approach zero. As has been pointed out, this order is not always 
a matter of indifference. The following theorem gives a helpful 
criterion in such cases. 

Theorem. The order of differentiation can be interchanged if in the 

neiqhborhood of the point in question -^ and r— ^^ lor --^ and • ■{ ] 
•^ ^ ^ "i dx dydx\ dy dx dy) 

are continuous functions of both variables x and y together. 
If we at first consider y and Ay as constants, we may put 

F{x)^f{x,y ^ Ay) -/(x,y), (5) 

and the numerator of (4) becomes 

F(x + Ax) - F(x). (6) 

We have from the law of the mean, 

F(x + Ax) - F(x) = AxFi(x + (?,Ax), 0<(?i <1. (7) 
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Expressed in terms of /(x, y), the right-hand member of this equa- 
tion becomes 

Ax [/;(x + d,Ax, y ^ Ly) ^ /;(x + d^Ax, y\. (8) 

Regarding now x + ^jAx as a constant determined by (7), and y 
as a variable, we have from the application of the law of the mean 
to the function in the brackets, 



/;(x + (?,Ax, y + At/) -/^(x + ^^Ax, y) 
= /yx(^ + ^1 ^^> y + ^3^2/), < e^ < 1. 



(9) 



From (7), (8), (9), we may now write the limit in the right-hand 
member of (4) as follows: 

^ ^ /(x + Ax, y -{- Ay) -- /(x, y + Ay) - /(x + Ax, y) + /(x, y) 
A^ff^o ^y-^o Ax Ay 

= L L f^(x + 0,Ax, y + <?,Ay). (10) 

By hypothesis, /J'^Cx, y) is a continuous function in both x and y 
together. Consequently, the right-hand member of the above 
equation approaches f'^ix, y) in whatever order Ax and Ay are 
allowed to approach zero. The left-hand member of (10) approaches 
by hypothesis the limit /j^(x, y). Upon passing to the limit, we 
have, therefore, 

/;;(==. y) - fy'M. y)> (11) 

which establishes the theorem. 



1. In each of the following functions show that ^ — ^ — ^ — ^ • 

(a) u « x'y' — 4 xy*. (d) u « y*. 

(b) M =- cos (x + y). (e) u = log (x + y"). 

(c) M « e* sin y. (f ) u « cos ary*. 

2. For each of the following functions show that > ^ , « a ~>~a~' 

(a) M - x* (a; - y*). (c) m - y log (1 + xy). 

(b) ti «■ a^ cos (x + y). (d) u « sin' i; cos y. 
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105. Multiple integrals. In Chapter VIII we considered succes- 
sive differentiation and successive integration of functions of a 
single variable. In the present chapter we have discussed the 
successive partial differentiation of functions of two or more 
variables. Let us now consider the inverse problem of successive 
integration of functions of several variables. 

Suppose, for example, that we have given a function /(x, y, z) 
of three independent variables. We may write 






f(x, y, z) dz = F(x, y, z), (1) 



F(x,y,z)dy^ F,(x,y,z), (2) 



Fj(x, y, z) dx = F,(x, j/, z), (3) 

where in (1) the integration is taken with respect to z, that is, as 
if y and x were constants. Likewise in (2) it is taken with respect 
to y, and in (3) with respect to x. Substituting in (3) the value of 
Fi(x, y, z) from (2), we have 

and by the use of (1) this becomes 

F2(x, y, z) -J\J\Jf^''y y> ^) ^^1^2/ I dx. (5) 

The expression (5) may be written more compactly as follows: 

F^i^y Vy 2) = fff^^^' ^' ^^ ^ ^y ^^' (^^ 

It is to be understood that the integral is to be first taken with 
respect to z, then y, and finally x.* 

* Books on the calculus differ in the manner of indicating the order in which 
the integrals are to be taken. Some authors write the differential last which 
is to be taken in the first integration, etc., that is, the order of the differentials 
in equation (6) is exactly reversed. The above notation is adopted in this book 
because it shows best the manner in which the integration has arisen. In other 
works, the context will usually indicate to the reader the notation employed. 
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An expression like the second member of (6), which indicates the 
result of several successive integrations, is called a multiple inte- 
gral. If two integrations are involved, the integral is called a 
double integral; if three, a triple integral, etc. 

The evaluations of an indefinite multiple integral differs from 
that of an indefinite single integral in one essential feature; namely, 
the form of the constant of integration. An example will illus- 
trate this point. 

Given I / e^y^dy dx; 

we are to find a function u of x &nd y such that 

d^u 



dx dy 



e^y^. 



Integrating first with respect to y regarding x as constant, we 
obtain 

r- = - €^7^ + constant of integration. 
ox 3 

Now since x was considered as constant during the integration, 
the constant of integration may depend upon x. To make this 
more clear, we may observe that differentiating either 

l^v + c, 

or ^e^y" -\' <l>(x), 

with respect to y gives the same result, ^'if. Hence we assume 
the more general case and write 

where <f){x) is an arbitrary function of x. As a special case, <f>(x) 
may of course be a constant C. 

Integrating this result, keeping y constant, we obtain 



u = ^^'V + / 0(^) ^^ + Hv)' 



Here again, since y was considered constant aurmg the integration, 
the integration constant must be taken as an arbitrary function of y. 
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By assigning limits of integration to each variable, we arrive at 
the notion of a definite multiple integral. Thus the integral 

'6 

c^*2/* dy dx, 



Uo Ua 



indicates that e^?/^ is to be integrated first between the limits a 
and h with respect to y, and the result thus found is to be integrated 
with respect to x between the limits and 1. 

Since x is considered as constant in the integration with respect 
to y, the T/-limits, a and 6, may be functions of x. Similariy in a 
definite triple integral, taken first with respect to z, then y, and 
finally x, the 2-limits may be functions of both y and x, and the 
t/-limits functions of x. 



X2r /• 2 pa cos 9 
J J r^smedrddd4 



2v /•a ^a cos 

•/ Jo 

i 

The first integration with respect to r gives 



1 /•2ir /»2 

^a* \ I cog^ 6 Bin d dd d<t>. 



Integrating with respect to 0^ we obtain 

2n 



1 /»2ir ;f 

12"' J. ^'l'"'- 
It should be observed that the upper limit of the r-integral is a function of 6, 



EXERCISES. 

Evaluate the following integrals : 



2 /«8ill 9 



1. I xzhfdydx, 4. I I rdrdd, 

2. J J €' sin ydydx, 5- j^ J^ Hsin^drd^. 

IT 

/•• /"S y»4 /^a /•a 

3. I I I j^yz'dzdydx. 6. j ( ^ ^pdpdd. 
Jz Jq J\ Jq Ja (I— cos 9) 

w 

2 /•2 a cos 9 



/• » /• 2 a cos «r 
7. r I p^coB^ddpdd. 



•/o «^0 J a 



>b r^i 



J»o /•/•J « 

J;^ ^2gydydx. ^^ /-a /-i 

•/a •/ A 



>a /•a 

xh/ dy dx, 
'0 -^ 

/•2 a /•arccoB— /•« /•aVo* _. . 

10. I r 2aprf^ dp. 12. I I xVyda;. 
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106. Total derivatives. Let z = /(x, y) be a continuous function 
of the two variables, having continuous derivatives. Moreover, 
let both X and y be continuous functions of a common variable U 

having the continuous derivatives -r j't - ^® shall now study the 

di at 

relation of the variation of z to the variations of x and y; in other 

dz dy dtj 

words, we shall find an expression for — in terms of -- and -^ . 

dt dt dt 

For the increment of z we have 

^z = f(x + Ax, 1/ + Ly) - f(x, y), 

which may be written in the following form: 

lz^\f{x+ Ax, t/+ Ay) - fix, 2/+ Ai/)] + [/(x, t/+ At/) -/(x, t/)]. (1) 

By an application of the law of the mean, we have 

/(x+ Ax, !/+ A2/) -/(x, 1/4- Ay) = //(x-f«i Ax, t/4- At/) Ax, (2) 
/(x, 2/ + Ay) - fix, y) = //(x, y + ^^ Ai/) At/, (3) 

where 61,62^10 between and 1. Substituting these values in the 
second member of (1), w^e have after dividing by A<, 

If = /; (X + ». Ax, y + Aj/) A? + /^(x, y + e^Ay) AV. (4) 



In the limit, we have 

T Af = ^ T ~ = ~ T ^ — ^ 
A^i^o A^ (f^ A<-o A^ dt A^-A-o A^ cf/ 



(5) 



Moreover, since Ax and At/ approach zero with At, and /i(x, y) 
and /'(x, y) are continuous functions of both variables together, 
we have 

L /;(x+ ^, Ax, t/ + Ay) = /;(x, y), (6) 



A<^0 



A<<&0 

d^ Bz 



Lf;,ix,y + 0,Ay) =/;(x,y). (7) 



Writing — , — for/^(x, y), /^(x, y) respectively, we have from (4) 

dz ^dz dx dz dy 
dt do? dt dy dt * 



254 
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Because of the importance of this equation, the following geo- 
metrical illustration is added. Let PRQS, Fig. 82, be an element 

of the surface z = /(x, y). 
Taking the coordinates of P 
as (Xj, t/i, 2i) and those of Q 
as i^iy Vty ^a)^ we have 




PA 



— Xj = Ax, 



PC = t/2 - 2/1 = Av, 
BQ = z^ — Zi = Az. 

Suppose a tangent plane 
PEGF passed through P; 
then PE and PF are tan- 
gent at P to the curves PR 
and PS respectively. Suppose further a plane passed through the 
points CEP, cutting BQ in D. Then from the figure, we have 



Fiff. 82. 



and 
But 

and 

hence 

or 



BD = AE, DO = CF, 
BG ^ BD + DO ^ AE + CF. 

AE « PA tan EPA - 



Ax-r-> 
ax 



CF = PC tan FPC = Ay- ; 

BO^^ Ax + I?. At/, 
ox ay 

BO ^ ^ Ax , dz Ay 
A( dx A< dy ^^ 



The increments Ax and At/ approach zero with Af, and the ratio 

-7- in the limit becomes equal to the ratio ^ ^^ — ^ . 
At ^ At 



We have then 
r BG 

Li 1 — 
AI-i-0 A^ 

whence 



= 7 Af = ^ 



Afi^o A^ dx At-^o At dy At'^o At 



dz _ ^ dx , dz dy 
dt dx dt dy dt 



This result may be expressed in words as follows : 
The total rate of change of a function of x and y is made up of 
two parts: one is the rate of change of x multiplied by the partial 
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x-derivaiive of the function, the other the rate of change of y mtUtiplied 
by the partial y-derivative. 

The following examples will serve to illustrate this principle. 

Ex. 1. Suppose the equation of a gas to be pv — 54 7, and let the volume 
and temperature at a given instant be Vq = 15 and 7^ "- 640. The correspond- 
ing pressure is 

64X640 ^^ 
Po - —15 2304. 

In this state suppose the temperature to be rising at the rate of 0.5 degree per 
second and the volume to be increasing at the rate of 0.2 cubic foot per second. 
Required the rate at which the pressure is changing. 



We have 

• 








p- 


T 
' 64- 

17 


1 


whence 


■ 




dp 


54 


dp^ 

dv 


T 


Hence in the 


given 


state. 
















dpT 

ar Jr-To 


54 
16 


-3.6, 


and 






dp-i 

di; J, 


r-vo 


54 X640 
15» 



- 153-6. 
lo- 

Also taking the time t as the auxiliary variable, 

dT - _ , dv ^ „ 
■dt - ^•^' *^^ di - ^-2. 

'^'^ t - IfS + &S - ^'^ ^ ^-^ - ^^'^ X 0.2 - - 28.92. 

That is, the pressure is decreasing at the rate of 28.92 pounds per square foot 
per second. 

Ex. 2. The equation 

2 - 2«* -f 5y» 

represents an elliptic paraboloid. At the point x <» — 3, y «. i, we have 

dz 



dxJx--3 Jx--3 

^1 - lOyl - 10. 

dyJy-1 ''jy-1 



Assume the rate of change of x to be 3 units per second, and that of y to be 
2 units per second ; that is» -jT — 3 and ^ -= 2. Then the rate of change of « is 

dz nn<^ . -irxdy ^„ .. 

-^ - - 12-^ + 10-^ — - 16 units per second. 
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In the preceding discussion x and y were taken as independent; 
that is, each was defined by an arbitrary function, and the function 
of t which defined x had no definite relation to the function of the 
same variable which defined y. Under these circumstances, (x, y) 
is any point in the ZY- plane, and as x and y vary, the moving 
point is not restricted to a particular curve. The corresponding 
values which z assumes include all positions on the surface z « 

Let us now suppose that there is a relation existing between x 
and y. This relation may be expressed explicitly by the equation 

y = F(x), 

or implicitly by the relation 

(f)(x, y) = 0. 

These relations restrict the moving point (x, y) to a particular 
curve in the XY- plane and consequently the values of ^ to a 
particular curve in space, that is, to the intersection of the cylinder 
<f>(x,y) = and the surface z =/(x, y). Whenever such a relation 
as the above exists between x and y, we may choose x itself as the 
variable t, and formula (a) reduces to the following: 

dso dx ^y dx'^ ^ ^ 

fiz oz 

In this formula it is to be observed that -— and -r— have verv 

ax ox 

dz 
different meanings. The partial derivative -r— is formed on the 

ox 
supposition that x alone varies, that is, that y is constant. On the 

dz 
other hand, 3— expresses the variation of z due to a change in both 

ax 
X and y ; for this reason it is called a total derivative. Likewise 

dz 
in (a), -— is the total derivative of z with respect to t. Moreover, 

dz 
the value of -— is definitely determined by the value of the coor- 

ox 
dinates of the point in question; in other words, it is a function of 

the coordinates only. This follows from the fact that the variation 

can take place in one direction only. Functions like this, which 

depend for their values solely upon the coordinates of the point, 

dz 
are called point functions. The value of -— depends not only upon 

ax 
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the coordinates of the point but also upon the direction in which 
that point is approached. This derivative is therefore not a point 
function. 

Formulas (a) and (6) may be extended to functions of any 
number of variables. Thus, if 

w = f{Xy y, z), 

du du dx du dy du dz . 

'di^'Sx'di Ty'dl 'dzM^ 

and if further y = 0(x), z = <l>(x), 

du du du dy du dz .,. 

dx '^ dx dy dx dz dx 

The proof is left as an exercise for the student. 

Formulas (h) and (d) are chiefly useful in the differentiation 
of somewhat complicated functions of a single variable. The fol- 
lowing example shows such an application. 



du 



Ex. 3. Find 5^, where u - xe^^'-^sin'x. 
dx 

Let y =» Va* — x* and z »» sin' x; then u =- xe^z, 

, ^M . 3u . du « 

ox ay dz 

Also -^ «. _ , — «. 3 sin' xcoex, 

dx V a' — X* dx 

Substituting these expressions for the derivatives in (d), we get 

du 7?^Z 

— — 6*2 — + 3 xe* sin' x cos x 

dx Va' — x' 



-fi-^^ 



-«'sin» X fl - ^ ^ + 3 cot xl 
L Va' - x' J 



EXERCISES. 



1. Find J- in each of the following : 
ox 

(a) tt - x> + y*, and y - e**"*. 

(b) tz =■ arc tan - , and y — c*. 



(c) 1* — log (x -f y)> and y — Vx* + o*. 

(d) u — x'e* cos X. 

(e) u -» ^ (y — 2), and y = a sin x, « — cos x. 
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2. A triangle has a base of 10 units and an altitude of 6 units. The base 
is made to increase at the rate of 2 units, and the altitude to decrease at the rate 
of i unit. At what rate does the area change? 

^ y» j^ 

3. A point lying on the ellipsoid oS + oc + iq—li^ ^^® position x — 3, 

y =^ — 4, moves so that x increases at the rate of two units per second, while 
y decreases at the rate of three units per second. Find the rate of change of z. 

4. With the same data as in Ex. 1, Art. 106, suppose the pressure of 
the gas to be increasing at the rate of 40 pounds per square foot per second, 
while the temperature is falling at the rate of 1 degree per second. Find the 
rate of change of the volume. 

6. A gas has the equation pv — RT, and expands following the law ptf* — C, 
where n and C are constants. Derive expressions for the total derivatives 

-j— and -J— under these conditions. 
dv dp 

6. Derive the same results by eliminating p and v successively between 
the equation of the gas and the equation of the expansion and differentiating 
the resulting expressions. 

107. Total differentials. In formula (a),-r^ ,^ , and ^ are the 

dt di di 

quotients of two differentials; hence we may multiply through by 
the differential dt. The resulting formula 

expresses the differential of z in terms of the differentials of x and y. 
This formula may be extended to any number of variables. Thus if 

dti = — axj -f r— axj + 7— ax, + • • • + ^ «^n- 

"X* "Xn ^Xa VX|| 

The differential dz in the formula (e) is called the total different 

dz dz 

tied of z. The terms — dx and — dy are called respectively the 

partial x-differential and partial y-differentidl of z. These latter are 

frequently denoted by dxZ and dyZ, and (e) is then written in the 

form 

dz = djgZ + d^. (^ 

Equation (e) therefore expresses symbolically the principle that 
the total differential of a function of several variables is equal to the 
sum of the partial differentials. 
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Ek. Let u — eV sin «. Then 

— » e'y' sm «, -^—2 6^ sm «, -v— — cV ©os «. 

Therefore di* — e^ sin « (ix 4- 2 e*y sin « dy + «^ cos 2 di. 



1. Differentiate each of the following functions by means of fonnula (e) and 
verify the result by direct differentiation. 

(a) z — cV- (e) « — a'€^ . 

(b) « — y*. (f ) z « arc tan - • 

(c) « - sin » COB y. (g) « - x* + y*. 

jjj t/ X 

(d) 2 « -i • (h) 2 — arc cos - + arc tan - • 

y* ^ X y 

2. Differentiate each of the following functions. 

(a) u — x* + y* + 2 xyz. (d) u — sin x cos y cos' z. 

(b) u - 2^. (e) u - arc tan ^ • 

X'2 

(c) u — tan ^ tan <f^ tan ^. (f ) t* — -5-;;^ — 

3. From the perfect gas equation pv — RT, find the change in p produced 
by simultaneous changes of t; and T, 

4.- The formula for the coefficient of diffusion of a gas is A; — CpT*, where C 
is a constant, p the pressure, and T the absolute temperature. Find the 
change in the coefficient due to simultaneous changes in pressure and tem- 
perature. 

6. Taking the formula H » h^D^ for the horsepower of a steamship 
derive an expression for the increase in horsepower due to an increase Js in the 
speed, and an increase JD in the displacement. 

108. Differentiation of implicit functions. Suppose that y is 
defined implicitly as a function of x by means of the relation 
f(Xj y) = 0. In Art. 49, we discussed a method for obtaining the 

derivative -;— when the particular analytic expression for the given 
ax 

function is known. By applications of the principles deduced in 
Art. 107, we can now establish a general formula for writing out at 
once the required derivative. 

Since the function /(x, y) has by definition, the constant value 
zero for all values of x and i/, the total differential must also be 
zero. Hence we have 

1^ dx + 1^ di/ = 0. (1) 

9x oy 



therefore. 
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Transposing the first term to the second member of the equation 
and dividing both members by dx, we have 

df 
dy da? . 

due df 

dy 

which may be used as a formula for writing out at once the required 

result. 

Ex. Given /(x, y) — x^ - ^ — 0« 

We have |^-2xy-y», |^-x»-3a^; 

dy 2f — 2xy — 1^ 

dx"" df x» - 3 xy» * 

EXERCISES. 

For each of the following functions find the first derivative by the method 
of this article. 

1. y» - 3 xV + a^y* - 0. 4. p (v - fe)* - C, find ^ • 

2. X* sin y - y« cos X - 0. 6. />»-/>» cos ^ « C, find -^ • 

du 

3. xtr-C. 6. 6V + ay-aV. 

109. Approximation formulas. Formula (e) gives an exact 
relation between certain differentials. By reference to Fig. 82, we 
may derive an approximate relation of the same form connecting 
the corresponding increments. From Art. 106, we have 

As in Art. 46, we may take the differentials dx and dy of the inde- 
pendent variables as numerically equal to the increments Ax and 
Ay. Then (1) becomes 

BG^^dx-^^dy. (2) 

ax ay 

Comparing (2) with equation (c), it appears that B6 represents 
the total differential dz; while the increment Az is represented by 
the segment BQ. 
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In general, therefore, dz and Az are different. However, the 
smaller the increments Ax and Ay are taken, the smaller the rela- 
tive difference, that is, the nearer the ratio --— approaches 1. Hence. 

Az 

if in (1) we Write Az for BG, the resulting equation 

doc dy 

gives a relation which is approximate but which becomes more 
nearly exact, the smaller Ax and Ay are taken. This equation is 
useful in calculating an approximate value of Az corresponding to 
arbitrary changes Az) Ay. It may also be used in calculating the 
approximate effect of small errors. Thus, if 2 is a function of x 
and T/, the error in z due to errors Az and Ay in the observed 
values of x and y^ is given approximately by (3). In general, if 
u = /(Xj, Xj, Xj, . . . , Xn), the error in u due to errors in the value 
of X,, X2, Xj, . . . , x„, is given approximately by 

Au-||Ax. +|j^Ax, + . . . +^^Ax„. (4) 

■ 

£x. 1. li z ^ i^ — xy, find approximately the increment of f, correspond- 
ing to Jx =» .02, Jy — .01, when x — 8, y = 5. 
From (3), we have approximately 

Jz - (2x - y)Jx - xJy « .22 -.08- .14. 

The actual change of z is 

(8.02» - 8.02 X 5.01) - (8» - 8 X 5) - .1402. 

Ex. 2. Let W denote the weight of a body in air, and to its weight in water; 

then the formula 

W 

W —W 

gives the specific gravity of the body. 

Since ^^fp = — 757 r; and ^ « 7=^ r, , the error i 5 in the calculated 

dW (W — wy ow (W — wy 

specific gravity due to errors JW and J win the weights is 

w W 

(n — wy (W — wy 

The relative error (see Art. 33) is given by the equation 

JS w /Aw __ JW\ 

S '^ W -w\w W I 
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EXERCISES. 

1. If u » 7^, find approximately the change in u when x changes from 10 
to 10.02 and y from 4 to 4.01. Calculate also the change in u when Jx =» .002 
and Ay = .001. In each case compare these approximate changes in u with 
the actual changes as derived from the original equation. Interpret the results 
in connection with Fig. 82. 

2. Let « « sin X cos y. If x = 22°, y « 37**, find the change of z due to the 
changes Ax = KY, Ay ^ 15'. Calculate the approximate change and compare 
the result with the actual change. 

3. Let b and h be respectively the breadth and height of a rectangle and A 
the area; then A » bh. Interpret geometrically the approximate equation 

JA = A J6 + 6 Ah, 

and show wherein the approximation lies. 

4. Find the relative error in the computed area of an ellipse due to errors in 
the measurement of its semi-axes a and 6. 

6. Given a triangle having sides a, 6, c, and opposite angles A, B, and C, 
If a side c is determined by measuring two sides a and b and the included angle 
C, show that the approximate error Ac is given by the equation 

Ac = Aa cos B + Ab cos A 4- a AC sin B. 

6. Find the approximate error A A when angle A is found by measurement 
of the three sides. 

7. If the area S of the triangle is determined from the three sides, show 
that 

AS^-AacotA + ^ Ab cot B -h ^^ Ac cot C. 

8. Derive an expression for AS when the area is found from two sides and 
the included angle. 

110. Exact and inexact differentials. In dealing with functions 
of two or more variables, expressions of the form 

Mdx+Ndy (1) 

are frequently met, where M and N are functions of x and y. 
These expressions fall into two classes between which there is an 
important distinction. It may be possible to find some function 
u = f(xy y) which upon differentiation gives the given expression. 
For example, 

^ dx -{■ log X dy 

X 
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is the result of difTerentiating y log x. In this case, if we put 
w « 2/ log Xj we have 

du = ^^ dz + ^--cf!/ ^ Mdx + N dy, (2) 

ox oy 

whence M = Jf,iV=^|^; (3) 

ax ay 

that is, M and N are the partial derivatives of the given function 
with respect to the two variables. 

Often no function can be found such that the coefficients M and 
N are its partial derivatives; hence in such cases there is no func- 
tion whose differentiation gives an expressioYi like (1). When 
(3) holds, that is, when (1) may be obtained by differentiating 
some function u = /(x, ?/), then M dx + N dy is said to be an 
exact differential; otherwise it is said to be an inexact differential. 

Whether a given differential is exact or inexact can be readily 
determined when u = /(x, y) has continuous first and second 
partial derivatives. If (1) is exact, (3) must be satisfied. From 
(3) we get by differentiation, 

dM ^ Jhj, ^ dN ^ d^u /^v 

dy dydx dx dxdy 

It has been shown that when the partial derivatives of u are con- 
tinuous in both variables, we have 

dy dx dx dy ' 

hence the necessary condition that M dx -\- N dy he exact, is given 
by the relation q^ ^ ajy 

dy dx 

It may also be shown that this condition is also sufficient; that is 
to say, when (5) holds, then some function u = /(x, y) can be found 
such that (1) is its differential.* 

Ex. 1. Given the function 

^i^ dx + Sf^y^ dy. 

We have M = ^y^, N = 3 c-y», 

and -d^-^^V^a^- 

Hence the given function is an exact differential of u — c^. 



* See Chapter XVIII. Art. 160. 
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The essential difference between exact and inexact differentials 
appears when integration is attempted. Suppose first that 
M dx + N dy \a an exact differential. We may then find some 
function u — f{x,y), whose differential is the given expression; 
that ia, we may write 

Mdz + Ndy ^p-dx + p-dy (6) 

. ~^dx [from (h), Art. 106.] <8) 



Upon integration between any fixed limits, say (x,, y,) and (x,, j/,), 
we have then 



xr 



du= u,- V, ^ fix,, y,) - f(x„ y,). (9) 



In this case, it will be noticed that the value of the resulting 
integral depends upon the values of x, y at the initial and final 
points only. It is not dependent in any way upon the path by 
which this end point is reached, that ia, the manner of variation 
of X and y between the initial and final points. An example nill 
illustrate this characteristic of exact differentials. 

rrfy. 



Fig. 83. 



Ex. 
Her 


2. 


Let 


M dx + Ndy 

du 


-ydx + 


id 




/: 


.?"—■-"■ 


~x,y,-i 



The integral, which is represented by the shaded 
area. Fig. 83, is independent of tile path p between 

the points 1 and 2. 

Let us suppose now that the expression 
(1) is not exact. We cannot now replace 
M and N by the partial derivatives of a function u = f(x. y) with 
respect to x and y respectively. In order to integrate (1), we 
must assume some relation between x and y, say y =• F{x). We 
may then write 

M dx + N dy = (m + N^yx, 
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which, because of the assumed relation between x and y^ is a function 
of X alone and may be integrated as in functions of a single variable. 
But the integral 



n^.^t)^ 



depends not only upon the value of x at the initial and final points, 

but also upon -f- , that is, upon the path connecting these points. 

dx 

Ex. 3. Given M dz •\- N dy^y dx — x dy. Investigate the integral between 
the points (0, 0) and (1, 1). 

This differential is not exact because 

dM , dN 
oy dx 

If we let y = 0^, we have 

/;(M+.vg)^--/;x.dx--j. 

If, however, we put y » x', we obtain 

Hence in this'case, as with all inexact differentials, the integral is dependent not 
only upon the limits of integration but also upon the variation of x between these 
limits. 

A function which depends upon the coordinates only is often 
called a point function. To distinguish from this a function which 
depends also upon path of variation, the latter is sometimes called 
an imperfect function. A definite integral of an exact differential is 
therefore a point function, while a definite integral of an inexact 
differential is an imperfect function. 

It is customary to write 

du =^ M dx + N dy 



whether M dx -{- N dy is exact or inexact. In case M dx + N dy 
is exact, u is a point function, and, as in Ex. 2, we may write at 
once, 

aw = tij ~ Ui. 
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If, however, M dx -{- N dy is inexact, u is an imperfect function of x 
and y, and we must write 



Jr»x, 



rfu = w 



12; 



y\ 



where Ujj is understood as denoting the change of u from the 
initial to the final condition, whatever that change may be. 

The distinction between exact and inexact differentials is further 
illustrated by the following examples from mechanics and thermo- 
dynamics. 

Ex. 4. A particle moves in a plane from 
an initial position P^, Fig. 84, and traverses 
some path m. Let F denote the force acting 
on the particle when in the position P (F is 
assumed to he in the plane of motion), and 
let Fm and F, denote the components of F 
parallel to the X- and F-axes, respectively. 
Then the work of the force F as the particle 
moves from P^ to a final position P, is 

Kg. 84. W -f^'iF. dx + F,dy).* 

If the force F at the position P is a function of the co6rdinates of P, that is, if 
F — f(Xf y), then F, and F, are also functions of x and y, and W will or will 
not depend upon the path m according as Fmdx + Fpdy is inexact or exact. 

Let us suppose that F is directed towards a fixed point, which may be taken 
as the origin O, and is a fimction of the distance OP =» r, that is, F — ^(r). 
We have then 

y 




whence 

Since 
we have 



F, « F cos (? = <f>(r) - , F, = F sin ^ « <f>{r) ^ , 

W^ r'"'^(xdx + ydy). 
-'an. Vi r 

J* + y* = H, X dx -h y dy '^ r dr, 



W 



where 



= P<;6(r)c/r=^(r,)-0(r,), 
(l>(r) dr ^d ^(r). 



In this case therefore the differential F« dx + F, dy is exact since it reduces bo 
the differential of a single variable. It follows that the work W depends only 
upon the initial and final values of r, and not at all upon the path between the 
points Py and P,. 



* See Zi wet's Mechanics, Part III, Art. 71. 
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In the cajse of a body moving on a rough surface, the force of friction must be 
included among the forces acting. The work of this force is given by an expres- 
sion of the form | iiQds, in which m denotes the coefficient of friction and 

Q the pressure between the body and surface. Evidently the work of friction 
depends upon the path; therefore the total work also depends upon the path, 
and W cannot be a point function. 

Ex. 6. In the expansion of a gas by heat, the heat Q supplied depends upon 
the changes in the temperature T and volume t; of the gas. The equation ex- 
pressing this dependence is 

dQ ^ cdT + pdv, 

in which c denotes the specific heat of the gas at constant volume. If we 
apply the. criterion (5), we obtain 

Hence (5) does not hold, and cdT ■{• pdvis inexact. This means that the heat Q 
entering the gas depends upon the way in which T and v vary, that is, upon the 
path from the initial state (t?,, 7,) to the final state (Vj* ^2)- Upon integration, 
we obtain 

o„ - c rj* dT + r"' pdv~ e(T, - r.) + r*pdv. 

If the relation between p and v is given, I p dv can be evaluated and the 
heat Qix can be found. 

EXERCISES. 

1. Determine which of the following differentials are exact. 

(a,) e' 8in y dx -h er C06 y dy. (d) (y* ~ 2xy — y)dx — (2^ — 2 xy ■}- x) dy, 

(b) x*y* dx + 5 x'y dy. (e) yam2xdx + sin* x dy. 

(c) if" dp + n pv*~* dv. (f) (y* - 1) dx + X dy, 

2. By means of Fig. 83, show the geometrical interpretation of the differen- 
tial ydx — X dy. Prove from geometrical considerations that this differential 
cannot be exact. 

3. The area under a curve is given by A = j y dx. Show that A cannot 
be a point function of the codrdinates. 

4. By means of the gas equation pv — RT show that while dQ (^ cdT + pdv) 

dQ . 
is inexact, -«r is exact. 

6. Referring to Ffg. 84, find the work of moving the particle from Pj to P, 

k 
(a) when F - p ; (b) when F = - At. 
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MISCELLANEOUS EXERCISES. 

dii du du 
1. Find a~ » F~ » 3- for ^sxh of the following: 



(a) u — arV**. 
(c) u ^ 7?^ cos z. 



(b) u - (x» 4- y»+ 2»)* 
(d) u =■ arc tan • 



2. Find D^y iot the following functions : 
(a) ar'y' - 4 a:y* + 3 y» - 0. 

0. 
1. 



(b)^-^'-i 



a' 






du . 



3. Find ^ in the following cases: 

(a) u — v^z* + y'^ y — arc tan x, 

(b) u — x*e" arc sin x 



(c) u — arc tan - , 

z 

(d) u = er (y - 2), 



y «= e , 2 — COS X. 
y « a sin X, 2 »> cos x. 



4 Form -^— 

dx dy* ' dx*dy 



, and -^ for each of the following : 



(a) tt « sin e^. 

(b) u - x» - 6 x*y + 3 y*. 

(c) u — cos (ax" + ty*). 



(d) u «= €*cosy. 

(e) u — sin x* + cos xy. 

(f)u 



6. Show that the relation ^ + ^ — holds for the following functions : 



6. Ifr = 



V - log (x» + y»), 
1 



F = arc tan - • 

X 



y 

X 



^ , snow that — H + 

V x» + y^ + z* dx* dy> dr» 



0. 




7. The potential V at a point P, in a straight lino 
^ due to the attraction of a mass at an external point 
C. is 



7 = A; log 



y + Vx» + y» 



dV dV 

Find -^ and -s— 
dx Oy 



Fig. 85. 
8. Find from van der Waals' equation 



BT 



the partial derivatives ?& and ^ • Give physical interpretations to these 
derivatives. 
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dp dp 

9. From the perfect gas equation pv — RT, find the derivativea ^, ^ , 

^= f and give physical interpretations. 

2^ yt j^ 

10. At the point x - 2, y - - 3, on the ellipsoid 9 + §5 "^ l6 " ^' ^^ 
the values of r- and 7- • Draw a figure and interpret the results geometri- 
caUy. '' ^« 

11. If z is a homogeneous function of x and y of degree n, prove Euler^s 

theorem, viz. : 

dz , d« 

12. Verify Euler's theorem for the following functions: 

(a) « « (x» 4- y*) v^xy. (c) z - are tan xy. 

(b) z =- x* — 3 xy* + 2 y*. (d) z — arc cos — h aro tan - • 

y ^ 

13. Differentiate both members of (a), Art. 106, with respect to t, and 
derive the following formula for the second total derivative : 

(Pz bH /dx\* dh dxdy d'z /ofy V ^^ , dj d*y 

' dl* ^ dj^ \dt) "^ dx dydi di "^ dy^\dt J '^ dx dt^ '^ dy dt^ ' 

14. By taking x itself as the auxiliary variable t, derive from the formula of 
Ex. 13 a formula for the second derivative -t-j • Use this formula to find -7-^ 
from the equation z « x* — 2 xy. 

16. If z « /(y 4- ax)f show that 

, . dz dz „.vd'2 • bh 

16. From the transformation equations x = p cos d,y ^ pBin 6, derive the 

relation 

X dy — y dx = p^ dd, 

17. A point moves on the surface Z"=x' + 2y*ina vertical plane which 
includes the Z-axis and makes an angle of 30^ with the XZ-plane. If the 
X-component of the point's velocity is 3 units when x = 2, find the Y- and 
Z-components of the velocity. 

18. Derive an approximate value for the error in computing the volume V 
of a cylinder from the measured height h and base radius r. Find also an 
expression for the relative error. 

19. The specific heat of a substance by the method of mixtures is given by 
the formula 

1/ ■=» — J- I 

in which nti and m, are two masses, and ^| and A3 two temperature differences. 
All four quantities are determined by measurement. Derive an expression for 
the error of C due to errors of measurement. Also derive an expression for the 
relative error. 
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AC 
20. In Ex. 19, with the following data calculate AC and -^ 



nil - 0.744 lb. 




h, - 7.767^ 


m, - 22.337 lb. 




h^ = 8.244^ 


Am^ ^ Am, '^ .01 lb. 




Ah, « Ah, - .02*. 


21. The expression 






hx + c(l - 
T 


x) 


dT-h^j,dx, 



which applies to a mixture of liquid and vapor, is known to be an exact differ- 
ential; h and c are specific heats, functions of the temperature T only; r i.s the 
latent heat of vaporization, also a function of T; and x is the percentage of 
vapor in the mixture. By the use of the criterion for an exact differential 
derive the relation 

- dr r 

22. Find a function u of a; and y that satisfies the relation 
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111. Plane areas by double integration, rectangular coordinates. 

In Art. 80 was shown the connection between a definite integral 
and the sum of an infinitely large number of indefinitely small 
terms, and in Art. 105, the elementary properties of multiple integrals 
were defined. In the present article, we shall apply the results 
of the previous discussion to determine plane areas. In doing 
this, we shall make free use of the results already obtained. 

Let a given plane area be bounded by the two curves y = /(x) and 
t/ = F(x)(Fig. 86) . Circumscribe 
the bounding curves by a rec- 
tangle whose sides are parallel 
to the axes of coordinates. Di- 
vide AB into n and CD into 
m equal parts, denoting each 
of the equal divisions by Ax, 
Ay, respectively. The given 
rectangle is thus divided into 
elementary rectangles of area 
Ax Ay. The area of the strip 
PQ is given by 



y^c 




O x=a 



x=b 



>X 



Tig. 86. 



Ax . L X At/ = Ax I 



dy. 



If now we sum up all of the strips between the limits x = a and 
X =» 6, we have 



V Ax / dy. 



The limit of this sum as Ax ^ is, by Art. 82, the required area. 
However, this limit is simply the definite integral taken from 

dy. Hence, denoting the 
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required area by A, we have upon passing to the definite integral, 

^ = / / dy dx. (1) 

We might equally well have summed up the elements of area in 
the reverse order, namely, first with respect to x and then with 
respect to y. In this case, we should have obtained 

j dx dy, (2) 

where (f>(y) and <p(y) are the inverse functions of F{x), f(x), 

respectively. 

Ex. 1. Find the area between the circle a:* + ^ =a* 
and the line x + y = a. See Fig. 87. 

The co6rdinates of the points of intersection are 

(0, a) and (a, 0). The lower limit of the y-integral 

is the value of y found from the equation x + y = a, 

namely, y — a — x; and the upper limit is the value 

of y determine d from the equation a:' + y* « a', 

namely, y =» Va* — x*. Hence we have 
Fig. 87. 




4 

In some cases it is necessary to break up 
the integration into two or more parts, as 
illustrated by the following example. 

Ex. 2. Find the area bounded by the curves 
x* + y» « 25, y» = y X, and y « A x». See Fig. 88. 

The circle and the first parabola intersect at the 
point A^whose coftrdinates are (3, 4), and the second yjg, gg. 

parabola intersects at the point C whose coordinates 

are (4,3). From |9 to A, the equation y* — V x gives the upper y-limit, but from 
A to C, this limit is determined from the equation of the circle, x* + y* ~ 25. 
The equation y =« ^ x* of the lower curve OC gives the lower y-limit through- 
out. Hence we have 

4\/5 / 

r rfydx+j I dydx-7.65. 
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EXERCISES. 

1. Find by double integration the area of a parallelogram with one side in 
the X-axis. 

2. Find by double integration the area of a right triangle with a short side 
in the X-axis. 

3. Find by double integration the area between the parabolas ^ »- 8 x and 
a:* - 8y. 

4. Find the area between the circle x* + y* » a' and the line y >- 6, & < a. 
6. Find the area between the circle x' + y* « 2 ax and the parabola y* — ax, 

6. Find the area between the curve y — x* and the F-axis from the origin 
toy - 8. 

7. Find the area bounded by the parabolas y'-^V^f y^'^f^ ^^'^ the 
circle x* + y* ■» 25. Consider the first quadrant only. 

8. Find the area between the circle x* + y* — 25 and the line a; + y — 7. 

0. Find the area bounded by the curves x* + y* — 1^9, y* — JJ| x*, and 
5 X — 12 y — 0, in first quadrant. 

10. Find by double integration the area of the circle 

(x-a)» + (y-6)»'-c». 

x* v* 

11. find the area of the ellipse — , + %^^ 1. 

112. Plane areas by double integration, polar coordinates. It 

is sometimes convenient to choose a polar element of area rather 
than the rectangular element Ay Ax. 

To derive this polar element, we proceed ^ ^ 

as follows. 

Let the given element of area be 
ABCD, Fig. 89, bounded by the two radii ^ — - 

OCy OD, and two circular arcs having 
their common center at 0, Let the * 

polar coordinates of B be {pjO). From elementary geometry, 
we have 

sector ^05 = ip^A^, (1) 

sector DOC = i (p + Ap)'A^. (2) 

Hence AA = ABCD - i 0> -f ^py^^ - ifPAd 

« 0> + i Ap)MAp. (3) 

Using this polar element, we may find the area between two 
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curves p = F{8), p = f{0). Fig. 90, as follows: First keep iS 
constant and sum the area elements with respect to p. The result 
of this summation is an area 
of the type PQSR, the ex- 
pression for which is 

OP 

Ad.L V(p + iAp) \= 

OP 

= AO-L VpAp 



■■ A 



nop 
i f pdp. 

JOQ 



If now we sum with respect to 6, we get the sum of the wedge- 
like slices, and the limit of this sum is the required area. We have 
therefore *i rop /•», /*op 

^ = ^ X AS- / pdp= j I pdpde. 

Replacing OQ and OP bv F{8) and/(fl) respectively, we obtain the 
(ormula A - f' f" , ^, ^.. (4) 

The area included between the curve p = /(8) and two radii, as 
OA and OB, is obtained from (4) by making F{8} = 0. 

The required area may also be obtained as follows: Summing 
first with respect to 0, keeping Ap constant, we obtain a segment of 
a circular ring of the type EFGH. A second summation with 
respect to p gives the sum of such ring segments, the limit of which 
sum is the area A. The resulting formula is 

' prferfp, (5) 



.. 'hit 



where 4>(p) and 0(p) are the 
inverse functions of F{0) 
and /((?) respectively, 

Ex. Find the area between the 
circle p = cos 9 and one loop of the 
leniniscate p" - cos 2 C. Fig, 91. 

If fonnula (4) is used, the area 
must be taken in two parts. The 
upper limit for both integratione 
ia determined from the equation of the circle /» - coa C For values of fl be- 
tween and J , the lower limit of the /(-integration is obtained from the equa- 
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tioD of the lemniscate p" •> cos 2 d. Since, however, no part of this loop of the 
Umniscate lies to the left oC the line OA, the lower limit for the p-iotegratiOD 
Hence we have 



for VEtlues of fl greater than ; is C 

A-2yj^__ fid, 



.jjf\ 



EXERCISES. 

1. Find by double integration the area of the circle p ^ a. 

Z. Find the area between the cardioid ^ — a (1 — cob 8) and the circle 

3. Find the area between two circles tangent internally and having radii r^ 
and Tj respectively. 

4. Find the entire area of the cardioid p — a (I — cos 0). 

6. Find the area of one loop of the lemniscale 
p' =■ a' COB 2 6. 

8. Find the area between the circle p — coa 
and one loop of the lemniacate p' ~ cob 2 by the 
use of formula (5). 

7. Find the areas between the cardioid p ~ 
a (1 - coa 6) and the circle p - a. (The shaded 
areas OBAD and BDCB, Fig. 92.) 

8. Work Ex. 3 by formula (5). ^- »» 

113. Volumes by triple integration, rectangular coordinates. 
Consider the volume bounded by the coordinate planea and any 

surf lice whose equation is z =fix,y), 
where /(j, y) is a continuous func- 
tion. Through two neighboring 
points P and Q (Fig. 93) within the 
solid let planes be passed parallel 
to the three coordinate planes. 
The six planes will inclose a rec- 
A" taiigular parallelopiped PQ whose 
volume is \s Ay Ax; for if we 
assume the coordinates of P and 
Q to be respectively {x, y, z) and 
(x+Ax, y+ Ay, j+ Az), the edges 
jj^ ^ of the parallelopiped are Ax, Ay, 

and Az, respectively. 
We first take the sum of these elementary parallelopipeds with 
edges lying along the line S'PS. With x, y. Ax. and Ay constant. 
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the limit of this sum as Az is made to approach zero is the volume of 
the prism whose base is Ax Ay and whose altitude is S'S. 
Now with X and Ax constant, we take the sum of the prisms lying 
between the planes AMD and BNC, By an extension of the 
method of Art. 82, it follows that as Ay is made to approach 
zero, this sum approaches the volume of the cylindrical slice 
AB'C'DMN. Finally, we take the sum of the slices parallel to 
the yZ-plane. As Ax approaches zero, the volume of the cylin- 
drical slice approaches that of the actual slice ABC DM N, Hence 
the limit of the sum of these slices as Ax approaches zero, gives 
the volume of the solid. We have therefore 

Volume of prism = Ay Ax L ^ Aar = Ay Ax I dz. 

^ I f*ss* \ 
Volume of cylindrical slice = Ax L XiAyl I dz] 

Ay-o ' VJo / 
I dzdy. 

Jo 

Volume of solid = L VAxf I I dydz] 

^-^0^ \Jo Jo I 

Jf*OE rMD nss* 
j I dzdydx. (1) 

t/o Jo 

Hence the volume is obtained by a triple integration, provided the 
limits of integration are properly chosen. 

The first summation, namely, that with respect to z, extends from 
zero to SS', which is the value of the ordinate of a point on the 
surface. The upper limit is, therefore, a variable which is given 
by 2 = /(x, y)y where x, y are the coordinates of the point S\ The 
second summation is taken from zero to MD, and hence the limits 
are zero, and the value of y on the curve FDE, that is, the value of 
y determined from the equation /(x, y) = 0. Let this value be 
y = <^(x). Finally, the integration which gives the sum of all the 
slices between and E has for its limits zero and the constant OE 
(= a, say). We may therefore write equation (1) in the form 

f dz dy djo. (2) 

Jo 



Akt. 113.] 



VOLUMES BY TRIPLE INTEGRATION 



277 



It will be observed that the limits for the second and third in- 
tegration are the same as those that would be used in finding the 
area OEF, i.e., the projection of the given solid on the XF-plane, 

by means of the double integral I I dy dx. 

If the given solid is not bounded by the coordinate planes, the 
lower limits will not be zero, as in (1) and (2); they can be 
readily determined, however, in the same manner as the upper 
limits. 

Ex. Find the volume inclosed by the surface — h r- ^ ^ ^ &nd the plane 
z — c. 

Since the solid is symmetrical with respect to the XZ- and FZ-planes, we 
may find the volume of the part between these planes and multiply by 4. A 
line through P(x, y, z) parallel to OZ cuts the bounding plane in a point for 



which z = Cf and the bounding surface in a point for which z 



2\a ^ h I 



These values of z are therefore the upper and lower limits for the first integra- 
tion. A plane section through P parallel to ^ 
the plane YZ has for its perimeter the parabola 

V* = 2 6z 3?. The extreme value of y, that 

for which z — c, is 



y = -^ 2 6c - - X*, 



and this is therefore the upper limit for the 
second integration. Finally, the projection of 
the solid on the plane XF is bounded by the 
ellipse 



a * 




and the extreme value of Xy corresponding to y » 0, is V2ac. Hence we have 



y/2ac 



ry/2ac r 

•/O «/ I] 



\/2bc-^x^ 



2 \a ^ h) 



EXERCISES. 

1. Determine the limits of integration for the triple integral j j \ dz dydx 

required in finding the volume of the pyramid bounded by the co()rdinate planes 

and the plane - + ?- + - = 1. Draw the figure, 
a 6 c '^ 
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2. The cone whose equation is ^ + 2^ => c^x' has the X-axis as its axis. 
Determine the limits of inte^ation when the volume of the oone is found 

from the triple integral j | i dzdy dz. Also when the volume is found from 

the triple integral I | I dx dy dz, the x-integration being performed first. 

Let h denote the altitude. 

3. Find the volumes in Exs. 1 and 2. 

4. Find by triple integration the volume of the ellipsoid 



-, + 



y" 



a' 



+ 



1. 



6» ■ c» 

6. Find the volume inclosed by the surface 

3^y^ + <?s? ^ a^^, 

and the planes y >- and y ^ c 

6. Show that the volimie generated by revolving a plane about the X-axis 
may be found from the formula 

F- 2n ( (ydydx. 

7. Find the entire volume bounded by the surface whose equation is 

ic' + y' + 2* = a*. 

8. Find the volume of the wedge cut from the cylinder a;* + y" = a» by the 
planes 2 « 0, and z '^ x tan ^. 

114. Volumes by triple integration, polar coordinates. Let p, 0, ^, 

denote the coordinates of any point P within a solid, where, as 

usual, p is the distance OP (see Fig. 95), 
is the angle ZOP which OP makes 
with the Z-axis, and <f> is the angle XOP' 
which the projection of OP on the XF- 
plane makes with the X-axis. Through 
P suppose three surfaces passed: (1) the 
surface of a sphere with radius OP and 
as a center; (2) a conical surface 
"^^ produced by revolving OP about OZ as 
an axis; (3) a plane surface passed 
through OP and OZ. Now let a second 
spherical surface be passed through P^, 
a second conical surface through 5 by 
the rotation of OSS^ about OZ, and a 
second plane surface through OZ and OQ. 
The six surfaces inclose a solid element PQRSS^RiQ^P^ having the 
two spherical surfaces PQRS and PiQ^R^Si, the two conical surfaces 




^* I ! 



Fig. 95. 
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PPiQiQ and SS^R^R, and the plane surfaces PP^S^S and QQ^R.R. 
By means of such sets of surfaces the entire solid may be divided 
into elements of this type. 

Let PPi = Ap, angle POS = Atf, and angle P'OQ" = angle 
PHQ = A0. Then the sides of the given element of volume are 
PP' = Ap, PQ ^ PH A<^ = p sin A0, and PS =^ p Ad, Con- 
sequently, the volume of this element is p' sin ^ A^ A^ Ap, plus 
other terms which vanish when we pass to the limit.* Therefore, 
denoting the required volume by V, we may write, 



V= L L L VVVp^sin^ApA^Atf, 

or F= / I jp^sinBdpd^dB, (1) 

each integral being taken between the limits required by the con- 
ditions of the problem under consideration. This summation of the 
elements of volume can be effected in any order so long as the given 
volume is continuous. The method of determining the limits of 
integration Is illustrated by the following example: 

Ex. 1. Find the volume included by the surface /> » a sin' d cos 0. 

This volume lies entirely to the right of a tangent plane through the origin 

perpendicular to the initial line. The limits for ^ are, therefore, — ^ and ^ , 

and the entire volume will be included if ^ is given the limits and tt (see Fig. 
95). The limits of p are, of course, and a sin' cos ^. Hence we have 

w /ui sin' B COB ^ 



XT. i. 



p^ and dp d<f> dO 



- ~ r ( ^^ sin' eco^4>d4> dd^ |||a>. 

""i 

For a solid of revolution formula (1) may be simplified as fol- 
lows: Taking the Z-axis as the axis of revolution, the limits of the 

* The exact expression for the volume element is 

Ad 



pl^andJp JO J(f> 



<-{>*'-§) 



sin 



(^)(-^0) 



2 

It will be seen that as Jd = the factors in the first two parentheses approach 
1, and &a Jp ^ 0, the last factor approaches 1. 



280 MULTIPLE INTEGRAI5 [Chap. Xm. 

integration with respect to (p are clearly and 2 n; hence (1) bo- 
comes 

F = 2 ;r C C p^a'mddpde. (2) 

The limits of integration for p and d are precisely those that would 
be employed in finding the area of the plane figure revolved. 

Ex. 2. Find the volume generated by revolving the cardioid p « a (1 — cos 6) 
about the initial line. 
We have in this case 

/•w /•ad — 0O8 •) 

J J ^ 



- ^' C (1 - COS (?)• sin (?df? = I ;ra«. 



While in most cases the rectangular and polar volume elements 
previously deduced are the most convenient to use, it is sometimes 
possible to choose other volume elements that lead to simpler 
integrations. See Ex. 12 at the end of this chapter. 

EXERCISES. 

1. Find by polar coordinates the volume of a sphere (a) when the origin is 
taken at the center; (b) when the origin is taken at the end of a diameter. 

2. By passing to polar coordinates find the entire volimie of the solid in- 
cluded by the surface 

(x^ + y' -H z*)' « axyz, 

3. In the same manner find the volume included by the surface 

(x* + y* + z*)* =• 27 €?xyz, 

4. Find the volume obtained by revolving the lemniscate fi « a' cos 2 d 
about the initial line. 

6. Show the different types of solid elements produced when the summa- 
tion is effected in the following orders: 

(a) with respect to p, then d^ then ^; 

(b) with respect to p, then ^, then B\ 

(c) with respect to ^, then 0, then p. 

115. Equation of tangent plane. Let the equation of a surface 
be given in the explicit form 

2 = (x, y), (1) 
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and let (x', i/, z') be the coordinates of some point P on the 
surface, Fig. 96. The plane x = x' cuts the surface in a curve 
whose tangent t at the given point 
P has the slope 



For the sake of brevity, we write 



dz 



'- for 4>yi^i y')- Also the plane 



y ^ y' cuts the surface in a curve 

whose tangent at P has the slope 

bz 

equations of the two tangents at 

P in the form 

dz 



Hence, we may write the 




Fig. 96. 






(2) 



(3) 



Let the equation of the tangent plane containing the tangents 
t and t' at the point P be 



Ax + By + Cz + D ^ 0] 

then the following conditions must be fulfilled: 

(a) The plane must pass through P, that is, 

Ax' + 5t/' + Cz' + /) = 0. 

(b) When x = x', (2) must be satisfied. 

(c) When y =* y', (3) must be satisfied. 

Combining (4) and (5), we get 

-^ (^ - ^0 + § (2/ - y') + (2 - ;^) = 0. 



(4) 



(5) 



(6) 



When X = x', we have from (6), 



B 



and from (2), 



2 - 2' = - ^ (2/ - 2/0, 
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XT B dz , 

Hence ^ C ^ d^ ' 

and similarly, "" c" "" d? ' 

Substituting these values in (6), we get finally, 

'-*' =-g'(V-V')+^, («'-«''), (7) 

which is the equation of the tangent plane at the point P (a/, y', z^). 
If the equation of the surface is given in the implicit form 

the equation of the tangent plane takes the form 

i^-<^)^.+ (.v-y)^ + i»-'-)y;,=o. (8) 

This form may be derived from that given in (7) by the means of 
the relations 

dzf dzf 

116. Equations of a normal. The normal to the surface at the 
point P (x', y', z!) must be perpendicular to the tangents i and V 
through P. Hence from (2) and (3) of the preceding article, the 
normal must have the equations 

*-*=--£r-= — IT-- <^> 

If the equation of the surface is in the implicit form, the equations 
of the normal may be written 

ac — 35' y — y* » — «' 



df^ df^ df^ 

da?' dy' dz' 



(2) 



In equations (2) the denominators are proportional to the direo 
tion cosines of the normal. 

The angle which the tangent plane at P makes with one of the 
coordinate planes, say the XF-plane, is evidently the same as the 
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angle betjween two intersecting lines perpendicular to these planes. 
Any perpendicular to the tangent plane has direction cosines pro- 
portional to 

it, «£., a, 

bx' By' bz! 

while the Z-axis, perpendicular to the XF-plane, has the direction 

cosines 

0, 0, 1. 

Let y denote the angle between these perpendiculars; then we have 
from solid analytic geometry,* 

COS y = ^^ ^y' ^^ = ^^ (3) 

The angle between the tangent plane and the XZ- or YZ~ plane 
is found in a similar manner. 

Ex. Given the surface whose equation is xy — &i? » 0, to find the tangent 

plane at the point ( 1, 1, - j* 
We have 

whence 3^' " ^' d^' ^' d? " ^''' 

The equation of the tangent plane is therefore 

(a;-l) + (y-l)-2c(2-i^-0, 

or 

x + y — 2c« — 0. 

The equations of the normal at the given point are 

1 

z 

x-l^y-1 2^. 

The angle which the tangent plane makes with the XF-pIane is given by the 

equation 

2c 
cos 7 = — 



vT+4? 



* See Chas. Smith's Solid Geometry, Art. 24. 



284 



MULTIPLE INTEGRALS 



[Chap. XUL 



1. Find the equations of the plane tangent to the surface 

ax^ + by^ + a^ + d^O, 
at the point (Xq, y^, z^). 

Find the equations of the normal at the same point. 

2. Find the equation of the tangent plane and the equations of the normal 
to the ellipsoid 

^ + ^ + 1' „ 1 
_ 36 ^ 16 ^ 9 

at the point (5, - 2, i ^2 ). 

3. In Ex. 2, find the angle which the tangent plane makes with each of the 
coordinate planes. 

4. Find the equation of the tangent plane to the surface xy ^ 4 z a,t the 
point (— 2y 6, — 3). Find the angle which this plane makes with the XF-plane. 

117. Area of any surface. By double integration we may, in 
general, find the area of any surface whose equation is known. 

Let the equation be 

/(^, y> z) = 0, 

and let (Xj, y^, z^ be the coordinates 
of some point S, Fig. 97, on the sur- 
face. The coordinates of the point 
U may then be taken as x + Ax, 
y + At/, z + A^. Suppose planes 
passed through S and U parallel to 
the planes XZ and YZ. These planes 
will cut from the surface the curved 
from the plane XY the rectangle 
projection of STUV. Conceive a 




Fig. 97. 



quadrilateral STUV and 
STU'V, which is the 

tangent plane passed through the point S. 
If the ordinates TT', UU\ and VV are prolonged 
to intersect this plane, a parallelogram ST''U"V" 
(see Fig. 98) will be formed on this plane. The 
area of the projection S^T'U'V is At/ Ax, and 
if y denotes the angle which the tangent plane 
at S makes with the plane XF, the area of the 
parallelogram ST"U"V" on the tangent plane is 
the product sec y At/ Ax. 

With X and Ax remaining constant, suppose A?/ to approach zero. 




.08. 
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Evidently the point T" on the tangent plane will approach the 
point T on the surface, and the limit 

L y^sec y Ay Ax = Ax L Xsec y Ai/ (1) 

of the sum of the parallelograms is the area of a surface included 
between the planes AMD and BNC. The edge of this surface coin* 
cides with the line ASD] the other edge, however, does not, in 
general, coincide with line BVCy but is the locus of the point V" on 
the tangent plane. Now as Ax is made to approach zero, the points 
y approach the points V on the surface, and the area given by 
(I) approaches the true area ABCD intercepted between the two 
planes. Hence the limit of the sum of terms of the type shown by 
(1), as Ax » 0, is the area of the surface in question; that is, 



A = L 5i Ax ( L 5i s®c y ^y\ 

I I sec y dy\ dx 



I sec y dy dx. (2) 

The limits of integration must be such as to include the entire 
surface. Referring to the figure, it is evident that the ^/-liniits for 
the curved area ABCD are precisely the same as those for the 
plane area MNCD, and that the x-limits are those that would be 
used in summing the slices MNCD to obtain the area OEF, that 
is, the projection of the given surface on the plane XY. Hence 
in finding the area of the surface 

/(x, y, 2) = (3) 

b^' the double integral / / sec y dy dx, we use the same limits as 

in finding the area of the projection of the surface on the XF-plane 

by means of the double integral I j dy dx. As shown in the figure, 

the surface is limited to the positive octant. When so limited, 
each of the lower limits of integration is zero, while the upper 
limit when integrating with respect to i/ is a function of x, say 
<f>(x), and is obtained by putting 2 = in (3) and solving the result 
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for t/. In integrating with respect to x, the upper limit is a con- 
stant OE (= &, say). The surface may not, however, be bounded 
by the coordinate planes; hence the lower limits of integration 
will, in general, be diflFerent from zero, say y = (p{x) in the one 
case and a; = a in the other. 

Before the integration can be effected, the factor sec y must be 
expressed in terms of the variables x and y. Let a, ^, y denote 
the angles which the tangent plane at S {x, y, z) makes with the 
planes FZ, ZX, and XY, respectively; then from Art. 116, we have 



dx Q dy dz - f.. 

cos « = --., cos p = -li, cos y = — , (4) 



K ^L ^1 

dx Q dy dz 

— . f cos B = Jl, cos y = -7 

<p <p (p 



Substituting in (2) from (4), we get finally 



"* = / / T^^V^* (6) 

dz 

If the projection is made on either the XZ- or yZ-pIane, the 
student can easily deduce the corresponding formula. 

Ex. Find the area of the surface of the sphere x' + y* + z^ ^ a*. 
For convenience, we find the area of the part intercepted by the three coor- 
dinate planes, which is one eighth of the whole area. From the given equation 
we obtain at once 

da: "^^^ dy ^^^* dz ^ '' 



whence sec y =- ^ — — - . 

2 z z 

From (6), therefore, il = C C- dydx. 

The projection on the plane XF of the surface under consideration is the 
quadrant of the circle a:> + y» = a*, lying betwe en the X - and F- axes. Hence 
the limits of integration are respectively and Vo' — x* for y, and and a for i. 
Inserting these limits and substituting for Zt we get finally, 



«/o Jo 



\/a^ - x» - y» 
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The first integration with x constant gives the result 



^0 



y/ca - ar» dy . y "l>/a« - g« 



«- a arc sin > I ■- « « 



>/a» - x> - y» Va' - a:» J 

The second integration gives 



wa» 



Hence the whole area is 8 X -^ ^ 4 ;ra'. 



EXERCISES. 

1. Find by integration the area of the convex surface of the part of the cone 

a:» + y* - ik2» 

between the planes 2 » and 2 — A. 

2. Find the surface of the cylinder ;r' + <* « H, included between the planer 
y » and y » mx, 

3. Two cylinders of equal base radius a intersect at 
right angles. Find the area of the surface of one intercepted 
by the other. 

Sugge^ion : Take «* + «'= a' and y* + z* -» o' as the 
equations of the cylinders. 

4. The reflector of an electric headlight is a paraboloid of 
revolution and has the dimensions shown in the figure. Find 
the area of the reflecting surface. 

Suggestion : Project the surface on a plane containing the 
axis of the paraboloid. 7ig. 99. 

MISCELLANEOUS EXERCISES. 

1. Find the following areas: 

(a) Between the parabola y* =* 8 x and the circle x' + y* » 9. 

(b) Between the catenary y =■ cosh a; [or y — J («■ -H «""■)] and the cirdle 
a5» -f y» - 4. 

(c) The whole area of the curve (- j -+-(?) =" 1. 

(d) The area of the loop of the curve x* + y* — 3 <ixy, 

2. By double integration, find the following areas: 

(a) One loop of the curve p — a sin 2 ^. 

q n 

(b) The part of the curve p ^ a sin* -5- below the X-axis. 

d ^ 

(c) The parabola p — a sec' ^ between the vertex and the latus rectum. 

3. Find the volume bounded by the cylinder (x — a)* + (y — 6)* « r*^ 
the surface xy '^ ez, and the plane 2 » 0. 
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^ ^ j^ 

4. Find the volume of the soLd ^ +?; + -;=« 1. 

a' \r cr 

6. Find the volume included between the surface a'x" + 6*2* = 2 (ax + hi) y 
and the planes y — ± w. 

6. Find the volume generated by revolving the curve p » a (1 + cos 6) 
about the initial line. 

7. Find the area of that part of the surface of a sphere 3^ + y^ + si? — 2az 
lying within the paraboloid z = m^ + ny*. 

8. By extending the method of Art. 88, show that the length of a cur\'e in 
space is given by the formula 



8 



9. From the formula of Ex. 8, find the length of the helix 



a arc cos t » 
o 



y 

z — a arc sm f » 





from r = to 2 = m. 

10. Fin4. the area of the surface 2* i- (x cos a+ysina)* — a' included 
between the three codrdinate planes. 

11. Find the area of the curved surface of a right cone whose base is the 
astroid x* + y* = a*, and whose altitude is c. 

Sitggestion : Taking the origin at the vertex of the cone, the equation of the 
surface isx* + t^= (~^)* 

12. Find the volume of the pipe elbow, shown in Fig. 100. 

Suggestion: Take the volume element as 

- (R — p sin 0) p do dp, 

13. The axis of a right circular cylin- 
der passes through the center of a sphere. 
The radius of the sphere is a, that of the 
cylinder is 6, (6 < a). Find the volume 
of the part of the sphere external to the 
cylinder. 

1^. If /(x, y) is a continuous point 
function, and J A is an element of a plane 
area, then '. 




Pig. 100. 



\ 5) /(^, y) ^A - //•^■(^' ^) "^y ^"^ 



is called the surface integral of the function f{x,y) over the plane area 
in question, the integrals being taken between proper limits, (a) Find the 
surface integral of /(x, y) = 3? + y^ over a circle of radius a, origin at the 

center, (b) Find the surface integral of xy over that part of the ellipse 

x^ t/^ 

-j + r-j ~ 1 in the first quadrant. 

15. Find the volume included between the surface xy ^ cz and the planes 
X = 0, X = 6, y « 0, 2/ = 6, 2 = 0, 2 -= a. 



CHAPTER XIV 

PHTSICAL APPLICATIONS 

118. Hass. Mean density. If m denote the mass and V the 

volume of a body, the ratio — is called the mean density of the 

body. If we take a volume element AF, inclosing a point P 

and denote the mass of the element by Am, the ratio -— — is the 

mean density of the element; and the limit of this ratio as AF 
approaches zero (still including the point P) is the density at the 
point P. If the density is the same at all points within a body, 
the body is said to be homogeneous; otherwise, it is said to be non- 
homogeneous. 

Let the mass of a non-homogeneous body be divided into elements 
Amj, Amj, . . . A/Wn, whose volumes are respectively AF^, AF,, 
. . . AF„. Denoting by yi, 73, . . . y^ the mean densities of 
these elements, we have 

Ami = yi AFi, Am^ - y^ AF^, . . . , Amn= jn AF„. (1) 
The mass of the body is therefore 

m= L XAm,^ L V y. AF* = fydV, (2) 

and the mean density of the body, which we shall denote by y, is 
given by the equation 

dV 



= ^ = r 

F J 



(3) 



If the mass is distributed continuously over a surface, we may 
replace the volume element A F by an area element A A; and if 
the mass is distributed along a curve, as, for example, along a thin 
wire, we replace AF by As, the element of length. 

The volume element AF should be so chosen as to lead to the 
simplest integrations. Usually triple integration will be necessary, 
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but in some cases the element may be taken in such a way that a 
double or even single integration is sufficient. 

Ex. 1. Find the mean density of a sphere in which the density varies as 
the square of the distance from the center. 

Polar codrdinates are more convenient in this case. The density at a dis- 
tance p from the center is kf^, k being a constant; for the volume element JV 
we take p^ sin 6 Jp Jtp Jd, From (3) we have therefore 

The nature of the problem is such that the result may also be obtained by a 
single integration. If we choose for the volume element a hemispherical shell 
of thickness Jp, we obtain JF » 4 Tzf^Jp, whence 



y "^^x-zr, !*«'• 



kp* dp 

The mean density is therefore | of the density at the surface. 

Ex. 2. Find the mass and mean density of a thin plate in the form of a 

quadrant of the ellipse -, + tj *" !> assuming that the density varies as the 
product xy. 

In this case we choose the rectangular area element AA ^ Ax Ay, The density 
may be denoted by kxy^ k being a constant. Hence we have 



m 



— I j kxy dy dx ^ \ fcaV; 



J 7:ab 2 n 

EXERCISES. 

1. Find the mass and mean density of a semicircular plate of radius a, 
whose density varies as the distance from the bounding diameter. 

2. In Ex. 1 let the density vary as the distance from the center. Find 
the mass and mean density. 

3. Find the mean density of a straight wire of length l, the density of which 
varies as the distance from one end. 

4. Find the mass and mean density of a hemispherical solid, radius a, the 
density var3ring as the distance from the base. 

6. Find the mass and mean density of a thin plate in the form of a right 
triangle in which the density varies as the distance from one of the short sides. 

6. Given a right circular cone of height A, in which the density varies as 
the distance from a plane through the vertex perpendicular to the axis. Find 
the mean density. 
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119. First moments. Centroids. Let a given geometrical mag- 
nitude, line, surface, or solid, be divided in any convenient way 
into elements — a line into elements of length, a surface into area 
elements, a solid into volume elements. Let each element (As, 
A A, or AT) be multiplied by the distance of some chosen point 
within the element from a reference plane or line. Tfie limit of 
the sum of these products as the elements are taken smaller and 
smaller is called the iirBt moment of the geometrical magnitude 
with respect to the given plane or line. We shall denote first 
moments by the symbol M with proper subscripts. 





Kg. 101. 



Fig. 102. 



From the definition we have for the first moment Mx of a plane 
curve with respect to the X-axis, Fig. 101, 



M. 



= L V t/ As = {yds; 



(1) 



and for the first moment of a plane area with respect to the same 
axis, Fig. 102, 

Mx^ L S,y A.4= fydA. (2) 

The first moment of a solid with respect to one of the coordinate 
planes, say the XF-plane (see Fig. 93), is given by the equation 



Af^v= ^ Vz A7= CzdV. 



(3) 



For A^ and A 7 proper area or volume elements are to be sub- 
stituted before integration is attempted. In some cases the 
elements may be so chosen that a single integration is sufiicient, 
but in general double or triple integration will be required. 

The first moment of the mass of a solid is derived from the 
corresponding moments of the geometrical magnitude by the 
introduction of a density factor. Thus, denoting the density by y, 
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the first moment of a mass distributed throughout a given region 
with reference to the XF-plane is 



M:^ 



^JyzdV, 



the limits of integration being taken so as to include the region 
in question. 

Let a given solid be referred to a system of rectangular coordi- 
nates, and let M^, JIf y„ M„ denote the first moments with respect 
to the three coordinate planes. It is possible to find a point G 
whose coordinates x, y, z, are given by the equations, 



- M 



X = 



ML 



.L 



xdV 



y = 



M 



V V 

dV 

V v~ 

zdV 



cx 



.R 



Z = 



M^ 



.L 



(4) 



The point G thus defined is called the centroid of the volume V. 

If we replace V and dV by A and dA, formulas (4) give the cen- 
troid of a plane surface. Likewise the centroid of a curve may be 
obtained by using s and ds, where s denotes the length of the curve. 

If in (4) we substitute the mass m of the solid for its volume F, 
the resulting values of x, y, and J are the coordinates of the cen- 
troid of the mass.* If the solid is homogeneous, the constant 
density factor y, which appears in each member of the equation 
in the first degree, may be dropped, and in this case the centroid 
of the mass and that of the volume coincide. If, however, the 
solid is not homogeneous, y is variable, and we have 



m 

My. 



- L VyA7= fydV, 
= fyxdV, 



fyxdV _ fyydV _ fyzdV 

whence x = ^ > y = •'Ar- — - » 2 = "A, • (5) 

jydV jydV jydV 

* The centroid of a mass is often called the center ofgrarity of the mass. 
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i;20. General theorems relating to centroids. The following 
general theorems are useful in the determination of centroids. 

Theorem I. The first moment of a volume (or mass) with respect 
to a plane or axis containing the centroid is zero. 

If the centroidal plane (i.e., plane containing the centroid) is a 
coordinate plane, the theorem follows at once from (4) or (5). 
Thus, if the centroid lies in the yZ-plane, i =» 0, whence My, = 0. 
It can be readily shown that the theorem holds for any centroidal 
plane; therefore it holds for the intersection of two such planes, 
that is, a centroidal axis. 

Theorem II. A plane of symmetry of a solid or of a homogeneous 
mxLss is a centroidal plane. Likewise an axis of symmetry of a plane 
figure is a centroidal axis. 

Take the plane of symmetry as a coordinate plane, say the 
Xy-plane. To an element AF above the plane there corresponds 
an equal element at the same distance below the plane. The 
moment of the first element with respect to the plane is ZiAV, that 
of the second element is — z^AVj whence the moment of the pair 
of elements is zero. Since all the elements of the solid can be thus 
arranged in pairs, the first moment of the solid with respect to 
the plane is zero. 

Theorem III. // F^, Fj, . . . Vn are n volumes and if ^j, X2, 
Xj . . . Xn are the x-coordinates of their centroids, then the x-coordinate 
of the centroid of the system of volumes is 

"^ F, -f 7, + . . . ^W ' "^ 

A similar theorem holds for n masses, m^, mj, . . . m^, or for n 
plane areas in the same plane. The numerator of the second 
member of (1) is the moment My, of the system with respect to 
the yZ-plane, and the denominator is the total volume; hence the 
theorem follows from (4), Art. 119. 

Theorem IV. (Theorems of Pappus and Guldin.) 

(a) // a plane curve is revolved about an axis in its plane, the area 
of the surface generated is equal to the product of the length of the 
curve and the circumference of the circle described by the centroid of 
the curve. 
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(b) If a plane figure is revolved about an axis in Us jdane, the 
volulne of the solid of revolution generated is equal to the product of 
the area of the figure and the circumference of the circle described by 
the centroid of the area. 

From (4), Art. 119, we have for a plane curve 



v = ^^^-— — 
^ s 



or 



sy 



= J yds, 



where s denotes the length of the curve. The surface generated 
by the revolution of the curve about the X-axis is /S = 27r / yds 

(see Art. 90). Hence equating the two expressions for / yds, we 



obtain 



S = 27: ys. 



(2) 



Evidently the theorem holds equally well for an incomplete revo- 
lution. 

To prove the second theorem, let the axis of revolution be taken 
as the axis of x, as before; then denoting by Ail an element of 
the plane area, we have for the volume generated by a complete 
revolution of the area, 

7= L Y 2 ny AA =^27: CydA. 



But 



hence 



/ ydA==Ay; 

7 = 2 ;r yA. 



(3) 




Ex. 1. Find the coordinates of the centroid of 
a circular arc of radius a which subtends an angle 
2 ^ at the center. Fig. 103. 

Take the line of symmetry as the X-axis; then 
y — Of and the centroid lies in this line. Polar 
coordinates lead to the simplest integral; henoe 
taking x » a cos dj Js = a Jd, we get, 



Tig. 108. 



_ M, 

X = — - 

8 



^ r^ a* COS 



Ode ^ 2 g* sin $ ^ a sin ^ 



For a semi-circumference ^=77, whence x = 
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Ex. 2. Find the codrdinates of the centroid of the plate described in illus- 
trative example 2, Art. 119. 

J yzdA 

From the defining equation x = we have upon substituting kxy 

for 7 and dy dx for dA, \ y dA 



— Jo Jo 



^VinrT« 



k 3^ dy dx 



a. 



a 



- *«• 



kxydydx 



Similarly 

Ex. 3. Find the oentroid of a semicircle of radius a. 

Taking the X-axis as the axis of symmetry, the length of the path described 
by the centroid as the semicircle is revolved about the F-axis is 2nx, The 
semicircle by its revolution describes a sphere whose volume is ^ita*; hence by 
the second theorem of Pappus, 

2 TTX • } no* ^ i na^, 

4a 



or 



x = 



3jr 



Ex. 4. Find the centroid of a wedge-shaped solid, Fig. 104, cut from the 
cylinder a? + y* -= a' by the planes « = 0, 

2 X ^ 

j- + - =- 1. 

a 

The volume of the solid is J tzq} •26= a^b. 
The first moment with respect to the XY- plane is 

given by the integral j j izdzdydx. The lim- 
its of integration, as determined by an inspec- 
tion of the solid, are as follows: For z, and 

6 { 1 ]; for y, —Vo' — x', Vd* — x*; for x, 

—a and a. Hence we have 

- 62 p ^1 _ 5Y Va" - x^ dx^i ;ra»6». 
For the moment with respect to the YZ-plane, we have 

Mtf "^ r I / xdzdydx 




Fig. 104. 



z dzdy dx 



-^of-A-il^" 



dx =^ — 



na'b 
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Since the XZ-plane is a plane of symmetry, '^ — 0. The co-ordinates of the cen- 
troid are therefore 









Ko'b *-' ^ ^' " na^h 



EXERCISES. 

1. Find the coordinates of the oentroids of the following plane curves: 

(a) A semi-circumference. 

(b) An arc of the parabola y* = 4 ax from x « to a: « a. 

(c) An arc of the catenary y = a cosh - from a; »= to a: = a. 

(d) The cycloid x =^ aO — a sin dfy = a — a cos 6. 

2. Find the coordinates of the centroid of the plane area between the curve 
in Ex. 1 and the X-axis. 

3. Find the centroid of the area between the cissoid t/* =■ and its 

a •— X 
asymptote x = a. 

4. Find the centroid of the area between the parabola x' + y^ « a^ and 
the axes. 

6. Find the centroid of a segment of the parabola y* » 4 ox cut off by the 
double ordinate corresponding to x — a, assuming that the density at any 
point is proportional to the distance from the y^xis. 

6. Find the centroid of a semicircle of radius a, assuming the density pro- 
portional to the distance from the bounding diameter. 

7. Find the centroid of a segment of a homogeneous paraboloid of revolu- 
tion between the origin and x = a. 

8. Find the centroid of a hemisphere whose density varies as the distance 
from the base. 

9. Find the centroid of a surface generated by the revolution of one quad- 
rant of the curve x* -H j/" == a*. 

10. Find the coordinates of the centroid of one loop of the curve 

p = a sin 2 0. 

11. Find the coordinates of the centroid of the mass of one dghth of a 
sphere included between the coordinate, planes, assuming that the density varies 
as the distance from the origin. 

12. From Theorem III, Art. 120, show that if points P and Q are the cen- 
troids of two volumes Fj and Fj (or areas Aj and A„ or masses mj and m,), the 
centroid of the whole system F, + \\ lies on the line joining P and Q and 
divides it into segments inversely proportional to Fj and F,. 
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13. A solid is composed of a right circular cylinder and a right cone. See 
Fig. 105. Find the centroid of the solid. 

14. Three masses, m^ — 3, m, » 4, and m, » 5 
have their oentroids located at the three vertices 
of an equilateral triangle the side of which has 
the length a. By means of Theorem III, find the 

position of the centroid of the system. , [ \ , 

i* — ;? — *« S~ 

15. By the Theorem of Pappus find the centroid 
of the semi-circumference of a circle of radius a. '*fif« ^^* 



121. Second moment. Radius of gyration. Let each of the 
elements into which a volume (or area, length, or mass) is divided 
be multiplied by the square of the distance of some chosen point 
from a reference line or plane. The limit of the sum of these 
products as the elements are taken smaller is called the second 
moment * of the magnitude in question with respect to the line 
or plane of reference. 

Formulas for second moments may therefore be derived from 
those for first moments by squaring the distance factor. Denoting 
second moment by the general symbol /, we have the following 
formulas corresponding to (1), (2), and (3) of Art. 119. 

For a plane curve, h = I y^ ds. * (1) 

For a plane area, /j. = j i^ dA. (2) 

For a volume, ^xy = / 2^ dV. (3) 

From its definition, the second moment of a volume must have 
for its physical dimensions, 

volume X (length)'; 

hence the second moment of a volume V can be expressed in the 

form, 

7 = 7ifc» (4) 

in which Jb is a length. Similarly the second moment of an area A 
may be expressed in the form 

I = Ak', (5) 



* The second moment of a mass is sometimes called the moment of inertia 
of the mass. 
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and likewise for any magnitude whose second moment is taken. 
The length A; as defined by (4) or (5) is called the radius of gyration 
of the given magnitude with respect to the reference plane or axis. 

Ex. 1. Find the second moment and the radius of gyration of the area of a 
semicircle of radius a with respect to the boilnding diameter. 

Taking the origin at the center, and the bounding diameter as the axis of x, 
we have by transforming to polar coordinates y ^ p Hind, A A ^ p Ad Ap, 
Therefore 

/. = f (" f^ sin* e • pdddp ^ itta* 

and /;« = -^ « I — - = -a*, 

whence A; — J a. 

Ex. 2. Find the second moment of a straight rod or wire of length I about 
one end, assuming that the density varies as the distance from that end. 

Consider the rod as lying in the X-axis with the end about which the moment 
is taken at the origin. At a distance x from the origin the density is kx and 
the mass of an element of length Az is kx Ax, The second moment of this mass 
element about the origin is x* • kx Ax; hence the second moment of the rod is 

/= L Vi^.ibxJx- C^ kj^ dx ^ i kl\ 

The mass of the rod i^ 

m =s r kxdx — i kP. 



Therefore 



AJ = - = « P. 
m 2 



EXERCISES. 



Find the second moment and the square of the radius of gyration in the 
following cases. 

1. A rectangle of width b and length h about an axis coinciding with the 
short side b. 

2. The same rectangle about an axis through the center parallel to the side 6. 

3. A circle of radius a about an axis through the center perpendicular to 
the plane of the circle. 

4. The same circle as in Ex. 3 with the density varying as the distance 
from the center. 

6. Triangular area of base b and height h about an axis through the vertex 
parallel to the base. 

6. A semi-circumference of a circle of radius a about the diameter. 
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7. The area between the cycloid a; — a (^ — sin ^), y — o (1 — cos 6) and 
the X-axis about the X-axis. 

8. The cycloidal curve about the X-axis. 

9. Solid sphere of radius a with respect to a diametral plane. 

10. The same sphere as in Ex. 9, assuming that the density varies as 
the distance from the diametral plane. 

ltS2. General theorems relating to second moments. The fol- 
lowing general theorems are useful in the determination of second 
moments and radii of gyration. 

Theorem I. If a solid (or homogeneous mass) is divided by a plane 
of symmetry f the second moment of the entire solid (or mass) with 
respect to this plane is double that of the part on one side of the 
plane of symmetry. 

This theorem is almost self-evident. For any element AF on 
one side of the plane at a distance y there is a corresponding equal 
element on the other side at a distance — y. The second moment 
of one element is t/^AF, that of both is y^lV -f (-i/)»A7 = 2 t/»AF. 
Since all the elements of the solid can thus be arranged in pairs, 
the theorem follows at once. The theorem holds also for the 
second moment of a plane surface with respect to an axis of 
symmetry. 

Theorem I J. The second moment of a solid (or mass) with respect 
to a line is the sum of the second moments with respect to two 
planes which intersect at right angles in the line. 

Consider the given line as the X-axis, and take the XZ- and 
XF-planes as the intersecting planes. A point P in a chosen volume 
elem ent has the coordinates (x, y, z). Its distance from the X-axis 
is \/ y* -h 2*, and by the definition the second moment of the 
solid with respect to this axis is 

/x = fit + ^) dV. 

But fy" rfF= /«, and Cz" dV - I^^; 

hence h = hz + Ixy (1) 

A similar theorem applies to plane areas. Referring to Fig. 102, 
it is clear that the sum of /^ and /y, the second moments of the 
plane area with respect to the axes of x and t/, respectively, is 
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Fig. 106. 



the second moment of the area with respect to an axis through 
the origin O perpendicular to the plane of the figure. 

Theorem III. The second moment of a solid (or mass) with reaped 
to an aoris is equal to its second moment with respect to a parallel axis 

through the centroid plus the product 
of the volume (or mass) of the solid 
and the square of the distance between 
the axes. 

Let the given axis pierce the plane 
of the page at 0, Fig. 106, and sup- 
pose Og to be the trace of the parallel 
axis through the centroid. Take 
the line OOg as the X-axis, and let a 
denote the distance OOg. Referred 
to Og as an origin, the point P in a given volume element has the 
coordinates (x, t/); referred to as origin, the coordinates are 
{x + a, y). The second moment of the solid with respect to the 
axis through Og is therefore, 

/. == J(^ + y") dV, 

while the secona moment with respect to the axis through O is 
I - f[(x + a)^ + y']dV 

= fix" + y')dV + a' CdV + 2a CxdV 

^ Ig+ a^V + 2a CxdV, 

Now / xdV is the first moment of the solid about the axis through 

Og] hence since this axis contains the centroid, I x dV = 0, and 

we have finally, 

I ^ Ig + a^V. (2) 



Dividing both members of (2) by V, we get 



(3) 



The student may show that the theorem holds for parallel planes, 
one of which contains the centroid. 
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Theorem IV. If k^, k2f . . . A:^ are the radii of gyration of n vol- 
umes (or areas or masses) vxith respect to a line or plane the radius 
of gyration k of the entire system with respect to the line or plane is 
given by 

Vi + Vj + • • • +^n- 

This theorem is useful in finding the second moment of an area 
or volume which can be conveniently divided into parts. The 
proof is similar to that of Theorem III, Art. 120. 



Ex. 1. Find the radius of gyration of a circle of radius a about a tangent. 

From Theorem I, the radius of gyration about a diameter is the same as that 
for a. semicircle; hence from Ex. 1, Art. 121, A;,' ^ J a*. Using Theorem III, 
we obtain therefore, 

A:» « J a» + a» - J a». 

Ex. 2. Find the second moment of a right circular cone with respect to a 
line through the vertex perpendicular to the axis of the solid. Fig. 107. 

Take the axis of the cone as the Z-axis, and 
choose the vertex as the origin. Let h be the 
altitude and b the base radius. Consider a slice 
of the cone parallel to the Xy-plane at a distance 

z from it. The radius of the slice is -r- > its 

n 

thickness is Jz, and its second moment with 

respect to a diametral axis X', parallel to OX, 

is approximately 

The second moment of this slice with respect to 
OX is therefore 




Fig. 107. 



77rT-i arJz + n-TisrJz^r 
4 n* hr 



-^'d^' +^y^'- 



The second, moment of th& cone about OX is therefore the limit of the s\mi of 
terms of this type; that is, 



'-'S(A-)/>-(A-) 



5 



The radius of gyration is given by the equation 
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EXERCISES. 

Determine the r&dii of gjrratian of the following: 

1. A square whose side is a; (a) about an axis through the center perpendiC' 
ular to its plane; (b) about a diagonal. 
Suggestion : Make use of Theorem II. 

3. An ellipse with semi-axes a and b; (a) for the major axis; (b) for the 
minor axis; (c) for a tangent at the end of the minor axis; (d) for a oentniidal 
axis perpendicular to the plane of the ellipse. 

: , and a„ respectively, about a diameter. 

4. A sphere of radius a about a diameter. 



6. A right circular cylinder; (a) about its axis; (b) about a generating 
element ; (c) about a diameter of one base. 

7. Show that the radius of gyration of a right circular cyhnder about its 

axis is the same as that of the circular 
cross-section about the same axis. De- 
duce a similar principle for prismatic 
solids in general. 

8. Find the position of the axis i. 
passing through the centroid of the 
cross-section, shown in Fig. 108. . 

9. Determine the radius of gyration 
of the cross-section. Fig. 108 : 

(a) with respect to the axis OX; 
Fig. 108. (b) with respect to the axis x.. 

123. Stress. Liquid pressure. The term stresa is used to desig- 
nate a systefn of forces, usually parallel, diatributed over s surface. 
Examples are found in the pressure between bodies in contact, 
and in particular in the pressure-of liquids upon containing sur- 
faces. We shall consider only normal stresses, that is, stresses in 
which the action lines of the parallel forces are perpendicular to 
the surface. All surfaces are assumed to be plane surfaces. 

The intensity of stress at a given point of the surface is the limit 
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AA which includes the point. Denoting by p the intensity at the 
point, we have therefore 

^ A^*o AA dA' ^ ^ 

To determine the mean intensity p of the pressure on a given plane 
surface, we divide the surface into elements AA^ AA,, etc., and 
multiply each by the intensity at some point within the element. 
The limit of the sum of these products, that is, 






(2) 



is the total stress on the surface, and this divided by the total 
area gives the mean intensity. Hence we have 



fpdA 



(3) 



The area element A A should be chosen so as to lead to the 
simplest integration. 

As an example, let us consider the pressure of a liquid on a 
plane surface. It is a well-known law 
of hydrostatics that the intensity of 
pressure at any point of the surface is 
proportional to the depth of the point 
below the liquid surface. Thus if XX, 
Fig. 109, is the free surface, the intensity 
at the point P at a distance y below XX 
is Pffy, where p© 'denotes the intensity 
at a unit distance below XX. ' The 
mean intensity of pressure on the surface is 




Fig. 109. 



/ 



-,.(2f 



fydA 



(4) 



where y is the distance of the centroid of the surface below XX. 
Hence the mean intensity of liquid pressure on a submerged plane 
surface is equal to the intensity at the centroid of the surface. 

The point in which the action line of the resultant of the parallel 
forces that constitute the stress pierces the plane surface is called 
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the center of stress. In case the stress is a liquid pressure, the point 
is called the center of pressure. The position of this point in the 
plane surface is determined by the principle of statics that the sum 
of the moments of several parallel forces about an axis is equal to 
the moment of their resultant about the same axis. 

In the case of the liquid pressure on a plane area, let the line XX, 
in which the plane of the area cuts the liquid surface, be the axis of 
moments, and let i/c denote the distance of the center of pressure 
from this axis. The product p AA is the pressure on an area 
element A A, and the moment of this pressure about XX is yp A A; 
hence the limit L V yp AA gives the moment of the liquid 

pressure about XX, The resultant of all the forces p A A, that is, 
the total pressure on the area, is L Vp Ai4, and the moment of 

this resultant about XX is y^ L VpAil. Therefore we have 

y, L V pAA= L Vyp AA, 

/ yp dA 
whence y^ = ^ (5) 

jpdA 

By choosing a y-axis perpendicular to XX we can in a similar 
manner derive the formula 

/ xp dA 

^c-^ -. (6) 

IpdA 

Formulas (5) and (6), while derived for liquid pressure, hold good 
for any normal stress on a plane area. In the case of liquid pres- 
sure, (5) becomes upon the substitution of p^ for p, 



2/c = «V- 



dA 



f 



ydA ^y y 






in which k is the radius of gyration of the area with respect to XX, 
and ^ is the coordinate of the centroid. 
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EXERCISES. 

1. The stress on a rectangular area of width b and height h^ varies as the 
square of the distance from the horizontal base. Find the center of stress, and 
derive an expression for the total stress on the area. 

2. Same as Ex. 1, except that the stress varies as the square root of 
the distance from the base. 

3. Find the center of pressure of a submerged rectangular disk of breadth 6 
with edges horizontal. Let h^ and /i, be the distances of the upper and lower 
edges from the surface. 

4. Find the center of pressure of a triangle, having its vertex in the surface 
and the opposite side horizontal. Denote base by 6, altitude by h. 

6. Find the* center of pressure of the same triangle if the vertex is at a dis- 
tance c below the surface. 

6. Find the center of pressure of a submerged semicircular disk of radius a, 
with its diameter in the free surface of the liquid. 

124. Discharge through orifices. It is a well-known law of 
hydromechanics that the velocity v with which a liquid flows from 
a small orifice in a vessel is given theoretically by the equation 

V = \/2^, (1) 

where h is the head or height of the liquid surface above the orifice. 
If then A denotes the area of the orifice, and Q the volume flowing, 
we have for the discharge under ideal conditions 

Q == Av = A V2gh, (2) 

Because of contraction of the jet and other causes, the discharge 
determined experimentally is smaller than that calculated by (2). 

In the case of a large orifice, as shown 
in Fig. 110, the heads at different parts 
of the orifice are not equal, and conse- 
quently the velocity is not the same at all 
points. We may assume, however, that 
the flow across an element AA oi the ori- 
fice is as it would be through a small orifice 
of the same dimensions in the wall. Let 
^if ^2J • • ' f ^ni etc., denote the heads at chosen points within the 
elements AAj, AA^, etc., respectively. Then the total discharge 
is the limit of the sum 




Fig. 110. 



AA^ \/2 gh, + AA^ y/2 gh^ + ... + AAn \/2 gh^; 



^1 
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that is, Q == L y^ \/2^ ^A = f VTghdA. (3) 

Ex. Find the ideal discharge through a rectangular orifice of width b. 
Fig. 110. 

The area element may be taken as a horizontal strip of length b and width 
Jh; hence J A » bJh, and we have therefore 



1. Derive an expression for the dischaige through the triangular orifice, 
Fig. 111. 

2. Find the dischai^ through an opening in the 
form of a trapezoid with the parallel sides 6, and 6, 
horizontal and at distances k^ and A, respectively below 
the liquid surface. 




3. Find the discharge through a triangular notch, 
that is, a triangular orifice with its base in the liquid 

Kg. 111. ^'^*'«^- 

MISCELLANEOUS EXERCISES. 

1. Find the mean density of a right circular cone whose density vanes as 
the distance from the base. 

2. Find the mean density and mass of a solid hemisphere of radius a, 
assuming that the density varies as the distance from a tangent plane parallel 
to the base. 

3. Using the theorems of Pappus, find the volume and surface of a ring 
formed by revolving a circle of radius a about an axis at a distance b from the 
center of the circle, 6 > a. 

4. A helical screw thread whose cross section is an isosceles triangle is cut on 
a cylinder. The radius of the cylinder to the root of the thread is r, and the 
height of the thread is a. Find by the theorem of Pappus the volume of one 
turn of the thread. 

6. Apply the theorem of Pappus to find the surface and volume of a right 
circular cone. 

6. Using the theorem of Pappus, show that an element of the volume of a 
surface of revolution is 2 jrp* sin ^ Jp i^, and that the volume is therefore given 
by the formula 

V « 2 TT r f p' sin ^ rfp d<j>, 

with proper limits of integration. 
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T. Using the theorem of Pappus, deduce the general fonn for the polar 
volume element, viz.: JV " /^ sia^ Jpji/ijd. 

S. A fly-wheel rim has a section Hbpwn in Fig, 112; the outer circumference 
ia 5 feet from the shaft bjob. 

(a) Find the radius of gyration of the rim with respect to the shaft axis. 

(b) Find the radius of gyration of a plane section of the rim about the same 



Explain why the two remilti 




Tig. lis. 



»if . 118. 



9. Find the radius of gyration of the hollow rectangle, Fig. 113, about the 
axis X., which passes through the center of the figure, 

10. In Fig. 114, the thickness of the plates a, a and channels 6, 6 is j inch 
throughout. Find the length e in order that the radius of gyration with respect 
lo the axis YY shall be the same as that with respect to the axis XX. 





Kg. 114. 



Pig. IIB. 



11, The intensity of the force acting at any point in the rectangle, Fig. 115, 
is proportional to the distance of the point from the axis XX along one side, 
and inversely proportional to the distance from a parallel axis MN at a dis- 
tance c from XX. Find the mean intensity of the force and the total force 
acting on the rectangle. 
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12. A pipe elbow, Fig. 116, is to be provided with a foot a to support it in 
the position shown. The vertical line MM through the foot should therefore 
pass through the centroid of the elbow. Find the distance c. 

13. The following graphical method is used for finding the radius of gyra- 
tion of the cross section of a hollow cylindrical column.* Lay off to a scale of 
1 mch equal to 4 (or 40) the inner and order radii as the legs of a right triangle ; 
then the hypotenuse measured to a scale of 1 inch equal to I (or 10) is the radius of 
gyration sougfU. Give a proof of this construction. 

14. From particular examples obtain the following mnemonic rule due to 
Kouth: For homogeneous masses with axes of symmetry , the square of the radius of 
gyration t» J, i, or J o/ the sum of the squares of the perpendicular semi-axes, accord- 
ing as the mass is rectangular, elliptic, or ellipsoidal. 

16. From the second moment of a sphere about a diameter deduce by differ- 
entiation the second moment of a spherical shell about a diameter. 

16. Find the centroid of the volume OABCD, Fig. 117, formed by the three 






Fig. 117. 



coordinate planes and the warped surface generated by the line EF, which 
remaining parallel to the XF-plane slides on the lines AD and BC. 

17. Following the methods of Art. 117, show that the centroid of a surface 
/(x, y, z) ^ is given by the equations 



//: 



•^ X dz dy 
dx 



III 



P dz dy 
dx 



etc 



♦ B. F. LaKue in Engineering News, Feb. 2, 1893. 
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18. (a) For a surface ot revolution show that the radius of gyration about 
the axis of revolution is given by the equation 

k^ ^- . 

fyds 

where the X-axis is taken as the axis of revolution, (b) Show that for the corre- 
sponding solid of revolution 

Cy*dx 

A*- ^ 

iy^dx 






CHAPTER XV 

INFINITE SERIES 

125. Fundamental definitions. From his study of algebra, the 
student is already familiar with the elementary properties of 
infinite series. In the present chapter, we shall recall briefly some 
of the more important of those properties and develop still others. 

Let Wi, ^2, t^3, . . . be an infinite succession of values following 
one another according to some fixed law. We denote the sum of 
the first n of these values by 5n, that is, 

When n becomes infinite, we have the infinite series 

t*i + ^2 + ^s + • • • (2) 

If Sn has a limit as n becomes infinite, that limit is called the sum 

of an infinite series. The series (2) is said to be convergent if we 

have 

L Sn = A, (3) 

n — 00 

where A is a definite number ; in all other cases the series is said 
to be divergent. As n increases indefinitely, Sn may fail to have 
a limit, and therefore the series be divergent either because /S„ 
oscillates between two numbers, as in the series 

1-1 + 1-1 + 1-1 + ..., 

or because Sn ultimately exceeds every finite number. 

The terms of the series may be functions of some variable j. 
Then the series is said to converge for any particular value of this 
variable, say x = Xq, when, if z is replaced by x^ in each term, we 

^^^^ L Sn (xo) = A. 

If the corresponding limits exist for all values of a; in a certain 
interval (a, ^9), the series is said to converge throughout the interval 
and to define a function in the interval. We may then write, 

/(x) = L Sn(x), a<x< p. 

f»a-ao 
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Ex. 1. Let the given series be 

l + x + x' + x» + ... + x" + ... 
We have then 

This limit is for all values of x within the interval — 1 < x < + 1. 

1 — X 

Henoe within this interval the series defines the function 

1 — X 

It is to be noted that in this case /(x) is defined by the series only for the 
interval (—1, 1), the end points being excluded. For | x | ^ 1 the series be- 
comes diveiigent and does not define a function. 

Ex. 2. Consider the series 

i-lI-lI-i. 4.£4. 

This series may be written in the form 

+ (_1^+ 1 +...+ 1 +... 
\n+l n + 2 n + nj 

The sum of the terms in each of these parentheses is greater than ), and as the 

number of such sums that can be formed from the given series is indefinitely 

large, we have 

L Sn> L (n.J) = 00. 



na-ao 



This result leads to an important observation; namely, that a series is not 
necessarily convergent because the terms themselves decrease as n increases. 

If a series containing negative terms is still convergent when 
all of the negative terms are taken positively, that is, when only 
the absolute values of the terms are considered, the series is said 
to converge absolutely or unconditionally. If the series is con- 
vergent when the negative terms are taken with their proper signs, 
but is not convergent when those signs are taken positively, the 
series is said to converge conditionally. The series 

i_L+l_l+i 

is such a series. On the other hand, the series 

2 2* 2» 

is an absolutely convergent series, since it converges when all 
terms are given the positive sign. 
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126. Tests of convergence. To test the convergence of a series, 
certain criteria are necessary. It is to be remembered that whether 
the terms of the series are constants or functions of a variable, we 
are concerned only with the limit of the sum of a finite number 
of constant terms as that number increases indefinitely. For, in 
case the terms are functions of a variable, we either substitute a 
constant value for the variable and then pass to the limit, or, what 
amounts to the same thing, we consider for what values of the 
variable the series has a limit. It is important, however, to dis- 
tinguish between convergence at a point, and convergence through- 
out an interval. 

The following tests, already considered in algebra, and conse- 
quently needing no proof here, will be found sufficient for series 
which arise in ordinary practice.* 

Theorem I. Comparison test. Given a series of positive terms 

If from some point on^ the terms of this series are never greater than 
the corresponding terms of a knovm convergent series 

of positive termSj then the given series is convergent. If the terms 
of the given series are from some point on never less than the corre- 
sponding terms of a knovm divergent series of positive terms 

*1 "T" *2 I frj T" • • • I 'n • • • • J 

then the given series is divergent. 

Ex. 1. Test the convergency of the series 

^ "*" 21 "*" 3"! "^ Tl "^ • • ' "^ nl "^ • • • ^^^ 

From Ex. 1 of the previous article, we have the convergent series (| 2 1 < 1) 

1 -f x» + a:» + x« + . . . + a^ + . . . (2) 

For X = if this becomes 

Since forn > 2, 2"-* < nl, each tenn of (1) after the second is less than the 
corresponding term of (3); therefore the series (1) must convei^ge. 

* See Osgood's Infinite Series ^ Arts. 5, 8, 9. 
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Ex. 2. Given the series 

1 + 1 + 1 + 1 + .. . + _1_ + ... (4) 

Compare this series with the series whose first n terms are 

1 + 1 + 1+ +JL«i/i + i + i+ +L\. (5) 

2^4^6^*2n 2\^^2^3n/ ^^ 

By Ex. 2 of the previous article, the series (5) is divergent. Moreover , since 
2 n — 1 < 2 n, each term of the given series (4) is greater than the correspond- 
ing term of the series defined by (5); consequently, the series (4) is divergent. 

Theorem II. Ratio test, A given series 

is convergent or divergent, according as the limit L — ^ is less or 
greater than 1. **"* '^"^ 

Ex. 3. Given the series 

We have then 

L ^^ L -g^= L i = 0, 

(n-l)I 
for any finite value of x. Hence the series converges for all finite values of x. 

It is to be noted that this second criterion applies equally well 
when some of the terms of the series are negative. It gives no test, 

however, when the limit of the ratio — ^ is 1; in such cases other 
methods must be employed. ^~^ 

Since each term of a series is finite, the sum of any finite number 
of terms is also finite, and consequently the convergency or diver- 
gency of a series is not affected by omitting a finite number of 
terms. 

If the terms of the given series are alternately positive and 
negative, the following is a convenient test of convergence. 

Theorem III. An infinite series in which the terms are alternately 
positive and negative is convergent if its terms decrease numerically 
and approach zero as a limit when n increases indefinitely,"^ 

* For proof of this theorem, see Osgood's Infinite Series, Art. 11. 
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£x. 4. Given the series 

2 3 4 

This series converges sinoe it fulfills the conditions of the theorem. As the 
series formed by taking all the tenns with positive signs does not converge, 
the given series converges conditionally. 

EXERCISES. 

Test the convergency or divergency of the following series. When the 
terms involve a variable, determine the interval of convergence. 

• * ~ 2"^ 3" i"^ 5""" • • 
2. 1 + 2^ "^ 3* 4* ■ ' ' 

• ^ 2! ^ 41 61 ^ * • * 

j5 _1 . 1 . L_ . 

I -{■ 3^ 14-2x*'^ 1+3 a?* "^ 

^ sin X sin 3 x sin 5 a: _ 

~V 3^ ~~5^ " ' • 

127. Uniform convergence. As we have already seen, a series 
of terms containing a variable is said to converge in a given inter- 
val if it converges for each constant value of the variable in that 
interval. Such a series represents a function in the interval of 
convergence, which may be plotted just as any other function. 

Closely associated with the curve representing the function 
defined by the series is the succession of curves representing the 
sura of some finite number of terms, namely, the curves represent- 
ing geometrically the relations 

y = Sn(x), n = 1, 2, 3, . . . 

These curves are called the approximation curves of the given series. 
They may, and in general will, change as n changes. As n increases 
without limit, they may or may not approach the form of the 
curve representing the function defined by the given series. This 
will be seen more clearly in connection with the examples discussed 
later. 
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If the approximation curves of the series do approach as a limit 
the curve representing the function defined by the series, we say 
that the series converges uniformly within the given interval. The 
statement that a series converges uniformly contains much more 
than the simple statement that it converges in the ordinary sense, 
and ascribes to the series certain important properties that it 
would not otherwise possess. 

Geometrically, uniform convergence means that having plotted 
the curve y = f(x) = L Sn(x), and having laid off on each side 

n»oo 

of this curve an arbitrarily narrow strip, say of width <r (Fig. 
118), it is always possible to find 
a value of n such that for all larger 
values the corresponding approxi- 
mation curves shall lie within this 
strip. It is important for the 
student to notice the order of pro- 
cedure. First of all, the curve 
representing the function defined 
by the series is plotted. Then the 
parallel strip is determined by the selection of <r, which is taken 
as small as we please. Finajly, in order to have uniform conver- 
gence, it must be possible to find some value of n such that the 
curves y = Sn(x) will always fall within this strip as n takes still 
larger values. As will be seen, the approximation curves will in 
this case approach as a limit the curve representing f{x) as the 
definition requires. Uniform convergence differs then from ordinary 
convergence in that Sn{x) approaches f(x) simultaneously for all 
values of x rather than for each constant value of x in the given 
interval. As we shall see, this gives us a very important property 
of the series not possessed by the non-uniformly convergent series. 
The distinction between ordinary convergence and uniform con- 
vergence is illustrated by the following examples. 




Ex. 1. Given the series 



,.»»— 1 



*" 3 "^ 5 "• • • "^^"^^ 2n -1 



I * • . f 



where ^ x = l. 

This aeries converges for all values of x within this interval, and represents 
the function arc tan z. The curve 

y " /(^) ** arc tan x 
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and several of the approximation curves are given in Fig. 119. It will be seen 
by inspection that if we select a strip on either side of the curve y » f(x)t it 
is always possible to choose n so large that the corresponding approximation 
curve and all succeeding curves shall lie within this strip. Hence the series 
converges uniformly. 



*^ 




rig. 119. 






Fig. 190 



Ex. 2. Given the series, the sum of whose first n terms is 



Snix) - 



n*x 



1 + n*x 



S'tI 



< X <1. 



This series converges and represents the function 

y « f{x) - 0. 

The series does not converge imifoimly in the given interval, for the approxima- 
tion curves do not fall within an arbitrarily small strip on the XY-plane. There 
is always a peak present in the neighborhood of the origin, and this peak ex- 
tends beyond the arbitrarily small strip. See Fig. 120. 



The following theorem gives a convenient test for uniform con- 
vergence, and will be found sufficient for the series to be considered 
in the present volume. 

Theorem. Form a new series of positive terms by taking the 
numerically greatest value which each term of the given series may have 
in the interval (a, /?). // this series converges, then the given series 
converges uniformly in the interval (a, ^). 

Let the given series be 

f{x) = u^{x) + u^{x) + . . . + Uk{x) 4- ... 4- Unix) + . . . (1) 
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Denote the numerically greatest value of the term Ut(z) by M^. 
Then by hypothesis the series 

JWi 4- Mj + . . . + 3f jfc 4- . . . 4- 3/n + . . . (2) 

converges in the interval (a, /?). Denote the sum of the remaining 
terms of series (2) after the first n terms by P„, and let Rn(x) 
be the corresponding remainder of (1). Each term of series (1) 
is numerically less than, or at most equal to, the corresponding 
term of (2). Hence, for all values of x in (a, /?), we have 

I Rn(x) I < Pn> (3) 

However, since the series (2) converges, it follows that for n 
greater than some integer m, the remainder Pn is less than an 
arbitrarily chosen positive number a-. Hence we have 

I Rn(x) \ S ^y ' n > m, 

or, what is the same thing, 

\fix) - Sn(x) I <(r, n > m, 

independently of what may be the value of x in the interval (a, /?). 
This, however, is nothing else than the definition of uniform con- 
vergence in the given interval. 



Ex. 3. Given the aeries 

si n 3 X sin 5 x 



sm X —^ h — ;7^ . . . , — ;r < a; < jr. 



Forming the series of the numerically greatest values of the terms of this series^ 
we have 

1+ ^+ i- + 
which is term by term less than the known convergent series 

1+ i + ^ + 

Consequently, the given series converges uniformly in the interval (— n^ -f tt). 

EXERCISES. 

Test for uniform convergence the following series: 

1. l + x + a:» + a:»+... |a;|<i. 

2 3 4 ^ • • • ' 
which defines the function log (1 4- x) for the interval — 1< a; < 1. 
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2nx 

1 +n'^x^ 



3. iSi»(x)= -^—^ — 3-5 • C^est by plotting approximation curves.) 



128. Power series. By a power series we understand a series 
of the form 

a^ + a^x + a^:^ + a^oi? 4- ... 4- a^x^ + . . . , (1) 

where a,,, ai, . . . a^^, etc. are constants. Such series are of impor- 
tance in mathematics because of the frequency with which they 
occur and because of the special properties which they possess. 
Two of the most important of these properties are expressed in the 
following theorems. 

Theorem I. If a 'power series converges for x = a,ii is absolutely 
convergent for all values of x such that | a; | < | a |. 

Let the given series be written in the form 

ao + «i« (^)+ «2«'(|T + • • • + ^'»^'*(f)" + • • • ' (2) 

then the series of coefficients 

tto, a^ay a^a^y . . . , Ona**, • • • 

must decrease indefinitely in absolute value since the given series 
converges for x = a. Let M be equal to or greater than the abso- 
lute value of any number in this sequence. Then the absolute 
values of the terms of (2) are less than the corresponding terms of 
the geometric series 



M 






which converges for \x\< \a\. Hence the given series (1) con- 
verges absolutely for \x\< \a\. 

Theorem II. // a given power series converges for x = a, and 
P is any number numerically less than a, then the given series con- 
verges uniformly in the interval ( — ^, S). 

The numerically greatest value of each term is found by giving 
to X its greatest value in the interval ( — /?,/?), namely, x = p. The 
series thus formed is what we should obtain by putting x = /? in the 
given series and taking the absolute value of each term. It follows 
from Theorem I that this series of numerically greatest values 
converges since the given series converges by hypothesis for x = a. 
Hence, from the theorem given in the last article for testing uniform 
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convergence, we may assert that the given series must converge 
uniformly in the interval — /? < x < /?. 

129. Term-by-term integration of series. Thie series of integrals 
obtained by integrating the separate terms of a given series does 
not necessarily represent the integral of the function represented 
by the given series. When it does, however, the term-by-term 
integration often gives the easiest method of obtaining such an 
integral. Since the integral of thfe sum of a finite number of terms 
is the sum of their integrals, we may represent the term-by-term 
integration of an infinite series as follows: 

JWi(x) dx+ I u^(x) dx + . . . = L / Sn(x) dx. 

On the other hand, the integral of the function represented by 
such a series is given by 

r*K(x)+ u^{x)+ . . . ]dx = r[ L Sn{x)\ dx. 

It may easily be shown geometrically that these two results are the 
same whenever the series converges uniformly and a and h lie in the 
interval of uniform convergence. We have seen that if a series con- 
verges uniformly, the approximation curves y = Sn{x) approach as a 
limit the curve representing the limiting function /(x) as n increases 

indefinitely. But the integral / Sn(x)dx represents the area 

between this curve and the X-axis, lying between the ordinates 
X = a and x — b. As n increases, this area may change, but as 
the curve ultimately approaches the curve representing y ^ f(x), 
the area underneath the approximation curve must approach as a 
limit the area underneath the curve y = f{x) : that is, the two 
integrals must be equal, as has been stated. Thus we have 

Theorem. Any series of continuous functions which converges 
uniformly in the interval (», /?) may he integrated term by term if the 
limits of integration are finite and lie in the interval (a, fi). 

This condition may be applied at once to power series, since 
such series converges uniformly. If the limits of integration a, b 
lie in the interval of uniform convergence of the given power series 

tto 4- a^x + a^Q^ 4- . . . + ^n^" + . . . , (1) 
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we then may write 

f{x) dx=^ I a^dxi- I a^xdx + . . . + I anX^ dx + . . . (2) 

130. Term-by-term differentiation of a series. Uniform con- 
vergence of a series enables us also to formulate a criterion for the 
term-by-term differentiation of a series. This criterion may be 
stated as follows: 

Theorem. A convergent series of functions may be differentiated 
term by term if the series resulting from the differentiation converges 
uniformly and its terms are continuous functions. 

Let f{x) = u^{x) + u^(x) + . . . + Unix) + . . . 

be a convergent series in the interval (a, /?), and let us put 

<l>{x) = u^(x) + u/(x) + . . . + Un'{x) + . . . (1) 

We are to show that <j}{x) = f\x). Since the terms of (1) are con- 
tinuous and the series converges uniformly, we have for a < z <^^ 



J' <f>(x) rfx«= / * u^ix) dx+ I ^ u^'ix) 
a «/a t/a 



dx-\' . . . 



+ / ""urJix) dx + ... 

=^Ui(x) -Wi(a) + . . . -f Unix) -Un(a) + . . . 

= /W -/(«). (2) 

Since /(a) is a constant, and differentiation is the inverse of inte- 
gration, we have as the result of differentiating (2), 

<f>(x) =/'(x), 

which establishes the theorem. 

If we differentiate the terms of a power series, we have again 
a power series whose terms are continuous functions of x. If this 
resulting power series converges, it follows from the above theorem 
and Theorem II of Art. 128 that within the proper limits for the 
variable it represents the derivative of the function defined by the 
given series. 
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131. Expansion of functions in series. In the first chapter it 
was pointed out that certain classes of functions cannot be expressed 
algebraically in terms of the independent variable without resort- 
ing to infinite series or some other infinite process. Other functions 
may be expressed by means of infinite series, and often it is con- 
venient to do so. We shall discuss methods of doing this by 
making use of the principles of the differential calculus. 

In Art. 126, we saw that a convergent series may define a func- 
tion in the interval of convergence; that is, a function f{x) is 
defined by the relation 

for all values of x for which the series converges. This does not 
say that the series defines a particular function. In other words, 
no restriction is placed upon the character of the function f{x) 
except that which the character of the particular series imposes. 
We are now confronted by a very different question. Given a 
particular function of x, say /i(x); what series will represent it? 
Moreover, will the interval in which this series represents the 
given function correspond to the interval in which the series 
converges? Certainly it cannot exceed this interval of con- 
vergence, since an infinite series cannot be said to represent a 
function in the ordinary sense unless it converges. 

Let us denote the difference between the given function f^ix) 
and the sum of the first n terms of the series by Rn(x). We may 
then write 

All that is necessary in order that the given series shall converge 
and therefore represent some' function, is that the limit L Sn(x) 



naoo 



shall exist for the values of x in question. In order that the series 
shall represent the given function /^ (a:), we must have also 



L Rn(x) = 0. 



It is entirely conceivable that for some values of x this last limit 
may be different from zero, and still the two limits L Sn(x) 



n— 00 



and L Rn(x) each exist. In such a case the series clearly does 

n<-ioo 

not represent the given function. 
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The interval for which the limit L Rn{^) = 0, that is the interval in 

n — oo 

which the series represents the given function, is called the interval 
of equivalence. This may be less than or equal to the interval of 
convergence of the given series. In most cases with which we 
shall have to deal, the two are identical. The distinction, however, 
is of importance in discussing the expansion of a function. 

The distinction between the interval of equivalence and the 
interval of convergence may be illustrated by making use of the 
geometrical representation of the convergence of a series. Sup- 
pose that Sn{x) converges toward the values represented by the 
continuous curve y =« /(x) for < ^ 'S ?, and the given function 
/i(j) is represented by the dotted line Fig. 121. Then for a value 
like X = Xq, the series converges toward a value which is at the 

same time a value of the given 
function. On the other hand, for 
a value like x = x^, the series con- 
verges toward a value /(x^) which 
is different from the value of 
the given function for x — x,, 
namely, /iCxJ. Hence, while the 
interval of convergence is (0, /?), 
the interval of equivalence is only 
(a, 13). 
132. Maclaurin's expansion of a function in a power series. 
Suppose we have given a function /(x) which, together with its 
derivatives, is continuous in the vicinity of the value x = 0. If 
such a function can be represented by a power series, that series 
must be of the form 

fix) = -Ao + A,x + A^x" +. . . . -f v4„x« + . . . , (1) 

where the coefficients ^A^, A^y A^, . . . , A^j . . . are to be determined- 
Since this is a power series, we may find the successive derivatives 
of the function /(x) by term-by-term differentiation of the series- 
The following identities are thus derived: 




O Oj 



oc. 



^X 



Pig. 121. 



fix) 

rix) 

f'ix) 
f^ix) 



Ai + 2 A^x + 3 Ajx" + 4 A^x* -f 

2 Aa + 3 • 2 AjX + 4 • 3 A^x' + . 

3 • 2 Aj + 4 • 3 ■ 2 A4X + . . . 

4 • 3 • 2 A4 + . . . 
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By hypothesis, each of these expansions may be held as identical 
with the functions they represent for any value of x within the 
interval of equivalence, which in this case includes the value a; = 0. 
Substituting z = in each of the above identities, we have 

/(0)=^, /'(0)=A„ /''(0)=2IA„ /'''(0)=3!A3,. . . 
Hence the successive coefficients are 

^» =/(0), A, =/'(0), A, = t^, A, = -Q^, ... (2) 

We have thus the values of the unknown coefficients in the assumed 
expansion in terms of the successive derivatives of the given 
function. Substituting these values in that expansion, we have 

/(») -/(O) +r(0)x+ £I^««+^!IMa:»+ . . . 

-hZ::^).^^..., (3) 

HI 

where /"(O) denotes the result obtained by differentiating the 
function /(x) in succession n times and substituting x = in the 
result. The above series is called Maclaurin's series. 

We have still to determine the interval of equivalence of the 
given function and the series obtained. This is accomplished by • 
examining the limit of the remainder Rn{x) as n increases indefi- 
nitely. We shall discuss the form and character of i2„(x) in a 
subsequent article. The following examples will illustrate the 
method of computing the successive coefficients in the required 
expansion. When the successive derivatives all become zero from 
some point on, the expansion has a finite number of terms. 

Ex. 1. Expand f(x) «- (1 + x)". 

We have 

fix) « (1 + xy^, 
f'{x) - m (1 + x)«->, 
f"{x) - m (m - 1) (1 + a:)— », 



whence 



/•(x) - m{m - 1) . . . (w - n + 1) (1 + «>— •, 
/(0)-l, /'(0)-m, /"(O) - m (m - 1), etc. 
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Substituting these values in (1), we have, when m is negative or fractional, the 
infinite series 

+ — ^^ r ^ + . . . , 

which converges for \x\ < 1. 

If m is a positive integer, the series terminates with first m + 1 teims, since 
all of the higher derivatives vanish. 

Ex. 2. Expand sin a; in a power series. 

fix) = sin X, /(O) = sin « 0, 

/'(X) = C08X, /'(0)-l, 

/"(x) = - sin X, /"(O) - 0, 

/''/(a:) = - cos a;, /'"(O) 1, 

/iv(x) « sin X, /iv (0) - 0, 

etc. etc. 

Hence 

sinx = + x + 0-^, + 0+r^ + 0-|-, 4-... 

O I Ol /I 

*" ^ ~ 3"! "^ 5 ! 7"l "^ • • • 
The interval of convergence for this series is ( ~ oo , + oo ). 

EXERCISES. 

Expand in power series the following functions, assuming that such expan- 
sions are possible, and determine the interval of convergence in each case. 

9. (cos^)". 

10. e^BecO. 

11. sec ^ (to four terms). 

12. c«««^«. 

18. log(x+Vl + x»). 

14. log cos d. 

15. coshti = J(^* + €"•). 

16. log (1 - X + x»). 

133. Taylor's expansion. Thus far we have studied the expan- 
sion of a given function f(x) in the vicinity of the value x = 0. The 
method may be easily extended to the expansion in the neighbor- 
hood of any point x = a, provided the given function and its suc- 
cessive derivatives are continuous. All that is necessary is to 
assume the expansion of the form 

/(.T)=i4o + Ai(a;-a)+Aj(x-a)^+ . . . +An(x-a)'»+ ... (1) 



1. 


€•. 


2. 


COS X. 


3. 


a'. 


4. 


^Blnar^ 


5. 


log (1 + e-). 


6. 


log (1 + X). 


7. 


arc sin x. 


8. 


arc tan x. 
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and proceed precisely as in Art. 132. The resulting form of the 
expansion is 

+ Ci2)(a5-«)-+... (2) 

nl 

which holds for all values of the variable within the interval of 
equivalence. This expansion is known as Taylor^s series. 

If in (2) we replace x by (x + a), we have 

/(x + a)-/(a) +f{a)x+i^x'+. . . +-^ x- + . . . , (3) 

which is a form in which Taylor's series is frequently written. If 
X and a are interchanged, the expansion takes the form 

/(a + x) =/(x) +f(x) a + ^^a^+ . . . + ^^a^ + . . . (4) 

Z\ n! 

Forms (3) and (4) are useful when it is desired to expand a func- 
tion of the sum of two numbers in powers of one of them. 

Ex. 1. Expand e* in powers of x — 1. 

fW « «•, /(I) - «, 

fix) = 6-, /'(I) - e, 

r{x) - e-, r{l) - e, 

etc. etc. 

Henoe 

e--e[l + (.-l)+^^-H(^+...]. 

Ex. 2. Express Sx* — 6a;' + 8a;-~5in powers of x — 2. 
In this case 

/(x) = 3 x* - 5 x» + 8 a; - 5, /(2) = 15, 

/'(x) =- 9 x» - 10 X 4- 8, /'(2) - 24, 

/"(x) - 18 X - 10, /" (2) « 26, 

r'{x) « 18, /'"(2) = 18, 

/iv (a;) = 0, /iv (2) « 0. 

Henoe we have 

/(x) - /(2) + /'(2)(x - 2)+ ^-^ (X - 2)» + -Lif.^ (;, « 2)», 

or 

3 x» - 5 x» 4- 8 X - 5 - 16 + 24 (x - 2) 4- 13 (x - 2)» + 3 (x - 2)». 
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Ex. 3. Develop log (x + A) in powers of h. 

fix + h)^ log {z + h\ /(x) - log X. 



Hence 






/•(*)--(-l)-^— ^•••^""^^ 



X 



Substituting in (3), we obtain 

log (X + A) - logx + - - 2li + 3^ " 4:^^ + • • • 

For X « 1, we have 

¥ h* h* 
log (1 + /i) - A - ^ + ^ - ^ + . . . 

Ex. 4. Expand sin (x + y) and derive the formula 

sin (x + y) = sin X cos y + cos x sin y. 

We have /(x) «= sin x, 

/'(x) -» cosx, 
/" (x) = — sin X, 
/'"(x) «= — cos X, etc. 

Hence 

v* V* y* v* 

sin (x + y) « sin X + y cos X — |-r sin X — |- COS X + |-. sin X + ^ COS X — . . 

» sin X cos y + cos x sin y. 

Ex. 5. If fix) =- 5 x" - 4 x> 4- 18 X - 7, find /(x - 2) by Taylor's expan- 
sion. 

We have here 

/'(x) - 15 x» - 8 X 4- 18, 
/"(x) - 30 X - 8, 
/'"(x) - 30, 
py(x) « 0. 
Hence from (1) 

/•(x - 2) - /(x) + (- 2) fix) 4- ^j^ /''(x) 4- 4pV'" W 

-6x»- 4x'4-18x-8 
- 30 x» 4- 16 X - 36 
4- 60 X- 16 
-40 
« 5 x" - 34 x» 4- 94 X - 99. 
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Afisuming that Taylor's expanaon is possible, develop the following functions. 

1. e--^. 3. (x + y)\ 

2. (x 4- y)". 4. arc sin (x + h) to four terms. 

5. log sin (x + h). 

6. Find /{x + 3), when /(«) - x» - 4 x -f 7. 

7. Find f(x - 1), when /(x) - x» + 7 x - 5. 

8. Show that log (x 4- vTTP)« x - ^Tg + 2TT76 "" * ' ' 

9. Expand sinh (x + y). 

10. Expand cosh (x + y). 

11. Expand sin x in powers of x — a. 

12. Express 5x* — Bx' + x — 10 in powers of x — 1 ; also in powers of 
X — 3. Verify the results. 

13. Expand log x in powers of x — 1. Find the interval of convergence. 

14. Expand - in powers of x — a and detemrine the interval of conveigenoe. 

X 

134. Form of remainder for Taylor's series. The forms of 
expansion discussed in the preceding articles hold only for the 
interval of equivalence of the function and derived series. This 
cannot be greater than the interval of convergence of the series. 
The interval of equivalence is determined by finding for what 
values of the variable the remainder has the limit aserOi where by 
the remainder we mean the difference between the given function 
and the sum of the first n terms of the series. The remainder, 
denoted as heretofore by Rn, may be written in the form 

Rn(x,a) =(£z:^^(x,a). (1) 

n! 

We must now so determine ^(x, a) that the following relation 
holds identically 

fix) = /(a) + r{a)(x - a) +"^ (^ - a)» + . . . 

+ ZnW (^ _ a)^^^ + ^(^ (^ . ^)n. (2) 
(n — 1); nl 

Transposing, we have 

/(x) - /(a) - /'(a) (X - o) - ... - -g^i (X - o)-« 



^^ (X - a)» - 0. (3) 

nl 
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To determine the character of ^(x, a), let us set up arbitrarily the 
function 

F(z) =/(x) -fiz) ^f{z) {x^z) -^(^ -zf^... 

(n— 1)! n! 

The function F{z) fulfills the conditions of RoUe's theorem; it 
possesses a derivative, vanishes for ar == a by virtue of (3) and for 
z ^ X hy inspection. Hence the derivative must vanish for some 
value of z lying between a and x, say z^. Differentiating with 
respect to z, we have 

p'iz) = - /'w + fiz) - riz) (.^ - z) +r{z) (X - z)- . . . 

(n — 1)1 (n — 1)! 

The terms of the right-hand member of this equation combine in 
pairs, and the result reduces to 

F'iz) = ^I'J^l'l m^, «) -/" Wl (6) 

Since the derivative F\z) must vanish for z = z^, we have 

By hypothesis Zi lies between x and a; hence we may write 

z^ ^ a + 6{x - a), (7) 

where < 5 < 1. Therefore ^(x, a) may be written in the form 

<t>(x, a) ^/^[a^ 0(x - a)], (8) 

and the remainder Rn becomes 

i?„(x, a) = /"fa + ^(x - a)] ^^ _ ^^,_ ^^^ 

n! 

We have, therefore, the following formula for Taylor's expansion 
when written in finite form: 

/(x) - /(«) + /'(a) (x-a) + ^^ (»-«)* + . . . 

<v z 

+ ^!:M (a,-a)'-i+n''+^(^-«)l(x-ar. (10) 
(n — 1)1 nl 
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This series can be extended to any number of terms. The last 
term always gives the remainder; that is, the error in omitting 
the remaining terms of the series. When the limit of this remainder 
is zero as n becomes infinite, the function is represented by the 
corresponding infinite series. 

Instead of writing the remainder in the form given by (1), it is 
frequently convenient to put it in the form 

Rn{x, o) =. (x - a) X (J^, a). (11) 

If we accept this form and proceed as before, we have 

F'(z) = - /^- (X - zy-' + X (X, a). (12) 

(n — 1)! 

Since F'(z) vanishes for z = Zj, we have 

(n - 1) I 

where 2, = a + 0(x — a), or a: — ^^ = (x — a) (1 — 0). 
Consequently, we may write 

X (a:, a) ^ f''[<^ -^ 0(x-- a)] ^ _ g^^^, (^ __ ^j„.,^ ^j4j 

(n - 1)! 

and it follows immediately that 

fln(x, a) « (1 - er-^ f^[a + 0(x-a)] ^^ __ 

(n- 1)! 

When Taylor's expansion is written in the form given by (3) 
or (4) of Art. 133, the remainder becomes 

fi,(x.a)= /"<^y^) xn, or /"(^ + "^) an, (16) 

n\ n\ 

a result which the student can easily obtain from the general form 
of the remainder. 

It is often convenient to make use of the second form of the 
remainder. For form (3) this is 

fin(x, a) = (1 - g)n-l /"(^ + Ox) ^„^ (J7J 

(n - 1)1 
and for form (4) it becomes 

Rn{x, a) = (1 - e) n-ii2J£±^?L a\ (18) 

(n- 1)1 
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135. Fonn of remainder for Maclaurin's series. The special form 
of the remainder for Maclaurin's series may be easily obtained by 
putting a = in the result found in the previous article. The 
result is 

i2n(x, 0)=£^a:», (1) 

n! 

and consequently Maclaurin's expansion written in finite form is 

^dii^^. (2) 

Whenever in any particular expansion the limit 

naoo n! 

is equal to zero for any interval, then that interval is the interval 
of equivalence, within which the function is represented by the 
series in question. 

The following example illustrates the method of determining 
the interval of equivalence. 

Ex. Investigate the remainder in the expansion for sin x. 
From Ex. 2, Art. 132, we have 

'^*"^- ?!+?!- ••• + ?/•(»*)• 
But /"(x) = sin I n ^ + a; j, 

whence f^(Px) = sin [ n | 4- ^x j , 

and therefore i2» = — . sin | n ^ + dx]- 

n! \ 2 , / 

Since sin ( n ^ + ^x J ^ i and L — , = 0, it follows that L i?« ■= for all 

V -^ / n-oo nl ^^^ 

values of a: within the interval (— oo , + » ), Hence the interval of equivalence 
is in this case the same as the interval of convergence. 

EXERCISES. 

For each of the following functions find the form of the remainder and detep> 
mine the interval of equivalence. 

1. c*. 2. cos X, 3. log (1 + x), 4. a*. 
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136. Extension of Taylor's expansion to functions of two variables. 

In a manner similar to that employed in the previous articles, we 
may develop a form of expansion for a function of two variables. 

Let f(Xfy) and its successive partial derivatives be continuous 
functions with respect to both variables within the region under 
consideration. It is required then to express f(x + A, y + fc) in 
ascending powers of h and k. Replace h and k by hi and kt, re- 
spectively, and suppose the variables to have initial values Xq, y^,; 
then the function to be developed is /(x + ht^y -\- kt). We 
may regard /(z© + ht, y^ -\- kt) as a function of t and denote it 
by F(t), Making use of Maclaurin's expansion, we have 

F(t)^F(o)'\-F'(o)t-\- ^^^^e + . . . + ^^^^) r-»+ i^^t^. 

2! (n— 1)! n\ 

(1) 

If we now put < = 1, (1) becomes 

FO) =f{x,+h, y,+A) = F(0) +P"(0) + ^^ + . . . 

+ n?i4-^. (2) 

(n — 1)! n! 

in which the successive derivatives of F for the value t = must 
be replaced by corresponding expressions in terms of /(x, y). For 
this purpose we have 

»h,nc r(„.|.g| + ||. (3) 

By means of the equations x =» Xq -f ht, t/ = ?/o + *^ we obtain 





dx J. 

dt"^' 




dy 
dt 


= *, 


whence (3) becomes 


F'(t) = 


'E 


+ k 


dy 


A second differentiation gives 









ldx>dt dydxdt] Idydxdt dy>dt] 

.,«^+2M-^ + )fc'^^. (4) 

ox' ay ax ay* 



882 INFINITE SERIES [Chap. XV. 

In a similar manner we obtain 

^.,(0 = A' g + 3 A'* ^-1^^ + 3 AA. ^ + A.g . (5) 

From these values, we have at once the coefficients of (1) when we 
replace t by 0. Thus 

i^(0) =/(xo,i/.), 
f .(0) = ^. g +2 Afc ^-f^ + A.g , 

The general form of the expansion is therefore 

/ V V\ 

fix + h,y + k) = f(x,y) -^lh — -\-k—j 

1 / dy d»/ dv dy\ 

3!V ^^'^ dx^dy dxdy^ dyy 

The succeeding terms may easily be written by observing that the 
exponents of h and A; and the coefficients follow the law of the 
binomial expansion. 

The form of the remainder after n terms of the expansion is readily 
shown to be 

n! nl^fjr! (n-r)I dx^-"" dyr ' ^^ 

As in the case of functions of a single variable, the infinite expan- 
sion holds only when the limit of the remainder vanishes as n 
increases indefinitely. 

EXERCISES. 

1. If /(x, y)='a*(a + y)», find (x + /i)» (a + y + ky, 

2. Given /(z, y) - ax* + bxy + cy^ + dx + gy'^m. Expand /(x+ A, y+Jfc) 
in powers of h and A;. 

3. Derive an approximation for (x + h) (y + k)* when A and k are small 
relatively to x and y. Verify by a numerical example. 

4. Given /(x, y) = c* sin y, expand /l[x + A, y + A;) in powers of A and A. 
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137. Expansions obtained by the integration and differentiation 
of series. It is sometimes possible to expand a function into an 
infinite series by means of term-by-term integration or differentia- 
tion of a known series. The restrictions of Arts. 129 and 130 must 
of course be observed. 

Ex. 1. For - 1 < X < 1, 

we have z— — — 1— x + x* — x* + ... 

1 + X 

Hence J —I dx— jxdx-f j 3?dx— C J^dx -f . . . , 

log (1 + X) « X - 2 + g- - 4* + . . . 

Ex. 2. For - 1 < X < 1, 

= l+x + x* + x»+... 

1 — X 

DifTerentiating both members, we obtain 

,, ^ va -l + 2x+3x» + 4x» + ... 
(1 - X) 

Likewise 

(^p4^, - i (1 - 2 4- 2 - 3x + 3 . 4x» + . . .), 
and in general 

1 ,^ X ^ . . m(m + \) , . m(m + l)(m+2) . . 
(j-^3^-(l-x) l+mx+-4j— ^x>+-^ 3^^ ^^x» + ... 

EXERCISES. 

1. From the known series 

1- X» + X^-"X« + . . ., 

which defines the function =— — -^ for — 1 < x < 1, derive the series for arc tan x. 

1 4- x* 

2. From the series l+x' + x^ + x'-f-..., derive the series for inv. tanh x. 
Determine the interval of convergence. 

3. For - 1 < X < 1, 

Derive from this relation a series for arc sin x. 

4. Derive the series for cos x by differentiating that for sin x. 

* 

138. Use of series in computation. Infinite series may be used 
advantageously in the computation of certain constants, logarithms, 
trigonometric functions, and roots of numbers; also in the derivation 
of certain useful approximations. 
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I. Computation of e. 

We have e* = l + a: + g + f?+... (1) 

Therefore for x = 1, 

whence taking a sufficient number of terms, e = 2.7182818 . . . 

II. ComptUcUton of t:. 
From the expansion 

arc sin a; ~ X + i ?^ + ^-^ 2* + ^ "^ ^ ^ ^ 4- r3^ 

arcsma:-a: + 2 3 +2.45 ^ 2T4T6 7 ^'^ ' ^^^ 

which holds for — 1 < x < 1, we get for ^ = — 

"^«'''2=6=2- + 2 -3 •(2)+2 -I'S- (2-)+---' ^*^ 
whence r. « 3.14159 . . . 

III. Extraction of roots. 

We have (a" ± b)"" = a (l ± —Y = a (1 ± a:)», 

h - 

where x = — . Developing (1 ± x)* , we obtain 

a" 

n n' 2! n' 3! 



(5) 



Ex. -v^lOOO « ^1024 — 24 = 4 ^1 — jLY- 
Substitute ^75^ for a; in the series 

^ ^^ = 1 5 5 10 5 10 16 • • • 
The result of this substitution to six figures is 0.995268; hence 

ViOOO = 4 X 0.995268 - 3.981072. 

IV. Computation of logarithms. 

The series for log (1 + x), that is, 

x' , x^ X* , 
^-2- + 3 -4 +•••' 
converges slowly, and is therefore not well adapted for computation. 



Art. 138.] COMPUTATION OF LOGARITHMS 835 

A more useful series is derived as follows: 

m2 mS ij»4 

log (1 + x) = ^ - 2"^ 3 ~ 4 "*" " * 
Substituting — x for x, we have 

^^v ^^0 ^^v 

log (1 - x) = - X -------.. . 

By subtraction we get 
log(l +x) -log(l -x) =logJ-±|==2^x+|" + |f + ...j. 

Let us take a? positive and assume x = : then 

1 +x y + 1 
1 - X y 

and we have 

log (y + 1) - lo, , + 2 [^-J^ + 1 (^-i^J + K^-L.)' + . ](7) 

From this series log (y + 1) can be calculated when log y is 
known. Thus, since log 1 = 0, we have 

== 0.693147 ... 

log3=log2 + 2(i+|J, + ii + ...) 

= 1.098612 ... 
log 4- 2 log 2 = 1.386294. . . 

log5 = log4 + 2(i+iL + ^l_ + ...) 

= 1.609438 . . . 
log 6 = log 2 + log 3 = 1.791759 . . . 

Evidently it is only necessary to make the computation in the 
case of prime numbers. Logarithms to the base 10 are obtained 
from the natural logarithms by means of the following relation: 

logioa = logeO X -r-^-TTr = 0.4342945 . . . • logea. 

lOgelO 
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V. CompiUation of trigonometric functions. 

For all values of x, we have the series 

X x^ , 3^ X? . 
^"^^ = ri-3l + 5!-7!+ •• 






(8) 



These series converge rapidly, and may be used to compute the 
natural sine and cosine of any angle. Of course x must be expressed 
in radians. 

Ex. Find the sine and cosine of 19® 30' correct to five figuras. 

19 5 
We have x — r^ n » .34034. Substituting this value for x in the two series, 

we get 

sin X -> 0.33381, 

cos x =» 0.94264. 

The same method may be used to compute hyperbolic functions. 

VI. Approocimation formtdds. 

It is frequently convenient in computation to replace a function 
by another of approximately the same numerical value, but having 
a more simple form, or a form better adapted to calculation. This 
substitution may be effected in many cases by expanding the given 
function and taking a certain number of the first terms of the 
series. The following are among the most useful approximations: 

1. Let m denote a small fraction. Then approximately 

(1 ± m)« = 1 ± nm. (a) 

Vl ± m = 1 ± i m. (b) 

e"* = 1 + m. (c) 

log (1 -f m) == wi — i m\ (d) 

sin m = m (1 - t m'). (e) 

cos m = 1 — i m*. (f) 

2. Let m be small in comparison with a. Then approximately 

VSM^-a^l + ^). (g) 



log(a + m)=loga + -^ - ^. 

a I or 


(h) 


1 1 -T- m , m* 


CA 


a ±, m a or or 


v) 


sin (a ± m) = sin a ± m cos a. 


Q) 
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The degree of error due to the neglected terms may be estimated 
by taking the maximum value of the remainder R. For example, 
the error in (e) due to taking the first two terms of the series is 

51 ; ^ ^ 120 

If we wish to restrict the error to some definite limit r, we have 

only to write 

\R\<r 

and solve for m. Thus in the case just quoted, if we restrict the 
error to one unit in the fourth decimal place, we have 

< .0001, 



m' 



120 

whence | w | < ^^.012, or | m | < .413. Hence for angles lying 
between — 23° 40' and + 23° 40', two terms of the series give the 
value of sin m correct to three figures. 

VII. Approximations for circular arcs and chords. 

By the use of the sine and cosine series, convenient approxi- 
mate relations between circular arcs and their 
chords may be obtained. 

Let a circular arc of length s and radius r 
subtend a central angle a, and let C and c denote 
the chord of the arc and that of the half-arc, 
respectively. Fig. 122. We hive then 



« = ra. C = 2rsin — . 



a 
2 




Using the series for sin^ ,we have 



Tig. 132. 



^■"^'*(l"&"^384b"~ • • •) 



(9) 



If a is small, the terms of the series after the second may be neg- 
lected, whence the excess of the arc over the chord is approximately 

(10) 



ra^ 



24 
If a is measured in degrees, (10) becomes 

,9 



8-C 



rcc 



4514180 



(11) 
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If the chord is given, and the arc is required, we may arrive 

at a less accurate formula as follows: For a small angle we may 

C C 

substitute C for s, whence approximately a = — , and rcf = —- • 

T j2 9 

then 

8 - C ^ -^, 

or s 



-"V^kiT)']- <'^) 



Huygens* approximation to the length of a circular arc is derived 
as follows: From Fig. 122, we have 



G > a a a** , a 



3 _S 

= sin r = ~ — ^ h 



2r 2 2 2».3! 2*. 5! 

c . a a a^ . a^ 



• • • 



= sm — = — h 



2r 4 4 4».3I 4'.5I 

To get rid of the term in a', multiply the second equation by 8 
and subtract the first. The result is 

Sc - C 3 Sa^ 

= - a — 



2 r 2 2^ . 5! 

whence ^ ~ — ^ ra - ^^^ — . . . 

3 7680 

Neglecting the term —— and putting ra = 8, we have finally 

7680 

8 = — . (13) 

The error of the approximation is less than the omitted term -— - : 

7680 

hence the relative error is less than — - — . 

7680. 

EXERCISES. 

1. Calculate sin 15° and cos 15° to five decimal places. 

2. From the series for tan z calculate tan 12°. 

3. Find Vl334. 

4. From the logarithms given in this article calculate log 31, also log 73. 

6. Using the approximate formula (1) calculate the reciprocal of 102; of 97. 
6. If approximation (g) is used in finding the value of the expressioii 



\/L' — r* 8111*0, find the maximum error with — — 6. 

r 
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7. Find the greatest value of m that will permit the approximation 

(1 + m)*- 1 + 4m 
with a maximum error of 1 in 1000. 

8. Within what limits will three terms of the series for cos x give an error 
not exceeding 2 units in the 6th decimal place? 

9. Investigate the limits of accuracy of the formula 

sin (a + m) — sin a + wi cos a. 

10. Find inv. tanh (.5) correct to five figures. 

11. Find the length of the chord of an arc of sadius 200 feet subtending an 
angle of 3°: (a) by trigonometric methods; (b) by the approximation formula. 
Compare the results and find the relative error of the approximation. 

12. Find by Huygens' approximation the length of an arc of 30^ in a circle 
of 10,000 feet radius. (Compare with the true result, and find the relative 
error. 

. 13. Find approximately the arc cut off by a chord of 2 inches long in a 
circle of 10-inch radius. Find the relative error. 

14. Referring to Fig. 122, derive an approximate formula for the excess of 
the arc over the chord in terms of the chord and the dimension h. 

139. Maxima and minima of functions of a single variable. 

Taylor's expansion of a function gives a convenient method of 
developing the condition for maxima and minima. This method 
is particularly valuable where several of the derived fimctions 
vanish for the critical value. The condition may be stated as 
follows: 

THEOREM. The function f{x) has a maximum (or minimum) for 
X — a, if the first one of the derived functions f'(x)j f'(x) . . . which 
does not vanish for x ^ a, is of even order and negative (or positive). 

We have from Taylor's expansion, written in finite form, 
f(x + h) ^f(x) +/(x) h +-^ V + ^^h* + . . . 



and 



^ nl ' 



fix - h) »/(x) -fix) h +^^h* -^'^' + • • • 

n! 



\ 
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Replacing x by a, we have, after transposing the first term of the 
second member of the identity, 

fia + h) -/(a)-/'(a)A+.^A»+.^A»+ . . . 

+ r(-yh) ^^^ (1) 

n! 

/(a - h) -/(a) - -f'(a)h + ^^h' ~"^** + • • • 

+ (_l)«£^i£±MA- (2) 

nl 

If for X » a the given function has a maximum, then /(a) must 
exceed the value of the function for all values of the variable in 
the neighborhood of a; in other words, the left-hand member of both 
(1) and (2) must be negative for all values of h sufficiently small. 
The value of h can be taken so small that A/' (a) will be numeri- 
cally greater than the sum of the remaining terms of the second 
member. However, f(a +h) — f{a) and /(a — h) — f{a) cannot 
both be negative unless /(a) = and f"{a) is negative, assuming 
that /"(a) does not vanish. It may, however, happen that both 
fifl) and /"(a) vanish. In this case, in order to have both 
/(a + h) — f{a) and /(a — h) — f(a) negative, f"(a) must vanish 
and f^{a) must be negative. In general, in order that f{x) 
shall have a maximum value for x =» a, the first derivative that does 
not vanish must be of even order and negative. 

In order that /(x) shall have a minimum for x = a, the two 
expressions /(a -h A) — f(a) and /(a — A) — f(a) must be positive. 
This requires that the first derivative that does not vanish shall 
be even and positive. The argument is similar to that given above 
and is left to the student. 

Ex. Examine the function cos x + cosh x for maxima and minima. 

We have 

f{x) = cos X + cosh X, 

/'(x) — — sin X + sinh «. 
For X — 0, /'(x) — 0; hence x — is a critical value. We have further 

/"(x) — — cos X + cosh X, whence /'*(0) — 0, 
/'"(x) - sin X + sinh x, whence /'"(O) - 0, 
fiy(x) — cos X + cosh x, whence /"r(0) — 2. 

Since the fourth derivative is positive, and is the first that does not vanish, it 
follows that /(x) is a minimum for x « 0. 
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EXERCISES. 

Examine for maxima and minima the following functions: 

1. tan' X — 2 tan :r. 6. xsinx. 

2. sinh X — sin x. 7. 3 cos 6 + tan' 0, 

3. sin X (1 4- cos x). 8. cos x — log cos x, 
4 p^ + qe"^. 9. x'"*e"". 

6. cosh V — w'. 10. c* + C-* -I- 2 cos x. 

140. Evaluation of indeterminate forms. Algebraic methods 
of evaluating certain indeterminate forms were shown in the exam- 
ples of Art. 13. For the form — , to which all other forms may be 

reduced, the differential calculus furnishes a general method of 
evaluation, which is developed as follows: 

Let the given function be of the form i^^ , which reduces to the 
form - f or a; = a. The value of the limit L '^— is required. 

x'i'a <p{x) 

Expanding each term of this fraction by Taylor's development in 
finite form, we have 



:(1) 



^i n! 

By hypothesis, /(a) and ^(a) are each equal to zero. The above 
relation therefore reduces to 

<f>{x) 

r(a)(x-a) +ZIJ51 (:,-«)» + . . . +£I«±ML::«I] (^_„)„ 

^'(a)(x-a) + rM (;,_„). + . . . + S&3a + ^(£^] ^^— " <2) 
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Dividing both terms of this fraction by (x~ a) and passing to the 
limit, we have 

L m^iM.. (3) 

If /'(a) = and 0'(a) ^^0, this limit reduces to zero; if /'(a) f^ and 
4> (o) = 0, it becomes infinite. 

If./' (a) = and ^'(a) =0,the limiting value of the given function 
can be obtained by dividing the terms of the expanded form of the 
fraction by (x — ay and then passing to the limit. The result is 

L ZL4 =Z:M . (4) 

Similarly, if fia) and <^"(a) are both zero, we divide by (x — a)* 
and again take the limit, and so on. 

We may therefore state the general law of procedure as follows: 

To evaluate the indeterminaie form - , differentiate the numerator 

and the denominator of the given fraction and substitute the critical 
value of the variable in the result. 

The function '^^ may also assume the indeterminate form - 

when X becomes infinite. The limiting value may still be found 

by considering '^^^; ^ ; for, we have upon putting x= -, 

0'(x) z 






L iM = L )LL£ = L -^ = L iW . (5) 

ar*Qo^(x) «-0 Jl//l\l «"<> A'(W *** ^'W 



Form — . When the function ''4tK takes the form — , it can be 

00 0(X) J 00 

reduced to the form --, by writing it in the form ii-i . It can 
then be evaluated according to the law just stated, f^x) 

It may also be shown that if '^ — has a limit as x approaches 

9 W 

a definite number or becomes infinite, then ■ ^,f\ converges to the 

<^(x) 
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same limit.* This principle often affords a convenient method of eval- 
uating this indeterminate form; for we need only to differentiate the 
numerator and the denominator and then pass to the required limit. 
Form 00 — 00 . When a function takes the indeterminate form 

00 — oo it may be reduced to the fundamental form - by writing 
it as follows: 







1 1 


1 


1 


_ 0(x) /(x) 


1 


1 


I 



/(a;)- <l>{x) = -i- -.^ = '^^"^ ^^"^ . (6) 



/W <t>{x) fix) . <l>{x) 
Often, however, a simpler transformation will reduce the function 

to one of the forms -, — . No general rule can be given, but that 

00 

transformation should be selected which gives the simplest form. 
Form X 00 . When a function f{x) • ^{x) takes the form X oo 

for a; = a, it may be reduced to the type - by writing it in the form 

<t>{x) 

Forms 0®, oo®, 1*. The indeterminate forms 0^ oo®, 1* arise 
from a function of the form [/(x)] *<*>. This function may be reduced 

to the type form - as follows: 

Let . y= [/(a:)]*(*>, 

whence log y = <l>{x) . log [/(x)]. (8) 

Since, for each of the given forms, (8) takes the form X oo , the 
solution is effected by (7). 

tt&n •)! ■-" 8111 X 

Ex. 1. Evaluate -j , for x — 0. 

We have 

/'(x) Bee' X — cos x ~l 

/"(re) 2 sec' x tan x + sin x"! 



Jx-O 



4>"(x) 6x Jx-o ' 

/'"jx) 4 sec' X tan' x + 2 sec* x -\- cos x "l 1 

W^' 6 J*-o"2' 

— J. tan X — sin X 1 
Uenoe Li -= — - • 

•See Pierpont's Theory of Functions, Vol. I, p. 305. The special student of 
mathematics would do well to read Arts. 455-459 in the same volume. 
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Ex. 2. Evaluate sec );rx • log - for x ^ 1, 

X 

This function takes the form X oo ; hence we write it in the form 

1 



log 



1 



sec }rx 



log- 
^x 

COS i;rx 



which for X » 1 takes the form ^* Differentiating the numerator and the 
denominator, we get 



rf , 1 n 



4r 



cos Jttx 



1 

X 



x-1 



— i ;? sin 1 TTX 



2 
It 



or-l 



Ex. 3. Evaluate x *~* for x - 1. 
1 

1 1 loflT X 

Let y = X ' "* ; then log y — rz~^^8 * ■■ Tzr» which has the form ^ • 



Hence by the general rule, 

» * 1 log 1/ - -J 



whence « * i 



dx 
1 

^ • 



x-l 



1 

X 

- 1 



--1. 



x-l 



EXERCISES. 

Evaluate the following indeterminate forms: 
X* 4- 4 X - 21 



1. 
2. 
3. 



Jd:-: 



x» - 3x2 - 4x -f 12 

x» + 2x»-x~2 1 
x» 4- lOx 4- 16 Jar-- 

1 — cos x "| 

X* Ja?-o" 



2 



4. - (a- 
X ^ 






6. sec X ~ tan x] « ^ ». 



6. 

7. 
8. 



logx 



^1 

_ rrJx — 1 



Vl -X 

sinh X — X 



sm X 

tang - g 
^ - sin tf 



— 1 

— X Jar-O 

1 . 

J«-0 



X* — X 



V. 


1 - 


x + logxJ«. 


10. 


1 
sin' 


- - LI 

X x'Jx-o 


11. 


1 
x(a^ 


— 1) j x — oe. 


12. 


6* sm - 

Xjx — QO 


13. 


2_ 

X 


2Ja;— 


^A 


r 


K 



4x 



2x(«f'+ l)J,.o 

15. ain x log cot x]^^^. 

16. (sin<?)^T^_ir. 
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arctanx— x" 



17. 


^]«-o- 




18. 


(1 + a^rlx-o- 




19. 


(e- + i)'L_o. 




20. 


sec 2 9 cos 5 0] 
inv. tanhx— x"| 





22. 
23 






X* Jar-O 

c'aecx — 1 



1 • 

Jx-0 ' 

sec-^ 
• log(l -x)Jx-l* 

sin^o; tan' a; J a; »o 

x — 1 logzj^rol 



MISCELLANEOUS EXERCISES. 



X* . X* . X* 



1. Draw the graphs of the functions 1, 1 — ^i » ^ ~" 9! "^ 41' rospectivdy, 
and compare them with the graph of cos x. 

2. Test for convergence the following series, and determine the interval of 
oonveigenoe : 

W 1 i-g g-f jj 1 .2V3y ^ 161 .2 .3\3y ^ •*• 

^. X 1 a:* 1 x* 

^^ ^ + i + 21 ? + 3! ? + • • • 

x* x^ 

(c) 1 + X COS a + 21 <5^ 2 o + ^j cos 3 o + ... 

(d) cosx + 2 cos 2 X + o cos 3x4-... 

3. Expand the following functions: 

X 

(a) tan 6, (b) e* cos x. (c) cos" x. (d) — =- • (e) log sec* ^ • 



dx — X — = — =-, + £ Ti + • • 

X 3 • 3! 5 • 5! 

6. Derive a similar series for I dx. 

Jo X 



I 



6. Showthat (1 + x>» - c (1 - J x + li ^ -A a:" + • . .). 

- loir (1 4- x) 
Suggestion: Let u — (1 4- x)*, whence log u « -^-^^ • Make use of 

X 

the series already found for log (1 4- x) to determine the successive derivatives. 

7. From the expansion for log (n 4- h) and log (n 4- 1), derive the appraxi' 
mate rule of proportioned parts, viz.: 

log (n 4- fe) — log n h 
log (n 4- 1) — logn °" I ' 

From this rule find log 7.523, knowing that Idg 7.52 - 2.0176 and log 7.53=- 
2.018fll 
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8. Develop /(5 ± h) in powers of h, and determine the values of f(x) ■- 
x' (16 - x) for the following values of x: 4.7, 4.8, 4.9, 5, 6.1, 5.2, 5.3. 

9. Show by development in series that c* ""^^ cos a: + V— 1 sin x, and 
e~' ~ * = cos X — %/ — 1 sin x. 

10. Referring to Fig. 122, let h denote one half of chozd C, Then the area 
of the circular segment between arc and chord is given by the fonnula 

A — r' arc sin 6 Vr* — 6*. 

r 

From the expansions of are sin - and Vr* — 6*, show that 

11. Derive a series for the same area using the height h of the segment 
instead of the radius r. 

12. Develop the fimction y — , in series. 

\/l - x^ 



Suggestion: Multiply by Vl — x' and differentiate. The resulting equation 

dy 
is (1 — x*) -1^ — xy ^ 1. Now assume y ^ A + Bx + Cx' + . . . and deter- 

nune the coefficients. 

13. Derive the approximate fonnula 

tan {0 + m) ^ tan d + in sec* 0. 

14. The strength of an electric current as shown by a tangent galvanometer 
is given by i » C tan ^, where C is a constant and 4> ^ the deflection of the 
needle. Show that an error m in the reading of the angle gives a relative error 

of -; — pr-7 in the current, 
sm 2 ^ 

16. Evaluate the following expressions by the use of Series: 

, ^ C — 1~\ -. X — sinx"! , \ ^ — «~'l 

(a) ; (b) -i ; (c) —. 

X Jar-O X» Ja?-0' sm X Jar-0 

16. Calculate the following: 

(a) Sin 10** and cos 10® to five figures. 

(b) Logarithms (natural) of 17, 31, 61, correct to four places. 

(c) ^/2^84. 

17. Prove that the expansion of an even function of x, that is, one for which 
/(x) =/(— x), will contain only even powers of x, while if /(x) — — /(— x) 
the expansion will contain only odd powers of x. Illustrate by several functions. 

18. Making use of the known series for e*, log (1 + x), sin x, etc., derive 
series for the following fimctions: 



(a) ,-^ (b) e' log (1 + x). (c) Vl ± sin 2 x. (d) cos* x. 

1 + X 
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19. By substituting mx for x in Ex. 9, prove DeMoivre's theorem, namely, 

(cos X + V — 1 sin x)" « cos mx + v—l sin mx, 

20. Given the series 

, . sin 2 2 , sin 3 X sin 4 x , . 
y - c (sin X — — + — — jT— + . . .) 

(a) Test it for uniform convergence in the interval (0, tt). 

(b) Can the series be integrated term by term? Show geometrically by 
plotting several of the approximation curves. 

21. By means of the exponential series and the identity 
show that 2 sin X cos x — sin 2 x. 



CHAPTER XVI 



APPLICATIONS TO PIiANB CURVES 



141. Order of contact. In the preceding chapters, we have 
discussed many of the simpler and more direct applications of 
calculus to geometry. In the present chapter, we shall consider 
some further applications to plane curves which will enable the 
student to use the principles of the calculus to determine the 
character of a curve at certain critical points in order that its graph 
may be traced with greater ease and accuracy. 

Let the equations of two given plane 
curves be 

y = <f>{x) and y « ^(a;). (1) 

For some value of x, as x = a, suppose 
the curves to intersect, as at P, Fig. 
123. Then for this value of x, 

Now consider a second value of x, as 
X = a + A, where A is a small positive 
number. This value is represented in the figure by the abscissa 
OB, The corresponding ordinates BQ and BQ' are respectively 

y =- <f>(a + h), y' = (p(a + A). 

Expanding by Taylor's formula, we have 




^X 



y^<f>{a)-\-h<f>'{a) + || ^"(a) + 
y' = ^(a) + hf{a) + ^ f/{a) + . 



(2) 



The difference y' — y, represented by the intercept QQ', is therefore 
given by the expression 

[^(a) - ^(a)] + h [f(a) - <f>'{a)] -f |-[^"(a) - 0"(x)] + . . . (3) 

We may look upon the intercept QQ' as measuring in a way the 

348 
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closeness of contact of the curves. Hence we may distinguish 
the following cases: 

(1) If the expression in the first brackets alone vanishes, the 
derivatives are unequal for x^a, and the curves merely intersect at 
that point. 

(2) If in addition, the second term vanishes, that is, if ^(a) =^'(a), 
and the succeeding derivatives are unequal, the curves have a 
common tangent at the point x = a, and are said to have contact of 
the first order. See Fig. 124. 





Fig. 126. 

(3) If the first three terms all vanish, that is, if we have 

simultaneously 

(p{a) = 0(a), 

^'(a)=0"(a), 

while the succeeding derivatives are unequal, the contact is of the 
second order. See Fig. 125. 

Similarly, if <p{a) = ^(a), and all the derivatives up to and 
including the nth are equal each to each, the curves are said to have 
contact of the nth order. 

The highest order of contact that any curve can have with 
a given curve depends, in general, upon the number of arbitrary 
constants in the equation of that curve. This statement will be 
illustrated by the following special cases. Suppose, for example, 
that the curve y = <f>{x) is the straight line 

y = mx + h. 

Then the successive derivatives are 

dk^m, g = o,g = 0,etc. 
dx dj? da? ' 
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We are required to give this line the closest possible contact with 
the given curve y = ^(x) at the point x = Gjy == <p{a); we must 
therefore satisfy as many as possible of the conditions 

<f>(a) = ^(a), <^'(a) = f(a), <f>''(a) = f '(a), etc. 
The first two conditions give the equations 

ma + & = <p(o), wi = <p'(o), 

and these are just sufficient to determine the constants m and 6. 
The third condition cannot be fulfilled except at a point where 
^"(a) = 0, that is, at a point of inflexion in the curve y = ^(x). 
In general, therefore, a straight line cannot have contact of an 
order higher than the first with any given curve. 
If we assume the curve y = ^(x) to be the circle 

(x - ay + (y - by = r=, 

there are three constants to be determined. Three equations are 
needed to determine them, and therefore three conditions will be 
fulfilled. Hence, in general, the circle cannot have a contact of 
order higher than the second with another curve. 

It may be shown that : // n is the number of arbitrary constants in 
the equation of the curve y = 0(x), this curve cannot have, in general, 
an order of contact higher than the (n — l)st with any other curve 
y == <l>{x). 

Since the equation of a parabola has four constants, the para- 
bola may have at most a contact of the third order with another 
curve. The equation of a central conic has in general five constants; 
hence such a conic can have a contact of the fourth order with a 
curve whose equation contains at least as many constants. As in 
the case of a straight line, special points may be found where these 
curves will have contact of higher order with a given curve. 

142. The osculating circle. When a curve has a contact of 
the highest order with a given curve, it is called the oscvkUing 
curve. In particular, the circle that has contact of the highest 
order at a given point of a curve y = (jfix) is called the osculating 
circle at the given point. 

The coordinates of the center and the radius of the osculating 
circle may be determined by the principles just discussed. Let 
the point (w, n) be the center of the circle, and let R denote the 
radius. Then if we denote by t and u the variable coordinates of 
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the circle to distinguish them from the coordinates of the curve 
y = (p{x), we have for the equation of the circle, 

(t-my+iu-ny^R'. (1) 

The conditions for a second-order contact, when t ^ x, are: 



u 


='2/ 


du 


= 1^ 


dt 


dx 


d^u 


_d}y 


de 


dx" 



(2) 



From (1) we have by successive differentiation, 

it-m) ^ (u-n)|i=»0, 

Substituting in (3) and (4) the values given by (2), we obtain 

(X - m) + (y - n) f-' = 0, 

dx 



(3) 



(4) 



1 + 



{th ^ - "^B ' "■ 



(5) 



(6) 



whence by easy transformations we find 



1 + 



dyV 



y ^ n ^'- 



\dx) 



dx^ 



re — 771 



, ![■ - (g)1 






(7) 



From these equations the coordinates m and n of the center may 
be found. For x and y are substituted the coordinates of the point 

of contact; and the derivatives -t^^-tt are obtained from the 

dx dzr 
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equation of the curve, y = <p(x). Finally substituting in (1) from 
(7), we get for the radius, 

fdy\n9 



b ^ m 



dx" 

From (8) it follows that the radius of the osculating circle is 
precisely the radius of curvature of the given curve at the point of 
contact (see Art. 73). Hence, since the circle of curvature and 
the osculating circle have the same radius and are both tangent 
to the given curve at the same point, they must coincide. In fact, 
the coordinates of the center, given by (7), are the same as derived 
in Art. 73 from another definition. 

At the contact point, the osculating circle and the given curve 

have the same tangent, since by hypothesis the value of -^ is the 

same for the circle and the curve. It follows that the radius of the 
circle drawn to the point of contact coincides with the normal to 

the curve. Furthermore, since the value of —^ is the same for the 

dsr 

curve and the osculating circle, the direction of bending is the same 

for both at the point of contact; that is, both circle and curve are 

either concave upward or concave downward at the contact point. 



EXERCISES. 

1. Fiad the equation of the straight line that has contact of the first order 
with the curve 4 y — a;* — 12 at the point (6, 6). 

2. Find the equation of the osculating circle at the same point. 

3. Find a straight line that has second-order contact with the curve 

4. Find the osculating circle at the point (3, 0) of the curve y *- log (x — 2). 

6. Find the osculating circles at the extremities of the major and minor 
axes of the ellipse 

Show that the contact is of the third order at these points. 
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143. Envelopes. The equation of a plane curve in general 
contains in addition to the variables x and y certain constants 
which serve to fix the size and position of the curve. For example, 
consider the equation 

{y - a)» = m (x - m), 

which represents a parabola. The constants a and m determine 
the position of the axis and vertex, and the length of the latus 
rectum. As indicated in Art. 1, either of these constants may be 
an arbitrary constant, that is, a constant to which different 
values may be assigned at pleasure. If in the equation just given 
m is kept fixed while a is given a series of values, each of these 
values determines a particular parabola. All the parabolas, 
however, have the same latus rectum, their vertices lie on the 
same line x == m, and their axes are parallel. See Fig. 126. If, 





Fig. 126. 



Pig. 187. 



on the other hand, m is given a series of values while a is kept 
fixed, there results a series of parabolas, all having their axes on 
the line y = a. Their vertices lie at different points on this line, 
and their latera recta are different. See Fig. 127. A series of 
curves thus obtained by varying an arbitrary constant is called a 
system or family of curves, and the constant is often called the 
parameter of this family. 

The curves of the system are of the same character; that is, 
they are all parabolas, circles, or spirals, as the case may be, 
and differ only in position, size, or form. The curves may or may 
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not intersect. In the example just cited, they do intersect. A 
case in which they do not intersect is that of the family of circles 
given by the equation 

x* -f 2/* = ^, 

in which r is the parameter. 

The presence of a parameter a in an equation is emphasized by 
writing the functional equation in the form 

If the curves of a system intersect, the position of the point of 
intersection of two curves depends upon the relative position of the 
curves. As the curves approach coincidence, the intersection in 
general approaches a limiting position. The locus of these limiting 
points of intersection is called the envelope of the system. For 
example, in Fig. 126, the intersections Pj, Pj, etc., approach more 
and more nearly the line a; = m as the axes of the intersecting 
parabolas approach each other. Hence this line is the envelope 
of the system of parabolas. 

The definition of an envelope suggests a method of determining 
its equation. The following example shows an application. 

Ex. Required the envelope of the system cf parabolas 

(y - o)' = m(x - m), 

derived by giving arbitrary values to the parameter m. 
The equations of two neighboring curves are 

, (y - a)» = m(x - m\ (1) 

*^ (y - aY - (m + /i) [X - (m + h)], (2) 

where ^ is an arbitrary increment of m. The point of intersection of these 
curves is found by solving (1 ) and (2) as simultaneous equations. We thus obtain 

X ^ 2 m — hf 

y ^ a ± Vmim - ^i). (3) 

The limiting position of this point when the intersecting curves approach coinci- 
dence is found by making h approach zero. Hence this limiting position is given 

by the coordinates 

X ^ 2m, 

y -» a ±m. (4) 

Eliminating m between these equations, we get 

y = « ± ^ (5) 

as the relation between the coordinates of the limiting position of the intersec- 
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tion of any two consecutive curves. Hence (5) is the equation of the locus of 
such points; that is, the equation of the envelope of the system of curves. 
Evidently the envelope consists of two straight lines, as shown in Fig. 127. 

Line EF has the equation y «• a + 5 , line E'F' the equation y •- o — ^ • 

144. Analytical detenmnation of envelopes. We may develop 
the general method of determining an envelope in the following 
manner. Let two curves of the system have the equations 

fix, y, a) - 0, (1) 

fix, y, a + A) = 0, (2) 

respectively. Using the theorem of mean value, Art. 32, we have 
fix, y^a -hh) ^ fix, y, a) = hf^ix, y, a + Oh), < 5 < 1, (3) 

whence by reason of (1) and (2) 

r^x, y,a + eh) = 0. 
If now we make A approach zero, we have 

r^ix, y, a) = £-/(x, y, a) = 0. (4) 

Equations (1) and (4) are the parametric equations of the 
envelope of the system of curves given by (1). When convenient 
a may be eliminated from (1) and (4), giving for the envelope a 
single equation in x and y. 

Ex, 1. Find the envelope of the system of lines 

y''mx + ^, (1) 

obtained by assigning different values to m. 
We have 

fix,y,m) ^-y + mx + ^^0, 

whence ~ ^ x — ^^ =« 0. (2) 

am m* ^ ^ 

From (2), — — tnx. Substituting this value in (1), we have 

v — 2mx or m ^ ^, 

and substituting this value of m in (2), we obtain finaUy 

y» — 4oz. 
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In some cases the equation of the system of curves contains two 
parameters, between which, however, there exists a given relation. 
The following example illustrates the method usually adopted in 
finding the envelope. 



Ex. 2. Find the envelope of a line of fixed length which moves with its 
extremities on two fixed lines at right angles to each other. 

Let c denote the length of the line. Taking the codidinate axes as the fixed 
lines, the equation of the moving line is 



Also 



- + ?-!. 
a b 



a» -f 6» = (J. 



(1) 



(2) 




Fig. 188. 



The lines constituting the 83r8tem are obtained 
by varying both a and b subject to the relation 
expressed by equation (2). One of the parame- 
ters, say 6, may be eliminated between (I ) and 
(2), and then the envelope may be found by the 
usual method for one parameter. The follow- 
ing procedure, however, entails less labor. 
Equations (1) and (2) are differentiated with 
respect to a, b being regarded as a function 



of a. The following equations result: 



-, + 



y d6 
6' da 



0, 



db 
da 



(3) 



db 



The elimii^ation of -^ between (3) and (4) gives the relation 

h^x — ah/, 



or 



X a* 
i^b^^' 



Then from (1), 



a» + 6» 



b^ 



y-1, 



ch/^h^. 



c*x 



a\ 



or 

Likewise 
From (2) 

whence x^ + y^ 

which is the desired equation of the envelope. 



c' « a» -f 6" - (chi)^ + (cV)', 



c*. 
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EXERCISES. 

1. Find the envelope of the 83rstem of circles given by the equation 

(x - 3)« + (y - my - 25, 
where m is an arbitrary constant. 

2. A line so moves that the sum of its intercepts on the coordinate axes is 
constant. Find the envelope. 

3. Find the envelope of the family of ellipses 

x» V* 

— + — — 1 

where a and h are parameters connected by the relation 

a + 6 = const. 

4. Find the envelope of the system of ellipses in Ex. 3, on the assumption 
that the area of the ellipse remains constant. 

5. Find the envelope of the normals to the parabola y* » 4 ox. 

145. Roulettes and involutes. Suppose a plane curve, as AB^ 
Fig. 129, to roll without slipping on a fixed curve MN] for this 
purpose, we may regard the curves as the boundaries of two disks. 
Points Ey F on the rolling curve describe curves e, / on the 
fixed plane. Curves generated in this manner are called roulettes. 
Cycloids and trochoids are examples of roulettes in which the 
rolling curve is a circle. (See Art. 71.) 




Fig. 129. 



Pig. 180. 



If the rolling curve is replaced by a straight line, Fig. 130, the 
roulettes are called involutes of the fixed curve; thus, curves e 
and / are involutes of the curve MN. Evidently a curve has an 
infinite number of involutes. 

We may also consider the involute to be generated by a point 
on a flexible thread or cord wrapped around the fixed curve. As 
the cord is unwrapped, any point of it generates an involute. 
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Certain properties of involutes are evident from the manner in 
which they are generated. 

1. Any normal to an involute is a tangent of the fixed curve. This 
property may be proved by purely mechanical principles. Re- 
ferring to Fig. 130, the point of contact P, considered as a point 
of the rolling line AB^ has at the instant of contact no motion in 
the direction of the line, since by hypothesis there is no slipping. 
Furthermore, since the curves remain in contact, P can have no 
motion perpendicular to AB. It follows that the point P of AB is 
at rest, and the curve as a whole is rotating about P as a center. 
Points E and F are therefore moving in directions perpendicular 
to the lines PE and PF respectively. Now the point E moves in 
the direction of the tangent to the curve it describes; hence the 
line PE is the normal to the curve e at E, and likewise *PP is normal 
to curve/ at F, In the case of the involute, Fig. 130, the normals 
PE and PF coincide with the rolling line ABj which is tangent 
to MN; hence the normal of the involute is tangent to the 
curve. 

2. Tivo involutes of the same curve intercept a constant distance 
on their common norm^. This follows at once from the manner 
in which the involute is generated. Because of this property, 
involutes are sometimes called parallel curves. 

146. Curvature of involutes. Let PQ, Fig. 131, be one position 

of the rolling straight line, P being 
the point of contact, and Q a point 
on the involute. Let tj u denote 
the coordinates of the variable point 
P on the fixed curve MN, and x, y 
those of the point Q on the involute. 
From the geometry of the figure, we 
have at once 




•^X 



Fig. 181. 



{t — x) tan ^ =^ u — y. 



(1) 



du 



Since QP is tangent to MN, we have tan <^ = 37 ; but since QP 

at 

is the normal to the involute at the point Q, we have also 

tan =» — — . Substituting this value in (1) we obtain 
ay 

dy 



(t - x) + (u - y) -^^ 0. 



(2) 
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Differentiating (2) with respect to w, we have 



du \ duf dx 

dt _ dy 



\dx) _ 



d 

= 0. 



But since i r- > 

du dx 

this equation reduces to 

_rfx_d^dj/,/ _s \dx I _Q^ 
du du djp du 

Multiplying through by -- , we obtain finally, 

dx 



- ' - (Sj-^ <" - " s - »• 



whence 



dx' 
Substituting this value of u in (2), we have 

Comparing (3) and (4) with (2) and (3) of Art. 73, it appears that 
the point P is the center of curvature and PQ is the radius of 
curvature at the point Q of the involute. 

It is not true of roulettes in general that the point of contact of 
the rolling curves is the center of curvature of the roulette. Thus 
in Fig. 129, the center of curvature of e at the point E lies some- 
where on EP or EP produced, but not at P. Only in the case of 
the involute does the center of curvature coincide with the center 
of rotation. 

147. Evolute of a curve. From the preceding article it appears 
that a given curve is the locus of the centers of curvature of each of 
its involutes. When two curves C, and C^ are so related that C^ 
is an involute of Cj, we call Cj the evolute of C^, Curve C, may have 
other involutes than C^ but C^ has only the one evolute C,. 
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Two properties of the evolute follow from the manner of describ- 
ing the involute as a roulette. 

1. Any normal to the curve C, is 
tangent to the evolute C,. 

2. The difference between two radii of 
curvature of a given curve is equal to 
the arc of the evolute between the points 
of contact of the radii with the evolute. 

Thus in Fig. 132, we have 




Fig. 1S8. 



P^E^ - P^E, = arc P^P^. 



To obtain the equation of the evolute 
of a given curve, we combine the equation of the curve 



y = /W 



(1) 



with the equations 



1 + 



n = 1/ + 



(dyV 
\dx) 



dx" 



(2) 



m = X — 



dy^ 
dx 



v^m] 



<Py 
dx" 



(3) 



which give the coordinates m, n of the center of curvature. If x, y, 
and the • derivatives be eliminated between these equations, the 
result will be a relation between m and n, the variable coordinates 
of the evolute. Various special expedients may be used in the 
elimination. 



Ex. 1. Find the evolute of the rectangular hyperbola xy 

We have 

dy ^ _ a}_ . cPy 



dx 



2x» 



dx» 



a' 



Hence 



n 



a' 



2x 
m = X -^ 



+ 



4 X* -f o* 4 g* -f 3 o* 
4 a}x 4 a'x 

4x^ -h a< 12x* -f a* 



8x» 



8x» 
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Therefore 



m + n 



8 a:* + 12 x^a» -I- 6 x^a* -f a' 
8oV 

'2 x» + a»\« 



and 



Finally 



m 



/ 2 g» 4- g' Y 
" \ 2 ax /' 

/2 x» - o'V 



(m + n)' - (m - n)' = 2 a', 
which is the desired equation of the evolute. 

Ex. 2. Find the evolute of the cycloid 

X = o^ — a sin ^, 
y = a — a cos d. 

We readfly obtain the derivatives ^- - =» cot - » -t— «= ^ 

4 a sin* — 
2 

Substituting these values in the equations for m and n, we get 

m -= a^ + a sin ^, 
n =» — a + a cos (9, 

which are the parametric equations of the evolute. 




Fig. 133. 

If now we transfer the origin to the point (— tto, — 2a) and denote by x 
and y the coordinates with reference to this new origin, we get 

X — m ■¥ jra, y = n + 2a, 

whence x =» a (^ + jr) + a sin ^, 

y -^ a + a cos 6, 

If we denote 6 + it by 0', we have 

X *- aO' — a sin 0'^ 
y » a — a cos d\ 

Hence the evolute of the cycloid is an equal cycloid. The relative position of 
the two cycloids is shown in Fig. 133. 
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EXERCISES. 

Find the evolutes of the following curves 

1. .The parabola y* =» 4 px. 

2. The ellipse -' + f! = 1. 

3. The circle jr* -h y' = a'. 

4. The astroid x* + y^ — a'. 

6. The tractrix x ^ a log ~ — Vc* — y'. 

y 

6. Show that the evolute of the parabola y' » 4 px is the envelope of the 
normals to the parabola. 

148. Asymptotes, rectangular coordinates. The student has 
already met with curves having infinite branches, that is, portions 
of the curve that extend to infinity. The parabola and the 
hyperbola are illustrations of such curves. We shall now examine 
the tangents to such a branch. If the tangent still lies partly in 
the finite portion of the plane as the point of tangency recedes 
indefinitely, it is said to be asymptotic to the curve. An asymptote 
may, however, be more precisely defined as follows: 

An asymptote to a curve is a straight line, lying partly within 
the finite region of the plane, which is the limiting position of the 
tangent as the point of tangency recedes indefinitely along an 
infinite branch. 

As will be seen from this definition, we cannot speak of all tangents 
to an infinite branch of a curve as asymptotes, since not all such 
-tangents lie partly within the finite portion of the plane. For 
example, the tangent to a parabola at infinity is not an asymptote, 
since it lies altogether at infinity. The hyperbola, on the other 
hand, has asymptotes, because the limiting position of the tangent 
to either infinite branch of the curve is a line lying partly within 
the finite region. 

A tangent to a curve is obtained by regarding it as the limiting 
position of a secant line as the two points of intersection with the 
given curve are made to approach coincidence. The conditions 
for a tangent involve therefore finding multiple roots of the 
equation that results from combining the equation of the secant 
line with that of the curve. When the point of tangency recedes 
indefinitely, that is, when the tangent becomes an asymptote, this 
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condition involves finding the condition that an equation shall 
have infinite roots. 

Suppose, for example, we have given an equation of the nth 
degree, 

a^^ + aia:'»""*+ ... + a,, = 0. (1) 

The condition that some of the n roots of this equation shall become 
infinite is that the same number of coefficients of the highest 
powers of x shall vanish. This may be shown as follows. If we 
put X = y^S the given equation becomes 

^ + -^, + . . . + ^ = 0, (2) 

yn yfl-l I 

whose roots are also roots of the equation 

If now Oo is allowed to approach zero, this equation has a root 
which also approaches zero, aiid consequently (1) has a root which 
becomes infinite. In the same way if a^ and a, both vanish, the 
given equation has two infinite roots. 

I. Obliqite asymptotes. Let us apply this principle to the deter- 
mination of asymptotes. Suppose the equation of the asymptote 
to be of the form 

y = mx + b, (3) 

and let the equation of the given curve be 

/(:r, y) = 0, (4) 

where f(x, y) is a rational integral function of x and y. If m is 
finite and different from zero, the asymptotes given by (3) will 
make oblique angles with the coordinate axes and hence are called 
oblique dsymptotes. 

In order that (3) shall be an asymptote to (4), the equation 
obtained by solving these equations simultaneously, namely, 

fix, mx -hb) =0, (5) 

must have two infinite roots. Consequently, the coefficients of the 
two highest powers of x in- (5) must vanish. If we equate these 
coefficients of x to zero, we can then determine the values of m 
and b, and hence the asymptote desired. 
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Ex. 1. Given the curve whose equation is 

to determine its asymptotes. 

Substituting y ~ mx + b, the equation becomes 

x^ (1 - m) + aJ (- m» - 6) + . . . - b* « 0. 
PVom the coefficients of the two highest powers of a-, we have 

1 - m = 0, 

w« + 6 = 0, 

hence m = 1, and 6 « — 1. 

The asymptote therefore is 

y = a; - 1. 

If in equation (5) the coefficients of x*^ and t"~^ contain both m 
and 6, the terms of degree lower than the (n — l)st do not in gen- 
eral affect the determination of the asymptotes. However, if the 
coefficient of x^"^ is zero, or if the value of m obtained by equating 
the coefficient of x" to zero is such as to cause that of x**-* to 
vanish also, we must make use of the coefficient of the next lower 
degree in order to have two equations from which m and b 
can be uniquely determined. This coefficient, in general, will be of 
the second degree in 6, and hence we have in this case two parallel 
asymptotes, since for each value of m there are then two values of 6. 
If the coefficient of x^"^ is also zero, or vanishes for the value of 
m obtained from the coefficient of x^ we must solve the coefficient 
of x^ and x^~* simultaneously in order to determine m and 6. In 
this case we shall have, in general, three values of b for each value 
of m, and consequently three parallel asymptotes. 

We may also obtain the oblique asymptotes to a curve by solv- 
ing the equation of the given curve simultaneously with the 

equation 

X = my -h b, 

and equating to zero the coefficients of the two highest powers of y, 

II, Asymptotes parallel to coordinate axes. In case the asymp- 
totes are parallel to one of the coordinate axes, m in the one 
or the other of the substitutions just discussed will be zero. 
We can, however, often determine such asymptotes more readily 
by inspection. To do so, we write the given equation in descending 
powers of x or of y. It will then have either of the following forms: 

ax"" + (by + c) x"""^ + . . . + i = 0, (5) 

ar + ipx + y) y'*-^ + . . . + r = 0. (6) 
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If a and by ■\- c vanish, then two roots of (5) become infinite, and 
the line 

62/ -f c = (7) 

is an asymptote. Similarly, if in (6) a and fix + y vanish, the line 

/?x + r = (8) 

is an asymptote to the given curve. Consequently, if the given 
equation when arranged in descending powers of x (or y) does not 
have the term ^''(or t/^), then the coefficient of a;'*~*(or y^"^) equated 
to zero gives an asymptote to the given curve. 

If in (5), a, 6, and c all vanish, then the coefficient of x""*, which 
is in general a quadratic in i/, will, when equated to zero, determine 
two asymptotes, real or imaginary. A similar statement applies 
to (6). 

Ex. 2. The equation 4a^ + 2a;»y-6ay-a;* + 3y'-l=0 isa cubic 
in which y* is absent. Hence arranged in descending powers of y, it takes 
the form 

Oy« - (6 X - 3) y> 4- (2 x*) y 4- (4 2» - x» - 1) « 0. 

If we make 6 x — 3 = 0, the coefficients of y* and y^ both vanish. Hence the 
line 6a; — 3«=0, orx — Jisan asymptote. For x = J, we have also y *» — }, 
so that the asymptote cuts the curve at the point (i,. — f). 

Ex. 3. The equation xh/^ — 4xy' + 3x'y — 4x* — 5=*0 is of the fourth 
degree, but lacks the terms in x*, x", y*, and y*. It may be arranged in the forms 

X* + x» + (y» - 4) x» - (4 y» - 3 y) X -- 5 - 0, 
y* 4- y» + (x» - 4 x) y3 + (3 x) y - (4 x» 4- 5) - 0. 

From the first we have two asymptotes, 

y 4- 2 - 0, and y - 2 - 0, 

determined by placing the coefficients of x^ equal to zero. From the second, 
the asymptotes x«-0, x — 4 = are obtained. 

The two methods given are sufficient to determine all the 
asymptotes to an algebraic curve. The first method will be found 
most convenient in determining asymptotes that make an oblique 
angle with the axes of coordinates, and the second in finding 
asymptotes parallel to the axes. 

If the equation of the curve involves a transcendental function, 
the method suggested in Ex. 12, p. 376, will be found sufficient to 
determine the asymptotes. 
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EXERCISES. 

Fmd the asymptotes of the following curves: 



1. y> - 3?{Z - 6). 

3. y» 



2a - X 

*• a» 6» ^• 

6. y'ix - 2) « a;». 

7. a;y - c»(x> 4- y») - 0. 
-8. x" + a:y'-y' = 0. 

9. X* - xy' + ay* =- 0. 

8a» 



10. y- 



x* + 4 a* 



11. y» « 6 «» + «•. 

12. a^ - 1. 

-13. a:»-y»-x« + 2y»-0. 

14. xy» + a^ + 2x» - 3xy - 2y» - 0. 
16. xV - ^y + ^ - 4 y* =- 0. 

16. x» + y* - 5 ax» y = 0. 

17. y»-a:*y + 2y» + 4y-fx=-0. 
- 18. X* — y* « a*xy. 

19. x*y + a:y* - 8. 

20. y + xy - x" « 0. 

21. xV - x» - y» - 0. 



149. Asymptotes, polar coordinates. If in the equation of the 
curve p = f{d) the radius p becomes infinite for some value of 5, 
denoted by O^y the curve has an asymptote, provided the tangent 
at an infinitely distant point passes within a finite distance of the 

pole. This is the case when, for d = 0^^ the subtangent p' — is 
finite. ^ 

The construction for the asymptote is shown in Fig. 134. 




Pig. 184. 



Through the pole 0, the line OR is drawn, making angle XOR = 0^. 
From perpendicular to OR, the subtangent OQ = p' -r- is laid 
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off. Then through Q the asymptote QT is drawn parallel to 
OR. 
Let P be a point on the asymptote ; then from the triangle OPQ 

we obtain the relation 

OQ _ OQ 



OP = 



(1) 



sin OPQ sin (^o - ^) 

Denoting the subtangent of the asymptote by S, we have therefore 
for the polar equation of the asymptote, 

S 



P = 



sin (^0 - 0) 



(2) 



I ,/> -00 ; alao for ^0 - -^ , /> - « 



Ex. find the asymptotes of the curve p '^ a tan 0, 

For ^0 " 
The subtangents for these values of d^ are 



and 



jS> — a sin' 0]^ «=» a. 



Henoe there are two asymptotes perpendicular to 
the initial line OX, each at a distance a from the 
pole. See Fig. 135. 



EXERCISES. 




Fig. 185. 



Find the asymptotes of the following curves. In each case sketch the curve 
and show the approximate position of the asymptotes. 



1. The hyperbola p 

2. The lituus p =« — /- 



g (1 - e») 
c cos 6 — 1 



6, p — a 



2;r 



3. The hyperbolic spiral P =' -is 

4. /) = a (sec 2 ^ + tan 2 6). 
6. p cos 2 ^ — a. 



sin d 

7. /) « 2 a sin ^ tan 6, 
a 



8 />» 

9. P^all + ^^) 

\ cos 2 0/ 



1 — cos 

1 + 



cos 
10. p = o sec 2 0. 



dy 



150. Singular points. In general, the derivative -~- has at any 

ax 

point a single determinate value which measures the slope of the 

curve at that point. It may happen, however, that at certain 
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points of the curve the derived function takes the indeterminate 

form - . Such points are called singular ^points, and the correspond- 
\j 

ing values of the variables z and y are called singular values. At a 

singular point the slope of the curve cannot be determined by the 

usual method, but it is possible to use the method of Art. 140 for 

the evaluation of indeterminate forms. An example will illustrate 

this statement. 

Let the equation of the curve be 

/(«, y) - ** - 3 xy + j^ - 0. 
Then we have for the derived function 

dy dj^ 3 J* -3y 

dx " df" Sz - 2y* 
dx 

Now for the p>oint (0, 0), which is a point on the curve, the derived function 

takes the form - . To evaluate this form we take the a><lerivative of both 

numerator and denominator in the usual way. Denoting by p the value of the 
derivative at the critical point, the resulting equation is 

6 X - 3 p "| __ 3p 

P" 3-2p Jo,o" 3-2p' 

Solving this equation for p, we obtain 

p « 0, p - 3. 
Hence at the point (0, 0), the derivative has two distinct values. 

We shall find that the evaluation of the derived function at a 
singular point always leads to at least a quadratic equation in p. 
If a second differentiation of numerator and denominator is 
necessary in order to evaluate this function, the resulting equation 
will be a cubic in p, and so on. Hence at a singular point there 
are two or more values of p, that is, of the derivative. Of these 
values, however, two or more may be equal, and some may be 
imaginary. 

The geometrical interpretation of the multiplicity of values of 
p is simply that at a singular point, there are two or more tangents 
to the curve; in other words, the singular point is common to two 
or more branches of the curve. 
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Some of the singularities possessed by algebraic curves are 
shown in Fig. 136. 




Fig. 186. 



If p has two real and distinct values, there are two tangents, as 
at (a). The point of intersection P of the two branches is called 
a dovhle point or node. 

At (/) is shown a triple point. Here there are three distinct 
tangents corresponding to three real and unequal values of p, A 
triple point is equivalent to three nodes. 

If the two values of p are real and equal, the two tangents are 
coincident. In this case two branches are tangent to each other 
at the singular point. If the branches pass through the point of 
contact, as shown at (d), the singular point is called a tacnode. 
If the two branches stop at the point, as shown at (6) and (e), 
the singular point is called a cusp. A cusp is said to be of the jirBt 
species when the branches are on opposite sides of the tangent, as 
at (6), and it is of the second species when the branches lie on the 
same side, as at (e). We may regard a cusp as the limit of a node 
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in which the loop has dwindled to a point, and the common tangents 
have become coincident. 

If there are three values of p, of which two are equal, 
we may have a node and a cusp at the same point, as shown 
at (g). 

Finally, p may have two values, both imaginary. In this case 
there are no real tangents, and therefore there are no real points 
of the curve in the neighborhood of the point in question. VSThen 
this is the case, the singular point is called a conjugate point, as 
shown at (c). 

151. Analytic condition for a singular point. Let the equation 
of the curve, written in the implicit form and without radicals, be 

/(^, y) = 0. (1) 

Then for a singular point, we have 



(2) 



that is, in addition to /(x, y) = 0, we must have -^ = 0, -r^ = 0. 

ox dy 

Solving these equations simultaneously, we find the coordinates of 
points at which singularities occur. 

To determine the character of the singularity we proceed a3 
follows to deduce the necessary criteria. Evaluating the indeter- 
minate form, and denoting as before the value of the derivative 

-^ at the critical point by p, we have 
dx 





^j. 




dy ___ 


dx 


0. 


dx 


Sf 

sy 


0' 



p= - 



x\dxj 



d 
d 

dx 



To perform the operation — ( r^j, let v denote r^ ; then, since v is 

dx \ox/ ox 

in general a function of x and y, we have 

dx dx dy 
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if 



Replacing v by -r^ , we have 

ax 



dx \dx/ dx* dx dy 



By a similar process the expression ^^r — f r-^Jis obtained. The 
final result is 

3x» dx dy ^ 

dx dy dy^ 
Clearing (3) of fractions, we obtain a quadratic in p, viz. 

?!/p2 + 2J^p + ^-^=0 (4) 

dy'^ ^ dxdy^^ dx^ "• ^^^ 

If in (4) the second partial derivatives vanish simultaneously for 
the singular values of x and t/, then the expression (3) for p becomes 
indeterminate, and a second differentiation is required. Thus 



d.m +i^p) 



dy _ _ _ dx\c)3^ 

dx\dxdy dy^ ) 

B7?By dxdxf''^ dt^'^ 



(5) 



whence 



^p^+sJ^l^j^ + S^Lp^^^O. (6) 

dy^ dxdy'^ dx'dy^ 5x» ^^ 



If it should happen that the third partial derivatives all vanish, 
a third differentiation would be necessary, and the resulting equa- 
tion in p would be a biquadratic; and so on. 

Returning now to equation (4), let us suppose that the second 
partial derivatives are not all simultaneously zero. Then (4), as 
a quadratic in p, has two roots, and these give the two direc- 
tions of the branches of the curve at the singular point. 
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Three cases are to be noted : 



■■■{ 



dx dy ) ds^ dy^ 

\dx oy I ox^ ay* 

In the first case, the roots are real and unequal; hence the singu- 
lar point is a node, Fig. 136 (a). 

In the second case, the roots are real and equal, the two tangents 
are coincident, and the point is either a tacnode or a cusp. 

In the third case, the roots are imaginary, and therefore there are 
no real tangents at the singular point. The point is therefore a 
conjugate point, Fig. 136 (c). 

When the values of p are obtained from the cubic equation (5), 
they may all be real and distinct, in which case we have a triple 
point. Fig. 136 (/); two may be equal, as in Fig. 136 (g); or two may 
be imaginary and one real. In the last case there is but one branch 
of the curve passing through the singular point; hence, so far as 
appearance is concerned, there is nothing to distinguish this point 
from other points on the curve. 

The following examples will illustrate various cases in the 
determination of singular points. 

Ex. 1. Examine for singular points the curve 

/(x, y) « 4 x» - 12 x» + 10 a; + xy + 11 y - 3 y> - 18 - 0. 
We have 

^ => I2x^ - 24X + 10 + y; 
Ox 

g-x + ll-6y. 
The values a; — 1, y = 2, satisfy the equations 

fix. y) = 0, ^ - 0, ^^ - 0; 

henoe (1, 2) is a singular point. The second derivatives are 

iJ. =» 24 a: — 24 • — = 1 • — = — 6 

For X «= 1, r~ =- 0; henoe the equation for p is 

-6p» + 2p = 0, 

and the roots are p « and p =» §. The point (1, 2) is therefore a node, and 
the intersecting branches have the slopes and }, respectively. 
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Ex. 2. Examine for singular points the curve 

X* - 4 x»y + y* - 0. 



We have 



also 






|{-4x--8xy, 



12x>-8y. 



dy 



-4x» + 3y»; 



dV 



- 8x, 



dy 



dx dy ' dy* 

llie coordinates of the origin (0, 0) satisfy the equations 

3/ 



- 6y. 



fix, y) - 0, 



ax ^ 0' »**• ^ - <>• 



Hence (0, 0) is a singular point. But for x » 0, y — 0, the second partial 
derivatives vanish, and in consequence the third partial derivatives must be 
used. For x = 0, we have 



24x =- 0; 



-8; 



0; 



dy» 



- 6. 



dx» ""^ ^' dx^dy "' dxdy» 

From these, the cubic to determine the values of p is 

6 p» - 24 p «= 0, 

whence p » 0, 2, and — 2. Therefore the origin is a triple point and the slopes 
of the tangents to the branches are respectively 0, 2, — 2. The general fonn of 
the curve is shown in Fig. 137. 







Rg. 187. 










Ex.3. 


Examine the curve 












x» 


- Sx^ 


-3: 


y' + j/' 


The partial derivatives 


are 


•% 












dx 


3*» 


-6x; 








9/ 


sy' 


-6y; 








iff 

ax* 


6x 


-6; 






( 


a>/ _ 

3xdy 


0; 










»f 

dy' 


6y 


-6. 



Fig. 188. 



-0. 
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Evidently the origin (0, 0) is a singular point. For a: =- 0, y — 0, 

?v: = ?^ _fi 

and the equation giving the values of p is 

-6p*-6«=0, or p' + l-O, 



whence P " ± V^-l. 

Since the two values of p are imaginary, the origin is a conjugate point. The 
form of the curve is sho^n in Fig. 138. 

Ex. 4. Examine the curve 

ay = (x - 6)*. 
The equation in the implicit form and freed from radicals is 

ay - (X - by - 0, 
whence 

The values x = 6, t/ ■* 0, satisfy the original equation /(x, y) =- and the 
equations 

,--0 and g^-0; 
hence (6, 0) is a singular point. At this point, we have 




.-20 (X- 6)" 


-0. 


dxdy 




V— • 





Fig. 189. 
The quadratic equation is therefore 

2 a'je = 0, 

whence p = 0. 

For values of x > 6, y has two values, equal but opposite in sign, but for x < b, 
y is imaginary. Since the two values of p are coincident and the cur\''e lies 
wholly on one side of the point (6,0), that point is a cusp; and as the branches 
lie on opposite sides of the tangent, the cusp is of the first species 

In tracing curves, it is of advantage not only to observe the 
general directions given in Art. 71, but also to find the asymptotes 
to the curve and to determine in advance the nature of its singular 
points. The student is now in position to trace much more com- 
plicated curves than those previously discussed. 
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EXERCISES. 

Examine the following curves for singular points. In each case find the 
equations of the tangents at each singular point and trace tJie curve. 



- 1. (x» + y»)» = a» (x» - S^). 
- 2. 2^ = z» - 4 a:'. 
3. cy^ = r». 10. y» 



•■ (:)■- ft)" - ■■ 



- 4. ay = aV - X-. ^1 ^ __^/_ 2^, _ ^,^ ^ ^ 

6. X* - 2cLn/» + 2ay» = 0. 12. j/* - x (a; + h)\ 

6. X* - 4 X 4- 6 y» = 0. 13. y = x» - X*. 

. 7. x»-y»-^ + 2j/»-0. 14. x»4-2y» + X2^-x*3/ = 0. 

8. X* + y* = a'. _16. y* (x» - a») = x*. 

MISCELLANEOUS EXERCISES. 

1. Find the radius and coordinates of the center of the osculating circle in 
each of the following cases: 

(a) 2/» = 8 X + 1, at (6, 7). (c) y = cos x, at (0, 1). 

(b) 2/ = 3 x» - 8 X + 4, at (- 2, - 4). (d) t/ = e-, at (0, 1). 

2. Find the parabola y — A21? ■\- Bx -\- C which has the same osculating 
circle as the curve y^x* — 6x'4-4x4-9, at the point (2, 1). 

3. Show that the radius of curvature at any point of a cycloid is double the 
normal at the same point. (See Fig. 133.) 

4. Prove that when two curves have contact of even order they cross each 
other; and that when the contact is of odd order the curves do not cross each 
other. Illustrate by examples. 

6. If the equation of a curve can be written in the form 

y «= ± (ax .t- 6) + <^(x), 

where each term of ^(x) has seme higher power of x in the denominator 
than in the numerator, show that the lines y = ± (ax + 6) are asymp- 
totes to the curve. In this way determine the asymptotes to the curve 
X* — xy* + ay' «= 0. 

6. Trace the following curves: . 

(a)y=(x»-l)^ (^)y'=^V"^- 

(b) ay « oV - x«. (d) X* - 3 xy=» + 2 y» = 0. 

7. Trace the curves: 

(a) /) = a sec B ±h, (c) p = 6 (tan — 1). 

(b) p = a (cos ^ .4- cos 2 (?). (d) p = ?-^^-A^. 

8. Show that the ordinates of the curve x* = xy + 1 = and of the parabola 
y « x' approach the same value as x increases. For this reason, the parabola 
is said to be a curvilinear asymptote to the curve. 
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9. Trace the curve y + «y — ic* — 0. Find its rectilinear and curvilinear 
asymptotes. 

10. Show that at the point (0, 0) the curve y— £ has two teiminating 

branches with different tangents. I + e' 

11. Examine for singular points the following curves: 

(a) x(x - a)^ + y' (x - 2 a) - 0. 

(b) (x» 4- y*y = 4 x» -f y». 

(c) X* - 3 xy + 6 y» - y* - 0. 

12. Find the asymptotes to the curves 

(a)y»-4x»4-x»; (b) ?^ - |^ - 1 

by the following method: Take the values of the intercepts of the axes by the 
tangent to the curve at the point (x', y') when a/ =» oo and y' = oo . If both 
intercepts are finite, or if one is finite, the tangent is an asymptote. 

13. Show that if the degree of a curve is lower than the fourth the curve 
cannot have a cusp of the second species. 

14. Deduce the following general method of determining the tangents at a 
multiple point (m, n) of a curve: Transform the origin to (m, n), arrange the 
resulting equation in ascending powers of x and y, and put the group of terms 
of lowest degree equal to zero. 

16. Apply the method of Ex. 14 to find the tangents at the origin to the 
lemniscate y' = x' — x*. By the same method find the tangents to the curve 
(y — 6)' = X (x — a)* at the point (a, b). 



16. Discuss the curve p = a6"* "*" '*'' which represents De la Roche's equation 
for the pressure p of water vapor at the temperature. Find the point of in- 
flexion, the point of discontinuity, and the asymptote. Trace the curve. 

17. In Art. 24, Ex. 2, van der Waals' equation was mentioned. Give a 
complete discussion of this equation. Show the condition required for points 
of inflexion, and find these points for T = 300®. Show the general form of the 
graph for large and small values of T, using the values of the constants on p. 60. 

18. Derive from van der Waals' equation the conditions that pv shall be a 
minimum, taking T constant. 

19. Trace the " probability curve" y =A;c~"^^', in which k and a are con- 
stants. Determine the value of x for which the curve has a maximum point, 
also the point of inflexion. 

8 

20. Given the witch whose equation is y «=» — ^ . . (a) Find the centroid 

of the area bounded by the curve, the X-axis, and the ordinates x » — 2, 
X = 4- 3. (b) Find the volume obtained by revolving the same portion of the 
curve about the X-axis. 

21. Find the radius of curvature of the cardioid p '- 2 (1 + cos d) for 
d = 30°. 
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22. Prove that the envelope of the normals to a curve y — f(x) is the 
evolate of the curve. 

23. Prove that the evolute of the logarithmic spiral p » a^ is a similar 
logarithmic spiral. 

24. Find the equation of the evolute of the cissoid 

a* 
^ 2a - X 

26. Find the envelope of the lines x cos a + y sin a « p, a being the vari- 
able parameter. 

26. A circle of radius h rolls on a fixed circle of radius a, a > b, and a point 
on the rolling circle generates an epicycloid. Show (a) that the equations of 
the curve are 

« — (c + 6) cos <f> — b cos — T — ^, 
y ■» (a + 6) sin ^ — 6 sin — ^ — 4>t 

(b) that the radius of curvature is )i. ok ^ 1& » 

(c) that the length of the curve is -^ — ; 

(d) that the area between the curve and fixed circle is — • 



/ 



CHAPTER XVII 

APPROXIMATE INTEORATIOII' 

15:3. Approximate integration by series. If a given integral 
fix) dx cannot be evaluated by the ordinary exact methods of 



integration, it is sometimes possible to develop /(x) into an infinite 
series and integrate term by term. By taking a sufficient number 
of terms of the series resulting from the integration, we may 
approximate the given integral to any desired degree of accuracy. 
Of course, some such restriction as uniform convergence must be 
observed; however, the series arising in practice are for the most 
part power series, and, as we have seen, they converge uniformly. 
Even when the function can be integrated directly it is sometimes 
convenient to use the method just described, for the series may be 
more easily handled in the subsequent operations, than a compli- 
cated integral. Examples of integration of series have already been 
given, Art. 137. The following examples give further illustrations. 

Ex. 1. The perimeter of an ellipse, which has a for semi-major axis and e 
for eccentricity, is given by the integral 



a rvi^ 



c' sin* <t> d<f>. 



This integral can be evaluated approximately by expansion in series. Thus 
we have 

Vl - e' sin* </» « 1 - - e* sin* (j> — - • , c* sin* ^ "" o ' 4 ' 6 ^ ^' ^ - • • • 

which is a power series. Integrating term-by-term, we have 

j Vl -c*sin*^d^= J[ d<;6- 2 *^ / 8in*^d^-^.j c* j^ sin^^d^- . . . 

Evaluating these integrals separately, we get for the required perimeter the 
expression 

-"['-arT-(M)'-s-a--Mri--] 
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Ex. 2. Evaluate the integral 



Si 



y + c 



dA, 



applied to the area of a circle of radius a, Fig. 140. 




Fig. 140. 

Passing to polar coordinates, we have 

JA =» p AOdp, y — psinO, 

whence the integral becomes 



f.\f. 



2 r^ p' sin 



p sin + c 



dpdd. 



First integrating with respect to p, we have 
•« P* sin 6 



f: 



P Bind + c 



pdp -. — 2 I dp + -. — 2 f 

sin ^ Jo sm d Jo 



dp 



pBiad + c 



a' 
2 



^ + -^Ulog(-^ sin^+l). 



sin d sin' 



To simplify this second member, let us expand the third term in a series. We 
have as a result 

,3 



_ 
2 



ac 



sin 
which reduces to 



+ ^e[h^^-\{-c ^^^y+ h {-c '»^<')'- • • •]' 






a 



that is, the difference of two series, one in ascending odd powers of — sin 5, the 

other in even powers of the same argument. Denoting these series by 5^ and 
Sif respectively, our original integral becomes 



2a' j__ls,dd --2a* fj^ S^dO. 
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Between the given limits the integral of each term of the series S^ reduces to 
zero. Hence the integral reduces to 

W W V 

a 

Making use of the formula 

r» m/jj/a 1-3.6... (2 n-1) 

2 

we get, after slight reduction, the following series: 

--[i©"-5e)"-A0)'-ik(s)"--] 

EXERCISES. 

1. Find \ , to five figures. 

Jo Vl - a;» 

2. Evaluate \ ~7= — • 

^ov 1 — x^ 

3. Find the perimeter of the lemniscate ^ » a' cos 2 ^. 



4. The time of oscillation of a pendulum of length L is given by the expres- 
sion 

ir 

d4> 



-w^/: 



^•^0 Vl - A:» 8in» ^ 
Integrate in series, and derive an approximate expression for T when lb is small. 

6. Expand j .- — in series. 
J V sin X 

6. Evaluate \ e"''* dx by expansion in series. This integral is of funda^ 
mental importance in the theory of probability. 

7. Show that 



w 

• dtp n 



Jo (a» cos' # + 6» 8in> ^)» 2a6>^ i «i kt j. 



where A:* =» 1 s . 



Art. 153.1 APPROXIMATE DETERMINATION OF AREAS 881 



6' 
8. With jk» - 1 - - , show that 

or 



s. 



2 - na* 



(6»8in»</» + d»co8'^)»d<^-^[l-f A:> + A*' + ih**+ - • • ] 



153. Approzimate detenninatLon of areas. It is frequently 
necessary in engineering calculations to find the area of a figure 
whose bounding curves are more or less irregular, or at least have 
equations which are unknown. An example is shown in the 
determination of the horsepower of a steam engine from the area of 
the indicator diagram. If the diagram is bounded by known 
curves, the area can be readily found by the calculus methods 
previously explained. In the actual diagram, however, the 
equations of the bounding curves are unknown or can be 
obtained only with difficulty; hence the determination of the area 
by integration is not practicable. 

As stated in Art. 82, the definite integral I f{x) dx is repre- 
sented graphically by the area between the curve y =/(x), the 
X-axis, and the ordinates corresponding to a; ='a and x = 6. 
Ordinarily, the definite integral is evaluated by means of the anti- 
derivative of /(x). If, however, it is impossible or inconvenient 
to find the anti-derivative, the definite integral may be evaluated 
by the following method: 

The curve y = f(x) is plotted from x = a to x = 6, and the 
area between the curve, the X-axis, and the end-ordinates is 
determined approximately by one of the methods described in 
the following articles. The numerical measure of the area gives 

approximately the value of i f{x)dx. The following example 
illustrates this method. 

Ex. 1. Find the second moment of a triangle about an axis through a 
vertex parallel to the opposite side; see Fig. 141. 

Take the given axis as the y-axis, choose some point on it as an origin, and 
draw an axis OX. Taking a narrow strip parallel to the axis OY and at a 
distance x from it, the area of the strip is approximately 



and its second moment about OF is 



J/ - J? A A - J x» Jx. 
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Taking as the origin, the curve OH whose equation is 



IB drawn. The area OHH' under this 
of the triangle about OV, 



e frivea the required second moment 



. h ' a 



Fig, 141. 



Fig- 148. 



In this example, the result might have been obtained directly 
by integration, and the graphical solution is of no advantage. 
If, however, the area whose second moment is required has an 
irregular form, aa in Fig. 142, the graphical solution is the only 
one that is practicable. 



154. Simpson's rules. The problem of finding any plane area 
* ' reduces to the problem of finding 

the area between a plane curve, 
an assumed X-axis, and two end- 
ordinates. Thus in Fig. 143 the 
area of the closed figure A MBNA 
is found by subtracting the area 
between the curve ANB and OX 
f from the area between AMB and 

r^. 143. OX. 
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Let ACE, Fig. 144, be a part of a curve, and suppose the area 
between it and the line NR is required, the end-ordinates being 
AN and ER. Let the distance 
NR be divided into a number 
of equal parts, each equal to A, 
and through the points of 
division let ordinates t/i, y^, y^, 
etc., be drawn. Consider now 
the three points of the curve, 
A, B, and C. Taking OB as the 

N O P Q 

y-axis and as the origin, the 

coordinates of these points are ^*- ^**' 

A =(-A,2/,), B =(0,1/,), C ^(h,y,). (1) 

We now assume that the equation of the part of the curve ABC is 

2/ = tto + fliX 4- aja;^. (2) 

This is equivalent to the substitution of an arc of a parabola with 
a vertical axis for the actual curve. With this assumption, the 
area NACP is 




/ y dx = j (ao+ a^x +^2^) dx = -- (fia^ + 2 a^h^). 



(3) 



To determine the coefficients a^ and a,, substitute the coordinates 
given by (1) in (2). We thus obtain 

2/i = Co - aji + ajT?, 

2/2 = «o» (4) 

Solving for a^ and a,, we get 

1/, -h Vi — 2 1/5 

and substituting these values in (3), we have finally 



Area NABCP = | (y^ + 41/, + y^. 



(5) 



If now we assume the part of the curve CDE replaced by a second 
parabolic arc, we get in the same way. 



Area PCER = | (2/3 + 4 1/4 + 2/,), 
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■ 

and for the total area, we have 

Area NAER == | (y^ + 4 t/, + 2 y, + 4 1/4 + j/»). 

This process may be repeated indefinitely; hence taking an odd 
number of ordinates n -f 1, dividing the figure into n strips of 
equal width h, the approximate area is given by the formula 



h 
3 



^ = ^ (Vi + 4y«+ 2 ^3+ . • • + « y^i+ 4 y^-f y^^j). (6) 



This result gives the following rule, known as Simpson's one-third 
rule: 

Take the sum of the end-ordinates, twice the sum of the inter- 
vening odd ordinates, and four times the sum of the even ordinates. 
Multiply the aggregate hy one-third of the common distance between 
the ordinates. 

If we take four ordinates y^, i/2> Vsi 2/4» including three spaces, we 
may pass through their ends A, 8,0, and D, a third-degree parabola 

y = Oo + a^x -h ajX* + ajX*. 

Proceeding as before to determine the coeflScients, we obtain 

Area NADQ ^^(y^ + Sy^ +Sy, + y,). (7) 

o 

If therefore we divide the whole base into some number of parts n 
divisible by 3, and take the space in groups of three, or the ordinates 
in groups of four, we shall have for the successive partial areas, 

^1=^(2/1+31/, + 3 1/,+ .V4), 

^=Y ^ ^4 + 3 2/. + 3j/. + 2/0, 

il, =y ( y7 + 3i/s+3j/.+ j/io) 

o 



Adding, we get for the total area, 

^=^(^1 + 31/8 + 3^3 + 2^4 + 31/5 + . . . +3y^ + y^i)- (8) 

This formula expresses 8impson*s three-eighths rule. 
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Other rules of similar character may be obtained by taking five, 
six, or more ordinates in groups. Thus for a group of five ordinates, 

45 

A simple, though rather inaccurate, formula is obtained by taking 
the ordinates in groups of two. The curve joining the ends has 
then the equation 

and is therefore a straight line. Thus in Fig. 144, we join the 
points Aj B, C, D, E, etc., by straight lines, and the actual figure 
is thus replaced by a series of trapezoids whose areas are respectively 

^1 = 2 ^^^ + 2^2); ^2 = ^ (2/2 + Vz)) ^8=2 ^^' ^ ^*^' ®^^' 
The total area is therefore 

^ = I (2/1 + 2 1/2 -f 2 t/3 + 2 t/, + . . . + 2 i/n + 2/,.+,). (9) 

This formula is called the trapezoidal formida. 

Durand'a formula. From a discussion of the rules already 
given, Professor Durand has deduced the following rule, which 
combines some of the advantages of Simpson's rules and the 
trapezoidal formula.* It is as follows: 

^=A(o.4yi-fi.iy»+y3-f . . . +yn^i-fi*iy»-f o.4y^+i). (10) 

In formulas (9) and (10) the number of intervals may be either 
even or odd. 

Simpson's and Durand's rules may be used for the approximate 
determination of the volumes of solids. Let some line of the solid 
be taken as the X-axis, and let the solid be cut by equidistant planes 
perpendicular to this axis: Then if 2/i» ^21 • • • Vn denote respec- 
tively the areas of the plane sections, the expression 



L V ?/ Ax = \ ydx, 



taken between proper limits, gives the volume of the solid. As 
we have just shown, this integral is determined approximately 
by any one of the four rules (6), (8), (9), and (10). 



♦ See Engineering News for Jan. 18, 1894. 
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Ex. 1. Find by the approximate rules the area \mder the equilateral hyper- 
bola xy = 84, from a; = 2 to a? = 8. 

Taking unit intervals, we have for a; = 2, 3, . . . , 8, 3/ = 42, 28, 21, 16.8, 
14, 12, 10.5. By Simpson's one-third rule, 

A = §[42 + 10.5 + 2 (21 + 14) + 4 (28 + 16.8 + 12)] = 116.67. 

By the three-eighths rule, 

A = } [42 + 10.5 + 2 X 16.8 + 3 (28 + 21 + 14 + 12)] = 116.67. 
By Durand's rule, 

A - 0.4 (42 + 10.5) + 1.1 (28 + 12) + 21 + 16.8 + 14 = 116.9. 
By the trapezoidal rule, 

A - 0.5 (42 + 10.5) + 28 + 21 + 16.8 + 14 -f- 12 « 118.05. 



The 



« , ^. r^dx ^. , 8 



exact area isj yda; = 84l— =84 log ^ = 116.45. 



Ex. 2. Find approximately the value of iz from the formula 

J '•I dx 
1 -f x^' 



71 , , r^ dx 

- = arc tan 1 
4 



Here y = =-^r — 5, and dividing the interval (0, 1) into 10 parts, whenee 
A = 0.1, we get for the successive ordinates, 

3/1 = 1, Va = .8620690 y, = .6097561 

ya = .9900990 y^ = .8000000 y,o = .5524862 

y, « .9615385 y^ = .7352941 y„ = .5000000 

y, = .9174312 y^ = .6711409 

Using Durand's rule, we get 

^ = .78540735, whence n = 3.141629. 
4 

By Simpson's one-third rule, we get 

^ = .78539815, whence n = 3.141593. 
4 

The latter result is correct to seven figures. The result by Durand's rule is 
too laige by about one part in 87,000. It will be found that the trapezoidal 
rule gives a result too small by about one part in 2000. 

Ex. 3. Find by Simpson's rule the volume of a sphere of radius a. 
Dividing the diameter into four intervals, we have ^ — 5" 1 an<l y ■= 0, 
y = } ;ra', y = ;ra', y = no}, y = i ^a', y =- 0. Hence by Simpson's first rule, 

Volume = J • |[0 + 4 (} ;ra* + i jra») -f 2 «oT « } tto*. 



Art. 154.] 



EXERCISES 



387 



EXERCISES. 

x* dx by each of the four rules. Take h =» 1. 

J '•I (^ 
- 
1 



4- x' 



Take 



10 intervals and use both the one-third and Durand's rule. 



3. By Durand's rule, find | sin dd. Take h = 



lO--^ 



4, Air at a pressure of 40 pounds per square inch expands from a volume 
of 6 cubic feet to a volume of 20 cubic feet. The expansion follows the law 
pv = C. Find approximately by Simpson's rule the work done during the ex- 
pansion. Remember that the units must be consistent. 

6. Find by Simpson's rule the volume of the frustum of a cone whose base 
radii are r^ and r^ and whose altitude is h. 

6. Show that the area under the curve y «= kx* from a; = to a; = a repre- 
sents the volume of a cone of altitude a. 

7. Find the curve whose area represents the first moment of a rectangle 
about one edge, Fig. 145. Find the area under the curve and thus obtain a 
value for the moment. 



4r 




Fig. 145. 

8« Conditions the same as in Ex. 7, but the second moment of the rectangle 
is required. 



MISCELLANEOUS EXERCISES. 

1. Find by Simpson's rules 
» dx 



(aj 



(b) r x^ dx; 



Ji X 



y 



dA 



choosing proper divisions of the interval. 

2« Devise a method of evaluating the important integral C— 

(Art. 152, Ex. 2) by the measurement of an area. 

3, Fig. 142 shows a section of a steel rail. Copy this figure, divide it into 
strips parallel to the base, and by the aid of Simpson's or Durand's rule find 
approximately: (a) the area of the figure; (b) the first moment with respect 
to OY; (c) the second moment with respect to OY; (d) the position of the 
oentroid. 
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4. In Fig. 140 replace the circle by a square of side a and find the value of 
the integral (a) expressed in finite terms (b) as an infinite series. 

6. The formula giving under ideal conditions the flow of water through a 
circular orifice of radius a, Fig. 146, is 

C = 2 f"^'' Va^^^ y/2g(h'- y) dy. 




Tig. 146. 
Expand the factors of the integrand and obtain the integral in the form of a 



senes. 



CHAPTER XVIII 

ORDINAR7 DIFFERENTIAL EQUATIONS 

155. Definitions. A differential equation is an equation involv- 
ing derivatives or differentials, and usually the variables associated 
with the derivatives or differentials. 

The following are examples of differential equations: 

^ + y = cotx. (1) 

g-«.-5. (3) 

X- 2/^- + « = 0. (4) 

ax ay 

— - 3 ^'^ + 2 — = 0. (5) 

5x^ dxdy dy^ 

An ordinary differential equation is one that involves only one 
independent variable and the derivatives with respect to that 
variable. 

A partial differential equation is one that involves two or more 
independent variables and the corresponding partial derivatives. 
In the preceding examples (1), (2), and (3) are ordinary differential 
equations, (4) and (5) partial differential equations. 

The order of a differential equation is that of the highest deriva- 
tive involved. Thus equations (2) and (4) are of the first order, 
(1) and (5) of the second order, and (3) of the third order. 

The degree of a differential equation is the degree of the deriva- 
tive of highest order after the equation is cleared of fractions and 
radicals. Thus equation (2) is of the second degree, and the others 
are of the first degree. 

389 



890 ORDINARY DIFFERENTIAL EQUATIONS [Chap. XVIII 

156. Derivation and interpretation of differential equations. 

Before considering the solution of a differential equation it is 
advisable to examine the process by which a differential equation 
is obtained. 

Suppose we have given an equation in the implicit form 

f{x, y, c,) = 0, (1) 

in which Cj denotes an arbitrary constant. Differentiating (1) we 
obtain 

f + |£.^=0. (2) 

ox oy ax 

If now the constant c^ be eliminated between (1) and (2), the 
result is a differential equation of the first order free from this 
constant. 

For example, take the equation 

(y-Cj)»-4px. (3) 

The result of differentiation is 

- 4 p 4 2 (T/ - c,) ^ - 0; (4) 

and the elimination of e^ between (3) and (4) gives the equation 

If now we consider p an arbitrary constant, we can by a second differen- 
tiation get an equation free from p; thus 



m 



*^'"''iS-»- <•) 



The geometrical interpretation of this process of forming a 
differential equation is instructive. Equation (3) repres3nts a 
parabola with its vertex on the F-axis and its axis coincident with 
the line y = c^. Equation (5), in which c^ does not appear, repre- 
sents the family of parabolas having their vertices on the F-axis. 
These parabolas are, however, equal, having equal focal ordinates. 
Now by freeing the equation of p, we remove the restriction that 
the parabolas must be equal; hence equation (6) represents all 
parabolas having their vertices on the F-axis. 
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As a second example take the equation 

« »" Cj cos wf + c, sin wt. ^ - • (7) 

By successive differentiation we obtain 

-V =» — wcj sin «< + wCj cos u4, (8) 

cPs 

■p- — — w'cj cos ut " w'c, COS w<. (9) 

Combining (7) and (9), we have 

d^8 



dt^ 



« - «»«, (10) 






an equation free from the constants c, and c,. Equation (10) expresses the 
property of the group of harmonic motions which may be obtained by varying 
the constants c^ and c, in (7); namely, the property that the acceleration 

d^8 

-Tjx varies as the distance s from the origin. 

EXERCISES. 

1. From each of the following equations derive differential equations free 
from constants, and interpret geometrically. A ^ ^^V^'^'^'^^ 

(a) VS^l, + ^I (b) y - CiX» +^; (c) y « Cj sin x. V* V cJfX 

^2. From thMquation « » i /' + Vq^ + c, derive a differential equation free 
from Vq and c, and give a physical interpretation. 5' . \ 

^. Derive differential equations from the equations: .> 

(a) y « c.tT' + c, e-- ; (b) y - e- (c, + c^). ^^J- -?>^ \' . ^^'^ J 
fL^'ind the differential equation which represents all parabolas having their 
axes coincident with the X-axis, y ' ^n v j. ' • 

157. Solutions of a differential equation. The solution of a 
differential equation is a relation between the variables, not involv- 
ing the derivatives, which will satisfy the given equation. 

Three kinds of solutions may be distinguished: general, particular, 
and singular. 

We have seen that in the process of deriving a differential equa- 
tion from a given equation each differentiation resulted in the 
elimination of one constant. If the original equation has n con- 
stants, n differentiations produce n new equations, which with the 
original equation make a system of n + 1 equations, from which 
the n constants may be eliminated. The differential equation that 
results will involve derivatives of the nth order; hence the equation 
will be of the nth order. Now if this process is reversed and from 
the differential equation of nth order, the original equation with 
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n arbitrary constants is derived, that equation is called the general 
or complete solution of the dififerential equation. 

A solution which is derived from the general solution by giving 
fixed values to some or all of the arbitrary constants is called a 
particular solution, 

A solution without arbitrary constants, which cannot be derived 
from the general solution by assigning fixed values to the constants, 
is called a singular solution. This class of solutions will receive no 
attention in this chapter. 

Consider, for example, the differential equation 

^,^^a?s, 

derived in the preceding article. The general solution is 

s = Cj cos wi + C2 sin a;/, 

containing two arbitrary constants. The following are particular 
solutions: 

s = c^ cos (Ot (Cj = 0), 

8 = 2 sin iot (Cj = 0, C2 = 2), 

s = 3 cos ft>/ — 4 sin lot (Cj == 3, Cj = — 4). 

A general solution may be obtained in several forms, but the 

constants involved must be related. For example, the differential 

dPs 
equation 3^ = — ^s has the general solution 

ar 

8 = asin {(ot + e), 

as may be verified by substitution. This, however, is seen to be 
identical with the former solution 

s ^ Cy^ cos (ot + Cg sin (ot, 
if c^— a sin £, c^ = a cos e. 

A differential equation is considered as solved when a relation 
between the variables is expressed either in known functions or by 
means of integrals, even if the integrals cannot be evaluated by 
known methods. 
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Equations op First Order and First Degree. 
158. Equations with variables separable. The form 

J|f + JV^=0, (1) 

ax 

or the equivalent form 

ilf dx + AT dy = 0, (2) 

in which M and N are constants or functions of x and y, includes 
all differential equations of the first order and first degree. 
When equation (2) can be written in the form 

/(x) dx + F{y) dy = 0, (3) 

the solution may be obtained by direct integration. Thus we have 

Cf{x) dx +fF(y) dy = c. (4) 

In many cases, the variables may be separated by inspection. 

Ex. 1. cosx sin' y — sin' a: -^ — 0. 



dx 
By division we obtain readily 

cos xdx dy 



sin* a; sin'j/ 



0, 



whence f . , dx — jcsc* ydy^O, 

J 8in X J 

or : 1- cot « — c. 

sin X ^ 

Ex. 2. If between two bodies there exists ^ repulsive force varying inversely 
as the square of the distance, as between two balls bearing electric charges of 
the same sign, the equation of motion is 

V dv k 

where ib is a constant, and v the velocity. 
Separating the variables, we have 

whence by integration 

t)» — he. 

s 

If «o denotes the distance at the beginning of the motion, that is, when v *■ 0, 

2k 
c — — , and the equation becomes 



'-"[!-- J] 
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1. Find the solutions of the following equations: 

(b) (a - a;) dy - (6 — y) dx. (e) pdv + vdp '^ 0. 

(c) y Vl — x^dy — dx, (f) sec x cos' ydx — coax sin ydy » 0. 

2. Find the curve whose subtangent is n times the abscissa. 

8. Find the curve whose slope is equal to the ordinate. 

4. The general equation of the adiabatic change of state of air is 

kpdv + vdp '=' 0. 
Show that the equation of the adiabatic curve is pv^ « const. 

6. If a particle moves under the action of an attractive force varying in- 
versely as the square of the distance, the equation of motion is 

dx X* 

Integrate this equation and determine the constant of integration from proper 
initial conditions. 

159. Homogeneous equations. If in the equation 

M dx + N dy 

M and N are homogeneous functions of z and y of the same degree, 
the substitution y = vx reduces the equation to a form which 
permits separation of the variables. 

Ex. x> - 2 xy» + 3 x^ ^ - 0. 

Let y « vXf whence dy » v da; + x dv. Writing the equation in the differential 
form and substituting these values for y and dy, we obtain 

(x» - 2 tx^v^) dx + 3 x'v (r dx + a; dv) « 0. 

This equation after slight reduction takes the form 

(1 + !>>) dx + 3 vx di7 - 0, 

dx , 3 V dv - 

or — + -r—, — T •- 0. 

X 1 + tr 

Integrating, we have 

log X + log (1 + i;*)* — log 

whence x (1 + v-)' — c. 

Replacing v by ~ , we get as the final solution, 



X 



^ (x» + y*)« - c. 
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1. (y-af)^ + 2y-0. 4. (xy + a?*) dy + y> dx - 0, 



2. («• + y») dx - 3 xy dy - 0. ^ ^.j _ «a _i. «j ^V 

S. xV dx - (x" 4- y") dy - 0. 



6. (y«-xy) + x>^ -0. 



leo. Exact differential equations. The equation 

Mdx + N dy = (1) 

is said to be exact when M dx -\' N dy is the differential of some 
function ti of a; and y. In this case, the coefficients M and N are 

proportional to ^ and -^respectively. See Art. 110. 

ox ay 

As we have seen, the necessary condition that M dx + N dy shall 

be exact is 

^^ = ^. (2) 

dy dx 

This condition is also sufficient; that is, if (2) is satisfied, equation 
(1) is exact. The proof is as follows: 

Let z be the result of integrating M dx with respect to x, that is, 
w^ith y considered constant. We then have 



/ 



Mdx^z, M = ^, (3) 

ax 



whence, under the conditions stated in the theorem of Art. 104, 

dM ^^ _ J^ 
dy dydx dxdy ' 

f, therefore, (2) is satisfied, we have 



(4) 



dx dxdy dx\dy/' 

whence N ==^ + F{y). (6) 

ay 

Here F{y) plays the part of a constant of integration. See Art. 105. 
Substituting in (1) the expressions for M and N given in (3) and 
(6), we obtain 

^dx+ ^^dy + Fiy)dy, 
dx dy 
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or dz + F(y) dy = 0, [Art. 107.] (7) 

which is integrable. Consequently the left-hand member of (I) 
may be replaced by du, and the condition (2) is also sufficient. 

The solution of the given differential equation is derived at 
once from (7). It is 

2 + fny) dy = c. (8) 

Now from (6) we have 



F(y)dy^ (N^^^dy. 



dz 
From (6) it is evident that the factor iV— — - includes only those 

dy 

terms in N that do not contain x. We have therefore for general 

purposes the following simple rule: 

Integrate Mdx considering y a constant j then integrate the terms in 
N dy which do not contain x, and place the sum of the two integrals 
equal to a constant. 



Ex. (3 a;» + 2 y>) Ac + 2/ (4 X - 9 y) dy - 0. 
Since |y(3x> + 2y»)- !_ (4 xy - 9) - 4y, 

the equation is exact. We have then 

f Mdx - fa (x" + 2 y>) dx « a:> 4- 2 xy». 
The term of N that does not contain x is — 9 y'^ and 

hence the solution is 

x» + 2xy*-3y» = c. 

An equation that is not exact can sometimes be made exact by 
the introduction of an integrating factor. Thus the equation 

kp dv + V dp => 

becomes exact when multiplied by v*"^; and the solution is 

pv^ = c. 
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EXERCISES. 


1. X dy -{■ y dx -^ 0, 




2. ^dx + log xdy = 0. 

X 





3. e» dx + xe'. dy — 

4. lax + hy + g)dx + (hx + by + /)dy '^0. 
6. (y 4- «• sin y) da; + (x + «• cos y) dy = 0. 

6. (3 x* + 4 xy - y») dx + (2 x» - 2 xy 4- 3 y») dy - 0. 

7. Find by inspection integrating factors for the following equations and 
obtain the solutions. 

(a) X dy — y dx — 0. 

(b) 2 y dx + 5 X dy - 0. 

(c) (y - x) dy + y dx = 0. 

161. Linear equations of the first order. A differential equation 
is said to be linear when the degree of the dependent variable and 
its derivatives is not higher than the first. The linear equation 
of the first order has therefore the form 

^ + Py = Q, (1) 

in which P and Q are functions of x, or constants. 

The solution of equation (1) is obtained as follows: Let both 

members of (1) be multiplied by eJ^^dz. The result is 

e/^'^dy +Pye/^^'dx = Qef^^dx, (2) 

The second member of (2) is integrable, since Q is a function of x 
alone. The first member is an exact differential, since it fulfills 
the necessary condition, namely, 

and its integral is 

ye. 
Hence the solution of (1) is 

y eS^^^ = CQeA^'dx + c (3) 

It is seen that e/^^ is an integrating factor that renders the equa- 
tion exact. 



jA^. 
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Ex 1 ^ y—^7? 

We have here P — — 



I + x' 
whence f Pdx^- f^ - logj-J- 



fP4x^ logji:^^^ 



and c^""* ^ e 

\ + X 

From (3), we have therefore the solution 



1 + a; J 1 



+ x 



dx 



V 1 
or ^ « jr x* — a; + log (1 + x) + c. 

Ex. 2. Find the solution of the equation 

di ^R . E 
di^L^^L' 

which under certain conditions gives the relation between electzomotive force 
and current. See Art. 61 (d). 



y. pR ,^ lu 



We have er = tr ^ — c 

From (3) we obtain therefore 

Ri n Rt 

ie'' ^jje^ dt, 

m m 

whence ie^ = -b e ^ ■¥ c, 

tt 

ip 

or » « P + c« "^ • 

E 
If, as in Art. 61, » — when t ^ then ^ — ^ jit <^d ^^ equation takes 

the final form 

Rt 



(Rt \ 



EXERCISES. 

8. ^sin X - y cos x - 1. 6. x ^ + (1 + x) y « c". 
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dx 
7. Solve the equation -t^ ^k(8—z), [Art. 61 (c)], as a linear differential equa* 

tion, and determine the constant from the condition x '^ when < *■ 0. 



8. The equation 



M.k. + I^ 



gives the moment M required to rotate a disk on a fixed axis when the disk is 
subjected to fluid f rictional resistances. / denotes the moment of inertia of the 
disk about the axis, and <a is the angular velocity. Derive a relation between 
(^ and t, and determine the constant by the condition that w » Wq when < — 0. 

162. Equations reducible to linear form. By an appropriate 
transformation, an equation that is not linear can in some cases be 
reduced to the linear form. Thus the equation 

f'(y) ^ + Pfiy) = Q (1) 

becomes linear by the substitution v = f(y). Another equation 
easily reducible to linear form, is 

^ 4- Pt/ = Qr . ' (2) 

Multiplying both members by (1 — n) jr*, we obtain 

(1 - n) y-^^+ (1 - n) Py*-« = Q(l - n). 

ax 

If now we substitute v for y*"", and accordingly dv for 
(1 — n)y~^dy, we have 

~ + (1 - n) Pr = Q(l - n), (3) 

which is a linear equation. 

Multiplying by — 3 y*, we get 
which by the substitution v -^ y"* reduces to 



The solution is 



dx X 



^ 3x + c, 



or ^ + 3a:-c. 
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EXERCISES. 

3. g + y - ay. 6. y ^ + xy» « X. 



Differential Equations of the tith Order and of 

First Degree. 

163. Linear differential equations. The linear equation of the 
nth order has the general form 

D^ + Pi D^-'y + P, D«-»i/ + . . . + P„_t Dy -h PnV = X, (1) 

in which the coefficients P^, P^, etc., are either constants or func- 
tions of X, and the second member X is a constant or a function of x. 

The symbols D^y, D^^^y, etc., stand for -r-^ , , ^ , etc. Linear 

ax" ax"~* 

equations with variable coefficients lie beyond the scope of 

this chapter. We shall deal only with those equations in which 

Pj, P2, . . . P„ are constants and in which the second member is 

zero. For a discussion of the generaU case where the second 

member is a function of x, the student is referred to works on 

differential equations. 

Let y = ce^^j c being an arbitrary constant; then we have 

Dy = mce^^f IPy = m^ce^', . . . D^y = ?n"ce«"*. 

If we substitute these expressions for y, Dy, . . . D^y in the first 
member of the equation 

D«y + Pi D^-^y + P, D^-'^y + . . . + Pn-i Dy + P^y = 0, (2) 

the resulting expression is 

ce^' (m" + PiWi""^ + PjW'*-^ + . . . + Pn-iW + Pf^. (3) 
If m is a root of the equation 

w« + Pjm"-^ + Pjm'*-' + . . . + Pn-i'n + P^ = 0, (4) 

then (3) reduces to zero, and the relation y =» ce^^ satisfies equa- 
tion (2). In other words, if m^y m^, . . . m^ are the n roots of (4), 
then y = Cie»»i*, y = c^e^*^, . . . y = CnC'^*' are particular solu- 
tions of (2). 
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Equation (4), whose roots give these particular solutions, is 
called the auxiliary equation of the given differential equation. 

The general solution is obtained by a combination of particular 
solutions. The following cases may arise: 

(a) When the roots of the auxiliary equation are real and distinct. 
If these roots are m,, m,, . . . m^, then y = CjC****, y = c^^^y . . . 
y = Cne*"^ are particular solutions, and 

y = Cie"*»* + CjC"*** + . . . 4- Cyfi^*^ (5) 

is the general solution. For, upon substituting this relation in (2), 
we get 

Cie««' [mi» + P^mJ'-'^ 4- Pjm,"--^ + . . . + P„_,mi 4- PJ 

+ 

+ Cne"^*' [mn'»4- Pi/Mn'*-"^ 4- P^rrin''-^ 4- . . . 4-P„_imn + P^] = 0. 

Each of the expressions in the brackets is zero, since m^j m^, etc., 
are roots of (4); hence (5) is a solution of (2). Moreover, it is a 
general solution, since it contains the required number of arbitrary 
constants. 

Ex. 1. Solve Dhf - Dy -I2y ^0, 
The auxiliaiy equation is 

m' - m - 12 - 0, 
or (m - 4) (m + 3) - 0, 

the roots of which are 4 and — 3 ; hence the general solution of the equation is 

y — c^e^ -\r V-** 

(b) When the auxiliary equation lka« imaginary roots. If the 

auxiliary equation has a pair of imaginary roots, as a 4- W, a — bi 

(where t = V— 1), the solution may be expressed in real terms as 

follows: The part of the solution corresponding to these two roots 

is 

y = Cje^*-*"*^ 4- CjeC"-^)^ = e<^(c^e'^' 4- c^er'^). (6) 

But we have e^^^ = cos hx + i sin bx, 

e-*to=i cos bx — 1 sin dx. (See Ex. 9, p. 346.) 

Substituting these values in (6), we get 

y = e«* [Cj (cos 6x4- t sin bx) 4- c, (cos bx — i sin bx)] 

= e«* [(Cj 4- Cj) cos bx 4- i (Cj — c,) sin bx] 

= e<« [A cos bx + B sin 6x], (7) 

where A = Cj 4- Cj and B ^ i (cj — c,). 
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The roots of the auxiliary equation 

m' — 4 m + 6 
are 2 + i and 2 — i. 

The solution is therefore y "■ «*" (A 'cos a; + B sin x). 

(c) When the auxiliary equation has multiple roots. Suppose two 
of the roots of the auxiliary equation to be equal. For example, 
let nil = mg. In this case the sum CjC""* + c^e^^ obtained by 
the usual process reduces to c"»»*(Ci + Cj) = c'e^^^, and the two 
constants are really equivalent to a single constant. Hence the 
solution having only n — 1 arbitrary constants is not the general 
solution. We may arrive at the general solution by the following 
device: 

Let m, = m^ 4- A, where h is some number that may be made 
to approach zero. We have as the solution, therefore, 

= e^^'icj^ + c^O + . . . 4- Cne"^. (S) 

We now expand c** by Maclaurin's development in finite form 
and substitute the result in (8). The result is 

y = e«i* \c^ +c^(l+ hx + ^h'x^ 4- ... 4- ^A»x» ^1 

4- ... 4- c^e*"^ 

= 6«,* [c^+ Cj 4- cjix (l 4- ihx+ . . . 4- ^ h^-'x^-' \^ 
4- ... 4- c„e"»«* 

=. e^AA + Bx(l + ihx+. .. + ^ A«-»x»-^ ^1 

4- . . . + Cne'^, (9) 

where A = c^ 4- Cj, and B = c^h. 

By making h approach zero, we make the root m, approach the 
root m^; hence the limit of the second member of (9) as h ap- 
proaches zero gives the required solution. That is; 
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y = L b^Aa + Bx ^1 + i hx+ • • • + ^ h^'^x^"^ Yl +. .. + Cne'^ 

= e"»i* Fa 4- fix L (l + ihx + . . . +^ h^^x^'-Al 

4- ... 4- c^e^^n'. (10) 

But, we have 

L (l + ihx + . ..-h^ h^-'x^-^ ^ = 1. 
A--0 \ nl / 

Hence (10) becomes in the limit 

y = e«i* (A + Bx)^ . . . + Cne"^. (11) 

If k of the roots are equal, a similar process leads to the solution 

y = e«i* (A + Bx + Cx^ + . . . + Ka;*) 4- . . . + Cne"^. 

Ex. 3. Dh/ - D^ - bDy -3y- 0. 
The roots of the auxiliaiy equation are 

-1, -1 and 3. 
Henoe the solution is 

y^~'(pi + c^) +C3«*'- 

If some of the imaginary roots are equal, for example, if m^ » 
m, = a 4- tft, and m, = m4 = ^i — ift, the part of the solution corre- 
sponding to these roots is 

1/ = (Cj 4- CjX) e^o+«>* 4- (cj 4- C4X) g^«-»fri» 
and this reduces to 

1/ = e« [(Aj 4- B,x) cos hx 4- (-4, 4- B^x) sin jBx]. 

Ex. 4. Z>V - 12 D^ + 26 DV - 40 Dy + 26 y. 
The roots of the auxiliary equation are 2 + t, 2 + t, 2 — t, 2 — $, 
whence y — e** [(Cj + CgX) cos a; + (c, + c^x) sin x], 

EXERCISES. 

1. Z)V + 6 I>y + 6 y -= 0. 

2. I>V + 2 Dy - 15 y - 0. 

3. 7>»y - 6 DV + 3 Dy + 9 y - 0. 

4. i>V + 4D»y + 62>^ + 4Dy + y-0. 
6, D»y - y - 0. 

6. DV + 4 y - 0. 



404 ORDINARY DIFFERENTIAL EQUATIONS [Chap. XVin. 

7. DV - 4 D»y + 10 i>V - 12 2>y 4- 6 y « 0. 

8. D*y - 4:D^ + 14i>V - 20Dy + 25y - 0. 

9. D*y + 4 aD^ + 4 a^ - 0. 

10. 2>»y - Dy =- 0. 

11. D»y- 2Z>V-8I>y-0. 

12. 4 D»y - 3 i)y + y - 0. 

164. Special equations of higher order. In the present article 
we shall discuss certain differential equations of higher order, which 
are of interest because of the frequency with which they occur in 
applications of mathematics. 

1. Equations of the type 

g = /(-) (1) 

are solved by successive integration. See Art. 66. Each integra- 
tion introduces an arbitrary constant. 

2. Equations in the form 

g = /<^) (2) 

can in general be integrated only f or n = 1 and n = 2. 

To integrate ^ = /(y), (3) 

we separate the variables. Thus, 

Ay) 

whence 17^ =x + c. 

To integrate g = /(y), 



(4) 
we multiply both sides of the equation by 2 -2 We have then 



dx 



dxds? ■' ^'" dx 



which may be written 



^dxdx\dxr^^^^di' 
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or 



Integrating we obtain 

which can be reduced to the same form as equation (3). 
3. Equations of the form 

which involve only derivatives, may be reduced to equations of 

the next lower order by the substitution p = -~ • The same device 

dx 

may be used whenever the dependent variable is absent from the 

equation. 

dPV 2 dV 
Ex. Solve -Tj H J- — 0. This equation has an application in the 

theory of potential. 

dV d^V dv 

Let p «* -p- ; then --i-^ «- ^, and the equation upon the substitution of 

these values reduces to the foim 







dr r'^ 


Separating the variables, we get 








whence 




log p + 2 log r « log c, 


or 




dV c 


Integratin 


g a second time, 


we obtain 

V~ -'-+c'. 



4. Equations that do not contain x directly may be reduced to 

lower order by the substitutions -r- = P, t? = P -^ > ^^^ so on. 

dx dsr dy 



l.g.xH-3. 
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EXERCISES. 

Applications of Differential Equations. 

165. Rectilinear motion. The fundamental law governing the 
rectilinear motion of a body is expressed by the equation 

F^ma = m^. (1) 

in which m denotes the mass of the body, a the acceleration of its 
centroid, and F the force acting along the line of motion. The 
following are a few of the applications of this law: 

(a) Motwn in a resisting medium. When a body falls vertically 
in a resisting medium, as air, the resistance of the air is a func- 
tion of the velocity. It is usual to assume it proportional to the 
square of the velocity. For a free fall in vacuo the equation of 

motion is 

J? fPs 

hence for resisted motion, 

F = m^=mg-kv: (1) 

/f*c dv 

Since ;t7 == ;^ > we may write (1) in the form 



de dt 



^4-^i;» = (7, (2) 

dt m 



an equation of the first order with variables separable. 
If we place ^ = 1^, (2) reduces to 

— ^ =^dt, 

1 y -L -y oi 

whence — log — -^— = -* — h c. 
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If the body falls from rest, v = when i «= 0, whence c = 0. We 
have then 

V -\-v T 



or 



V = V 



7-17 
'2gt 



= e 



l9t 
V 



— =7tanh?^ 



(3) 



From (3) it appears that V is the limiting value that the velocity 
V approaches as the time increases indefinitely; hence V is called 
the terminal velocity of the body. 

(b) Harmonic vibrations. Suppose a body of weight 
Wy Fig. 147, suspended by means of a spring or elastic 
cord. If the body is depressed below the position of 
equilibrium and then released, what will be the subse- 
quent motion? Let P be the force required to stretch 
the spring one unit in length, and let a be the extension 
of the spring due to the weight TT; then W = Pa. 
When the body is at a distance x below its position 
of equilibrium, the upward pull of the spring is Px] 
hence taking the positive direction of " x downwards, 
the equation of motion is 




m^ = W - Px. 



(1) 



By the substitutions 

W = mg, 

this equation takes the form 

d^x 



a a 



5-f + J(x-a)=0, 



^2) 



the solution of which is 



X — a ^ c^ cos 



▼ a 



t ■\- c^ sin 



/i.. 



T a 



(3) 



Let h be the displacement of the body below the equilibrium position 

at the beginning of motion. Then for x = 6, ^ « 0, and —- = 0. 

di 

From these conditions we find 

Cj = 6 — a, C3 — 0, 
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and substituting these values of c^ and c^ in (3), we obtain finally 

X — a =(]) — a) cos 1/2. L (4) 

▼ a 

This equation shows that the body will oscillate through the distance 
6 — a on both sides of the position of equilibrium, and that tho 
motion is harmonic. 

If the spring is horizontal and the body rests on a smooth, friction- 
less plane, the weight W does not enter into consideration, and the 
equation of motion becomes simply 

f-Hf. = 0. (5) 

The solution of this equation is 

X = c. cos \/ — t + C2 sin v/ — ^- (6) 

dx 
If X = b when t = and — - = 0, we readily find 

at 

Cj = &, Cj = 0. 

Hence (6) becomes 

/P 
X = b cos V - ^ (7) 

▼ m 

This equation shows that the body will oscillate harmonically 
through a distance 2 b, 

(c) Damped vibration. If the motion of the vibrating body is 
retarded by the friction of the fluid medium surrounding the body, 
the frictional resistance of the medium must be added to. the force 
Px due to the spring tension. Experiment shows that this force 
is proportional to the velocity; hence the equation of motion becomes 
(for the spring horizontal) 

(Px D 7 dx 

dp dt 

This equation takes the form 



^+2Af + B«.-0, (1) 
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where 



2A^- , and ^2 = - . 
m m 



The roots of the auxiliary equation 

m^ + 2 Am -^ B- = 

are - ^ ± V.i^ - B\ 

There are four cases to be considered, depending upon the value 
of Ay that is, upon the magnitude of the frictional resistance. 

1. If ii = 0, the roots of the auxiliary equation are ± iB, and 
the solution is that previously obtained in (h). 

2. Ji < A < B, the roots are of the form — a ± ifi. In this 
case the solution is 

X = e~*'(ci cos pt H- Cj sin fit). (2) 

3. If A = By the roots are equal, and the solution is 

X ^ {c^ -\- Cjt) e~ . (3) 

4. If ^ >B, the roots are real and unequal, and may be denoted 
by — a and — /?. The solution is in this case 

X = Ci6""^+ c^e-^^ (4) 

Fig. 148, from Perry's Calculus for Engineers ^ shows the displace- 
ment time curves for each of these cases. Curve 1 corresponds to 
-4 = 0, that is, no friction. Curve 2 corresponds to the case A < B; 




Time 



Fig. 148. 

here the vibrations are apparent, but the amplitude is growing 
smaller. As the frictional resistance is still further increased, 
curves 3 and 4 are obtained. 
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This damping effect is practically always present. Sometimes 
the resistance is purposely made large by causing the body to move 
in a liquid, as oil or water. 

Ex. Take the values m = l, P-4, A:-0, 0.4, 4, and 10. Let a; = 5 

dx 
when t — 0, and ^r = 0. Taking in succession the four values of A;, draw the 

four curves showing the displacement on a time base. 

166. Motion of a simple pendtilum. The ideal simple pendulum 
consists of a particle of mass m constrained to move in a circular 

arc. For the purpose of concrete representation 
we may suppose the particle to be a small, heavy 
ball Pj Fig. 149, supported from a j&xed point O 
by fine wire OP. 

The equation of motion for a body constrained 
to rotate about a fixed axis is 

I^ = M, (1) 

in which I denotes the moment of inertia of the 

' body about the axis, and M the moment of the 

force producing the rotation relative to the axis. In the case of 

the pendulum the force that causes the motion is the weight mg 

of the mass m. The moment of this force about an axis through 

the point is 

— mgh sin 0, 

where h denotes the length OP. The moment of inertia of the 
mass m relative to is mk^. Hence from (1) we have 

mh^ -— = — mgh sin 0, 

f = -|sin^. (2) 

If the arc traversed by the particle is small, d may be substituted 
for sin d. Therefore we have approximately the equation 

|? + f^ = 0, (3) 

the solution of which is 

e = c, cos t \ /S + r, sin 1 1/2 . (4) 




Art. 167.] FLOW OF HEAT 411 

Let / = and — = when ^ fi. The constants are then found 

at 

to be Cj = ^, c, = 0, and (4) becomes 

6 = P cost y^ • (5) 

This equation shows that the motion is harmonic. As an exercise 
the student may show that the time ol passing from one extreme 

position to the other is k y —- 

^ g 

When the resistance of the medium in which the pendulum moves 
is taken into account, the equation of motion becomes 

the term 2 P-— arising from the frictional resistance, which is 

at 

assumed proportional to the angular velocity. This equation, 

at will be observed, is of the same form as that for a damped 

vibration, and has therefore a solution of the same form. This 

same equation applies to the damped vibrations of a galvanometer 

needle. 

167. Flow of heat. Heat flows steadily through a long bar 
having a cross section A and perimeter p. If t is the temperature 
at a cross section whose distance from the hot end of the bar is x, 
the equation of flow is 



K^ ^ = Epr, (1) 



in which K denotes the conductivity and E the surface emissivity 

of the bar.* Denoting by m^ the factor -f^ , (1) takes the form 

KA 

whence r = c^e"^^ + c^e-^', (3) 

This equation gives the law of variation of temperature along the 
bar. The constants mav be obtained from initial conditions. 

* See Preston's Theory of Heat, Art. 255. 
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MISCELLANEOUS EXERCISES. 

1« Find the differential equation of all circles of fixed radius a which have 
their centers on the F-axis. 

2, Find the curves which have the property that the length of the nonnal 
varies as the square of the ordinate. 

3. Solve the following differential equations: 

(a) (2 y/xy - x)dy -{- ydx ^0, 

(b) c" sin X y — 6* — «" cos x. 



dy \ - 2 x 

dx x' 



(c) -A + — IT- y - 1- 



4. Find the solution of the differential equation 

dy 
Suggestion : Solve for -^ and integrate. 

6. Show that the equation 

y « px + /(p), 

where P = ^t ^^^^^ the general solution 

y - ex + /(c). 

6. From the simultaneous equations 

g+3x-2y-0. 

I-X + 2V-0, 

find a solution expressing x and y respectively as functions of t. 

Suggestion : Differentiate one of the equations with respect to t, and eliminate 
either x or y. 

7. Show that the homogeneous linear equation 

can be reduced to a linear equation with constant coefficients by the substitu- 
tion X >» e'. 'In this way solve the equations 

8. The equation of motion of a particle subjected to an attractive force 

cPx h 

varying inversely as the square of the distance ^^ Ja^ " "^^ (a) If the initial 

distance from the center of force is a, find the time required for the particle to 
move to the center, assuming that it starts from rest, (b) Find the velocity 
at any point of the path. 
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9. The equation of motion of a particle in a toiooth, straight tube which 
revolves with constant angular speed w in a horizontal plane is 

Find the solution of this equation, ana determine the constants from the con- 
dition that p =* a, and -^ = Vq, when < -= 0. 



m 




Fig. 160. 

10. A strut, Fig. 150, is subjected to a force P acting parallel to the axis OX. 
The deflection of the end is a. From the theory of bending, the curve assumed 
by the axis must be such as to satisfy the differential equation 

in which E denotes the coefficient of elasticity, and / the second moment of the 
cross section, (a) Show that the equation of the axis is 



y^a\l -cosa;^^) 



(b) If the length of the strut is I, show that 

This formula is Euler^a formula for long columns. It gives the load P at 
which incipient bending occurs. 



INTEGRALS FOR REFERENCE 

GENERAL FORMULAS 

Eo I au du ^ a I u du. 

b. J(wi + tti + . . . + Wn)du— Jtt, du +Cu%du +. . .-{-jundu, 

L rXTHDAMERTAL FORMS 

For convenienoe of reference, the forms given on pp. 124, 125, are here 
repeated. Extensions of these foims are given later in their proper sections. 

x^dx ^ — — - . 11, I —arc vers X. 

n + 1 J y/2 X — 3^ 

2. fcos :c <2x » sin x. 12. ta'dx" 



log a 

3. iBinxdx -« — cos*. 13. i eF dx — «*. 

4. J sec* X dz — tan x, 14. J — «= log «. 

6. jcsc' xdx = — cot X. 15. ( r^:^ » ■" 9™ ^^ 



x + a 



6. j sec X tan xdx ^ sec x. 16. ( , •= W (x+ Vx* ± a')« 
•^ •^ V x» ± a' 

7. Jcscxcotxdx =- cscx. 17. Jtanxrfx -logsecx. 



8 ' ^^ 



^ _ ^a "■ arc sin x. ig. J cot x <ix « log sin x. 

9. j j-T — 2 == 2irc tan X. 19, jcsc x rfx — log tan ^« 



10 



. j — , « arc sec x. 20. fsec x dx » log tan ( ^ + ? I 

^ X V x' - 1 J \ 2 4/ 
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n. RATIONAL ALOEB&AIO FUNOTIONS 
1. XzpresBioiui conUining (a + bx) and (s + &x^) 

^^- JsiSi "pf^ + hx-a\og(a + bx)]. 

28. /^^^ -gili (a + bxy - 2a(a + bx) + oMog(a + bx)]. 

26. f ^ ,-liog^±J?. 



26 



cte 1.6, a + 6x 



/ dx _ Jl 4-£. 1 

x»(a + fex) "■ ox "*■ a> ^^ X 

J x(a + 6x)» " a(a + bx) a» ^^ x 

J a;(a + bx^) "an ^ a + bx** ' 

^ r dx 1 ^ /6 

29. I — — n — —7-=- arc tan a; a/ -. 
J a + bar wah ^ ^ 

-.-. r xdx 1 , a + 6x* 

cte a; . I r dx 



J (a + 6x>)* " 2a(a + 6x») "^ 2 a J a -f fta^ ' 

2. Expressions containing a + 2»x + cx^ 

Let X « a + bx + ex*. 

« . rdx 2 ^2 ex + 6 ,. 

34. I — = , arc tan ^ , when 4 oc > 6*. 

•^X \/4ac-6» V4ac-6» 

._ rdx 1 , _ 6 + 2cx -\/6' - 4 

So 



— - , log ; . , when 6' > 4 oc. 

X Vb^-4ac b + 2cx +Vb' -4ac 

Oft C^^ — 2 ex + 6 2 c rdx 

JIT f^-^_ 2 cx + b / JL ^ _ _^^ ^4. 6c» r(ix 

®^' J X» "" X (4 oc - 6») \2 -X' 4 ac - b^ j^ (4 ac - 6*)V X ' 
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-.-. rx dx 1 , ,, h rdx 

g-. rxdx 2 a ■\- hx h rdx 

J "X^ "" " X^^ac" IP) " 4ac- 6» J X ' 

^' }xX ^2-a ^^«X"2^Jx- 

J a:»X " 2a» ^^ x» ax "^ \2a' a) J X ' 

UL IBRATIONAL ALOEB&AIO FUNCTIONS 



!• EzpresBions containixig Va + bx 

42, (y/a + hxdx = 3-1(0 + 6x)*. 

43. (x Va 4-fex rfx « - ^^-^5 (2 a - 3 6x) (o + 6x)*. 

44 I « - Va + 6x. 

**' J Va + bx b 

46. f -ri^ — = - - ,5-r» (2 a - 6x) Va + bx. 

•^ X V a + 6x V a \v a + 6x + v a / 

At C ^ 2 ^ jbx -a 

47. I — . — -7- arc tan -\/ • 

•^ X V 6x - a V a ^ a 



48. I =» 2 va + 6x + o | — . 

^ * -^ X V a + 6x 



2. ExpreBBions containiag Vjc^ ± aA 
49. JVx»± a» dx - -V^^Ta^ ± ^ log (x + \/^^±l?)* 

60. f . = log (x + Vx» ± a>). 

•^ Vx* ± a» 

.. f dx 1 X 

01. I — . = - arc sec - • 

•^ X Vx* — a' a a 

62. I — « - log . . 

•^ X V X* + a* a a + v x* + a' 

63. Jx Vx»±a»dx « J (^ ± o»)*. 
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xdx 



x^±a* 



Vx* ± a*. 



dx mM \/^ — o' — arc sec - • 

a 



66. / 

66. J(a;»±a»)»da; - | (2a:» ± 5a») Vx* ± a» + ?|* log (« + \/?T7»). 

67 f ^ « + g . 

58. f-^^^ 



69. Jx»Vx»±a>da;«|(2a:» ± a») Va:» ± a»-|* log (« + Vx* ± a»). 



60 



• / 



61. 



« - Va;' ± a' T — log (a? + vV i a'). 

V'^T^' 2 2 



62 



63 



— H- log (x + Vx* ± a'). 



(x> ± a>)' ^ 
• J x» 

• ; 



+ log (x + Vx» ± a')- 



dx 



Vx» ± o' 



x' Vx' ± a' 
dx 



a*x 



x" Vx' - a' 



Vx* - a» . 1 X 

H ■ arc sec - • 



2aV 



2a' 



«- /• dx Vx' + a' . 1 , (a 

66. I , = H log I - 

-^x^Vx' + a' 2o»x» 2a» ^ V 



+ \/x» + 



^^ n+1 n + I J ^ 



3. ExpreBsions containing v^a^ — jfi 

V a' — x* dx = 7: V a' — x* + ?r arc sin - • 

2 2 a 

J Vo* - x' 

69. /(a»- x»)^ dx « I (5 a» - 2 x>) Vi*^^' + 

_^ /• dx X 

70. I i , . 

•^ (a» - x»)» a» y/a} - x» 



. X 
arc sin - • 

V o* — x' a 



3 a* .X 

-Q- arcsm-* 

o a 



71. f-^.-llog 
•/ X Va' — x* a 



+ Va' - x" 
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75 r ^ Va' — X* 



X* Va' — x* a*. 



arx 



-^ r dx Va* — X* 1 , a + Va^ — 3* 

73. I y — — log •• 

74. fx Va* - x» da; - - J \/(a» - x»)'. 

76. Ja:» Va' - x'dx - | (2 x» - a») Va» - a:» + |^ arc ain j 

76. r-5± Vcin:^. 

•^ Va* - a:* 

77. I , — — r ^<» —3:^+0 arc sm - • 



78 



x(2a; 1 



x*da; x , x 

a 



/ xti 
(a»- 

_^ /• a:*az x . x 

79. I rs « , — arc sin - • 

•^ (a» - x»)« \/o» - x» a 

J X ^ X 

^^ C\/c? - x» , N/a»-x> . X 

81. f = ox =» — arc sin - • 

•^ x' X a 

n 

82. J (a«- x») dx - -'-„-qrr^ + ij^TlJ (»'- **)' 'te- 

/• x'»»dx X*""* Va' — x' . (m — l)a' rx^-^dx 

83. I 7 «= + ^^ -— I y • 

^ Va* — X* wi m -^ V a* — x* 

84. J x"» vo' - X* dx - — - . o + — v-o J >v / 2 1 

•^ m + 2 m + 2*' Va* — x' 

__ r dx y/d^ — X* m — 2 /* dx 

86. I , =• 1 I . • 

^ xm, y/fji _ aJ (m - 1) a*x*»-» a\m - ly x*"-' Va» - x" 

/•\/a» - x* , Va* - X* a' /• dx 

86. 



/ Vq» — g> ^ V g* — x' g* /• 



(m - 2) af»-* 7» - 2 -^ x»« Vg' - x* 



4. Expressions containing y/& + bxT~cx^ 

The integrals contained in the preceding sections are for the most part 
special cases of the following integrals. 

Let X = g + 6x + ex'. Then 

«« r dx 1 . /— 6— 2'cx\ .- ^ _ 

88. I -7= = -, — » arc sin ( . ), if c < 0. 



89 
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b + 2cx ^ /^ b* — 4ac r dx 



90. CxVxdx.^-±^^x\x-^-<^^±^'\ + ^-^^^^^C'^- 

r dx ^ 2(b + 2cx) 

' ac] 



. Cvxdx^'-±^Vx-'-^^=^^C^ 

J 4 c 8 c -^n/X 

8c L 8c J' 128 c**^ VX 

' ^ X VX "" (6» - 4 ac) VX 
92 r ^^ ^ _ 2 (6 + 2 ex) _ r 1^ _ 8c n _ 

Q3 f ^j^ ^ v^ b r dx 

' J \/X^ c 2c^ Vjt' 

94 r 3;rfx ^ 2 (&x + 2 a) ' 
' -^ X >/X "^ (6» - 4 oc) Vx ' 

95 f^^^ ^ /_£ 36^\ v^ 4- 3 b' — 4 ac r dx 

' J\/X''\2c 4c) 8c» -^ Vx' 

96. fx v<Y(ix « ^ - A fv/Xdx. 
J 3 c 2c •/ 

97. I — -^ = 7= log ( + — 7=* J, if a > 0. 

-^xVX Va \ x 2Va/ 

eka r d^ 1 . 6x + 2a .- 

98. I — ;=■ = — 7=- arc sm — . , if a < 

^ xVX V-a xVb^-4ac 

99. f-^ -\/X, ifa-0. 

•^ X Vx 6x 



100 



dx Vx b r dx 



r dx _ _ vx _ _o_ r 



x» Vx ax 2a ^ X Vx 

'Vxdx . /ir^ . b r dx r dx 

X 



101. r^^.v^ + ^M-^ + af 



102. r^::!^ — iv/x+^ r^ -^cC-^ 

-^ x^ x 2^ xVX -^ Vx 



IV. TRANSCENDENTAL FUNCTIONS 

103. I sin' x(2x-»ix — isinx cos x. 

104. J sin' X dx « — 1 cos x (sin* x + 2). 

i/\K r • fi J sin"-* X cos X , n — 1 /* . „ , , 

106. I 8in'*xax = f- I sm'^-^xdx. 

J n n J 

106. J cos' xdx — Jx + isinx cos x. 

107. fcos' X (2x « } sin X (cos' x + 2). 
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72. /■ '^ ^^^^ 



X* Va' — z* a'i 



a*x 



„^ r dx Vd* - x> 1 , a + Va'-x* 

73. I . — log 

74. fa; Va»-x»dx - - J N/(a» - a;»)». 

76. f x' \/i»^=^(te - ? (2x> - a») V^^^ + ^ arosin -• 

•/ O O CI 

76. f-£^_--Virr^. 

77. r-i^--£V^^ir^+|'arc8in?. 

_^ r xdx 
78 



I. f-^ 



„^ r x^dx X , X 

79. I Ti « , — arc sm - • 

80. /^-'^'"^^-V^rr^-aiog"-^^^''^ 



Va» - x» , Vo» - x* .X 



81. I 5 ox «=» — arc sin-* 

•^ x' X a 



n 

82. J (a»- x») dx = \^^ + ,j;^f-f J (a»- x»)« dx. 

83. I 7-- r + — I , • 

J Va* - X* m m -^ v a' - x* 

84. Jx-v/a>-x»dx- __^2_ + __^ J ^;,^5=^ 

^_ /• dx Va' — x' . m — 2 /• dx 

85. I — . ' - - -f- I , • 

a« r^a* — ^ J "^^t* — ^' a} C dx 

oo. I ax ■■ — I . • 

•^ x*" (m - 2) a?^-^ m - 2 -^ x^ Va' - x* 

4. ExpreBflions containing Va + fix + ex* 

The integrals contained in the preceding sections are for the most part 
special cases of the following integrals. 

Let X = o + 6x + cx». Then 

88. I ^= = -T — > arc sin , ), if c < 0. 
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J Ac 8 c J\/X 



90. rxv^dx-^-±2^vxrx-?i^i:i^n+3^!^ii^'r 

J 8c L 8cJ 128 c»^' 



8 c " L~ 8 c J ' 128 c» -^ VX 



r dx 2 (6 + 2 ex) 



X VX (6» - 4 ac) VX 

92 r ^_ „ _ 2 (6 -t- 2 ex) _ r j^ _ 8c n ^ 
'•'xVjC S(f>* -4ac)VxlX 6"-4acJ' 

^„ rx rfx y/X b r dx 
•^ VX c 2 c ^ VX 

94 f _?_^^_ « 2 ( 6x 4- 2 g) _ ' 
■ -^ YVX "" (6» - 4 ac) VX ' 

96. r^,f^-gAWx4- ^^'-'"^ r^. 

•^ VX \2c 4c/ 8c» -^ VX 

96. fx VXdx « ^ - -- fv/^dx. 
J Sc 2c J 

97. I —j=r = 7= log H 7» I, if a > 0, 

-^ zVx Va \ X 2Va/ 

t^Q C dx 1 6x + 2 a -e ^ n. 

98. I - —.-^ =« — y=^ arc sin - — , , if a < 

dx ^ 2 

xx/x" 6x 



99 



xV^ V-a xV6*-4ac 



100 



dx VX b r dx 



r dx ^ _ VX _ j^ f 



x* VX OX 2 a -^ X VX 

-y/Xdx , /T. . b r dx . r dx 

X 



101. r^^.v^ + ^r.^- +ar /- 

-^ * 2-^v/a: ^ xVx 



•^x» X 2^xv/X -^ VX 

IV. TRANSCENDENTAL FUN0TION8 

103. j sin' xdx«»)x — isinx cos x. 

104. J sin' X dx « — 1 cos x (sin* x + 2). 

«#>K r • « J sin'^-^xcosx , n — 1 r . _. , 

106. I sm^xdx « 1 I sm'^-^xdx. 

J n n J 

108. J cos' X dx «= J X + J sin X cos x. 

107. j cos* X dx » } sin X (cos' x + 2). 
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AA r « J cos**-* 2 sin X . n — 1 /• __. , 

.08. I cos^zdx — H I co8**^ xdx. 

J n n J 

09. jtan xdx >» — log oos x «- log sec x. 

0. r tan' xdx ^ tan x — z. 

. J tan'^ojcte — — — ^ J tan""' x dx. 

2. I cot xdx ^ log sin x. 

3. jcot' X (ix — — cot X — X. 
. Jcot^ X dx — — ^ _^ .. Jcof*-* X dx, 

,6. I sec xdx — log tanf 2 + i)' 

6. j sec' X dx — tan x. 

7. jcsc X dx — log tan ^ • 

8. jcsc' X dx « — cot X. 

9. jsin X 008 X dx « i sin' x. 

. I sin** X cos X dx « — —-r- sin""*"* x. 
J n + 1 

21 . (sin X cos** x dx = --r- cos**** x. 

J n + 1 

«-* r • 1 1 J * sin 4 X 

22. J sin'xcos'xdx— ^ ^^ — ' 

/sin"* X cos"^* X fi "■ 1 /* 
sin** X cos" X dx — H ; — I sin** x cos*~' x dx. 

^^ r • «» « J sin"*-* X cos"**"* X .m— lf._., ^ . 

24. I sin"* X cos" x dx « ; H ; — I sin"*"' x oos" x dz; 

A« r • «t ^ J sin"*"^* X cos" x,m + n + 2f._- ^j., 

26. I sin"* X co«r" X dx « —^ H r-i — I 8>n"* x cos"^' x. 

^4. r • «. ,1 J sin"*+* X cos""*"* X , m + n + 2 f . _.+, ^ , 

26. I sin"* X cos" x dx — — ^ 1 — -,— I 8in"*^^x cos" xdr, 

J w + 1 m + 1 J 

r dx __ 1 cosx m — 2 /• dx ^ 

J 8in"*x *" m — 1 sin"*--*x m — iJ sin"*~'x 

Oft r_^5— 1 sinx n — 2 r dx 

J cos"x *" n — 1 cos""* X n — 1 J cos"-' x ' 

29. f -= y arc tan ( -\/ ^^ — : tan ^), if a* > 6*. 

•^a + 6cosx V a' - 6' \^a + 6 ^/ ^^ 



20 
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- . , Vb + a + Vb-a tan f 

30. r ^ y^ log -, it a* < 6«. 

-'a+boo.x V6'-a' VtTi - Vt^^ tan | 

31. I — . arc tan — . , if a' > b*. 

^ a -\-bBmx Va* - ^ vV^-P 

, atan|+6- V6»-a« 

32. r ^ 1= log ± > ifa»<y. 

•'a + bsinx V6»-a» atan|4-6 + ^6 -a« 

33. fz Binxdx ^ Bjnx — X cos a;. 

34. Cs^ sinxdx ^ 2xBmx — (x* — 2) cos a?. 

36. j a;*" sin X dx — — a^ cos x + m j a^"* cos x dx. 

36. J X sin' X dx — } (x* — 2 X sin X cos x 4- sin' x). 

37. Cx cos X dx — cos x + x sin x. 

38. jx* cos X (ix — 2 X cos x + (x* — 2) sin x. 

39. r x^ cos xdx«-x"*sinx — m Ta^— * sin x cix. 

40. j X cos' x(2xa-J(x' + 2xsinx cos x + cos' x). 

41. J X sin X cos xdx»}(x — 2x cos' x + sin x cos x). 

AQ /" sin X dx _ 1 sinx 1 /* co8 xdx 

J ^»» *" m — 1 x"»-* m — 1 J x*^-» 

-^ / 'cos x<ix _ 1 cosx _ 1 rsinx dx_ 
• J ajw "" m — 1 x»^-' m — 1 J x"*-* 

.. /•siri X rfx _ ^ 1 ^ _ x^ 

**• J i * " 3^1 + 575"! 7 • 71 ■*" ' • ' 

-- rcos xdx . x* . X* 3:* . 

**• J -^ ^*«* - 2T2i + rri - 6761 + • • • 

46. J arc sin x dx « x arc sin x + Vl — x*. 

47. J arc cos x dx — x arc cos x — Vl — x*. 

48. Tare tan xdx ^ x arc tan x — ) log (1 + x^. 

49. Jarc cot x dx — x arc cot x 4- i log (1 + a?). 
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a 

ax 



161. jxe^ dx - ^- (ox - 1). 

« BA C n-^ ' J «"' (« sin a; — cos x) 

162. \€^smxdx~ , . , ^• 

1KO r fljr J c*" (a COS X + sin x) 

163. I e" cos X ox— ^ . . ^ ^ • 

164. J log X dx — X log X — X. 

DEFINm XNTBOBALS. 

166. r sin*^ xdx^ \ cos'^ x dx 

l'3'5...(n — 1) jr., . .. 

— — o— i — 5—^ • ;r , if ni8 an even integer. 

2 . 4 . 6 . . . (n - 1) .. . _, . . . 

— , if nis an odd integer. 



1 .3 'S-T. . .n 



w 



167. rv '^ ■ 

•/o VI — A;' sin* x 

-?['+(y''"+(if')'*'*(i^)'-^-]''"'<' 

168. j[ Vl -A^sin'xdx 

-i['-(y"'--(H)'?-ft-i!^)"r--].'"-<'- 



•ANSWERS 



Art. 3. Pages 4-6. 

1. - 26; - 14; - 110. 3. 1; i V2; 0; - 1. 

6. 3 -V^'+T; (3 - V^y + 4; (y» + 4)> + 4; 3 - \/3 - Vx. 
. 14. cos 0] sin 0. 

^' * x' 16. sec e. 

12. sin (x ± y). 16. tan {x — y). 

Art. 6. Page 10. 
ox + c ay ■\- b c 



2. y-Vl -x'sin/J-xcos^. 5,3. „ a arc cos ^-^li? ±V2ay-y». 



(ir 



3. V - (- 1 . 6. 1* - m ± Vm» - v*. 



.y y _ - g ± Vfi* - 4 C U - 1^ ) 

2 (A - log p) 



8. (a) y/y. (b) ± \/y» + a\ (c) ± VeJ' - o». 

9. i («* - «"*). • 11. r. 

10. «^:=J::^ . 12. ^±A2l, 

Art. 10. Page 20. 
2. X — 2y X «» 3. 4. (a) Discontinuous at x — 0. (b) Discontinuous at 2 » 0. 

Art. 13. Page 31. 

1. -». 3. 0. 6. 48. 11. - i; 

2. i. 4. 1. 6. 7a«. 12. 1 

Art. 16. Page 40. 

1. (a) (2x -S)Jx-h (Jx)\ (b) 0.31. 

2. (a) 3 Xi»Jx + 3x, (Jx)» + (Jxy, (b) 3 x,*. 

4. J« « 160 J< + 16 (JO*. 1/ — - 160. 

6. Jv - 3.615021 n cu. in. Js - 1.2025 ?r sq. in. 

423 



424 ANSWERS 

Art. 16. Page 43. 
1. 6x*. 6. "^ 



(x + 2)* • 

2. 2x-3. ^ ^ ^ 

2 c 7. 2 (x - 4). 

^' ^* 8. 6 t 2cx + 3(ix". 

1 9. a + s'^ 

*• 2V^- 10. 3(x + 2)>. 

6. 6x + 9. 11. nx«-». 

Art. 19. Page 48. 

1. 3 a;>. 6. 8 x» + 15 x" - 6 X - 6. 

2. 9x»- 12X + 7. 6. 18x» + 6. 

8. 4x» -3x»-8x + 4. 9. 80-32t; -16. 
4. 3x» -6x + 4. 

Art. 19. Page 60. 

- X+10 a 1 -^^ 

^' ii~" • (i^-t + iy 

2. ^-^^. 7.1+^. 

(x'-S)' ^ 

n 2 8 g' + 4 

x» (^' - 4)' 

6 o 6 X* - 52 X 4- 42 

*• "(TZT?- (x>-7)» 

- 3 (1 - <») 1ft -x* + 4x»-16x» + 16x~ll 

*• (t»+l)"- (x«-x + 8)» 



11. 



- x' + 16x + 11 



(x» + 2 X - 5)» 
Art. 20. Page 62. 



1. ix-*. 

2. |x*-x"*. 

3. - 6x-« - 6x-« + 4x-'. 

4. 9 (3 X - 7)". 

6. 2 (2 x» - 5 X + 3) (4 X - 5). 

X 



V. 


n/i -x» 


7 


2x 


1 • 


3 (a» + x>)» ' 


8. 


3 


2 (3 X - 7)' 


Q 


6x» 



(6 - x»> 



10. 


26 + -\. 
2 6^ 






11. 


Cn 






12. 


x» ^ x» ^ X* • 






13. 


3 






2 (x - 5)* * 




14. 


- 2x 
(1 + x*) Vl - X* 






16. 


o - 3x 
2Var- X 






16. 


xP-i (1 - xf-' (p - 


px 


- gx) 
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Art. 21. Pages 63-64. 



1. 5x* - 3- 6x- 

Am - . 

Vt? -3 



9 (3 g - g) n/2 gj - a:* 
(2 a - xy 



10. « + 6 + 2x 



3. 2a; - 1 2 ^(a H- x) (6 + x) 

2 >/x» - X + 1 ' 



U. 



A - 1 /_5i±J . g* - 9 a^ - 2 X (2ax - x*)* 

*\x»-3 (x» + l)» 

w. a-, - ix* + 2x-*- t* 



2 (2 + !»)» V7 ' 


20-0* 


(1 - ^)' * 


1 -3^» 



g (5 x» + 2 6x - 3 g') Vx + 6 . ^g^ 6 -S^* 

2 Vx* - g' 

7. (^ + 9«')^ . 14. 

2 (x» + 3 g*)* 

8 ^^ - ^ 15. . 

{/(6x>-x»)»' * 2(1 + ^»)'\/S' 

16. 50 a^ - 32x^ + 70 x« + 6x» - 40 x* + 20 x» + 6x* - 8x. 

^- 5(x» -4)*a0x» + 45x~4) .- 2x 4- 3 Vex + 2c 

17, _i i~^ <. lo. — ~- — — -p— 

3 (x + 5)« 8 (x V c + XV x)« 

j^g (g<y - bp) X* + (gr - cp) x + (fer - eg ) 
(px» + 2qx + r)* (gx» + 2 6x + c)* 

20 - x»4-2gV^^"^r;^»-2g ' ^^- ^' ^' 

x» Va» - x» ' 26. (2, - 16); (- 2, 16). 

Art. 22. Page 66. 



1. i r . 3. 



3 (a;- 4)1* 2\/o^ + 6 

6x 




Art. 23. Page 66. 

1. 6t- 1. 3. -i- . 

4^* 

o 2^-3« A b - ct , a 

« - 1 • a ' b - ct 
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MiBcellaneouB Sxercifles. Pages 66-57. 



1. 12a:» - 12 a: + 7. 4. 



2^ - 1 



2. 8 a;' - 7 af - 24 a;* + 20 z*. b. v^-^gt. 

8. 10 < - 3. 6. ^ ^-30? . 

Va:* - 5 

7. 2x{x-df{z + by (a: - c) + 3 x» (x - a)» (x + &)»(«- c) 
+ 2x» (x - a)» (x 4- 6) (a; - c) 4- a;» (a; - af {z + 6)». 

®- ^ f /+ tjf ' "• Ha^ + 6x + c)-i (2ax + 6), 

9. -^-^. 13. 5x-3 



^ ^ V5a:» - 6 a; + 12* 

10. ^^^,. 14. ^~' . 



na;'»-* 



11. -. ^ ,, . 15. «_w^jtwxj:_an 

le (<^ + ^-c-df)g*~2(a5-od)a;-(a + 6)cd4-(c-Ki)a6 

(x - cy (x - rf)> 

^^ n(x + Vx» - 1)** 2^ g (c - 2 d^) 

Vx2 - 1 ' ■ (i-cd + dd^y' 

18. "^a; 4- Vl + x' 28. - 7>/ir+4 



2vTT^ 12</i;»VVr+l 

1»- ^ . 29. 4^- 2(2^ + lL 

20. ^'-V."^^ => so. 2a_ 



2 (x - 3)* Vx^ 4-5 * t;» (v - 6)» ' 

21. - (2 4- x)>/l - x» *^- ^' ^^• 

(1 + ^y ' 32. arc tan (± }). 

22. 2x 4- -i^ . 33. -3(u' + 10u4-15)x » 

Vx* - 1 (w» - 15)» 

«« 8 X* - 9 o V + 3 ax» 

23. — TTT rr • 34. 



3 (X + a) (x' - a')* ' b + v' 

24, 2x- ^ f^-l 86. _«; -S. 

Vx' - 1 »» 3»» 
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37. 1 + 0.00004 T + 0.0000009 t*; 1.0025025. 



«/77 a:« 



39. ; ± — ; ± -y- . 43. (a) a:». (b) x* - «. 



40. -IJZI^ZZ. (c) ia:»-ix» + 2x. (d) i 

« \2(M - 2«> « 

Art. 26. Page 66. 

1. x-y + 2-0; x + y-6. 

2. x^y 4- y,x « 2a»; y - Vi - ^ (a; - »,). 

3. 2x-y=-a; a; + 2y-3a. 

4. 3x + 4y-25; 4x-3y=«25. 

3 v ' 

5. 3 y^hf - 2ax, (a: - x,); y - l/i - - 1^ (^ - *i). 

6. y - yi = - ^ (* - «i); y - yi =* ^ (a? - ^i). 

Xi* yi* 

7. yy,**-' + icx «-» -» a«; y - y, « ^^j (a; - «i). 

1 * 

1 

10. y - y, =- (3 a^i' - 3) (x - Xi); y - yi - - 3^3,3 (a; - *i). 

Art. 27. Page 67. 
1. 4; 4; 4X^2; 4 >/2. 

8. t; }; I; i- 



yi V9 Xi* - 18 Xi' + 10. 

6. io; 2a; aVlsT f "^^^ *• f J ^a; g^^J «>/^" 



7. *.V»; (f)S «*y.»; ^ 
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MiflcelUneoas Szercises. Pages 6S-57. 

1. 12a;» - 12a; + 7. 4. ^^ -l 

2. 8x' - 7x» -24x5 + 20aj*. 6. v^ + gt. 

3. lot- 3. 6. Q ^-30x 

Vx* - 5 

7. 2a: (x - o)« (x 4- 6)» (x - c) + 3 x» (x - a)» (x + 6)» (x - c) 
+ 2x» (x - a)" (x + 6) (x - c) + x> (x - ay (X + b)\ 

®- ^ f (1^+ i^f ' "• * («^ + ^^ + ^)"» (2«x + 6). 

9. -L-2c ^ ^3^ 5x-3 



^ ^ V5x» - 6x + 12* 

10. f^,.. 14. ^^"^ . 

(ex + d) (1 + a;)»-^» 

H. - nx^-^ jg __ nx 4- mx + an 

(a?» + c")* ■ * a;»+» (a + x)«+» ' 

le (q + 6-c-rf)x'-2(a6-c<f)x-(oH-6)od+(c + d)afr 

(X - c)' (x -dy 

^^ njx + y/x' - 1)^ 2^ a(c-2dd) 

Vx^-i ' ' (1-cd -\-dd^y' 

18. ^a; 4- n/i + x» jS. 7\/tr+ 4 

2Vi + x> ' * i2-yi^V\/tr+i* 

1». ^=-- 29. It 2(2x'4-1L 

(xH-i)VinrT Vx» + 1 ' 

20. x'^6x--5_^ ^ 2a i_ 

2 (x - 3)* Vx» + 5 v* (v - 6)» 

21 - (2 + x)v/l - x» ^^- ^' ^2. 

(1 + ^y * 32. arc tan (± }). 

22. 2x 4- -J^ . 33. -3(u' + 10u + 15)x » 

\/x* - 1 (w» - 15)» 

8x^-9a»x»4-3ax' _^_ 

" 3 (x 4- a) (X* - a»)' ' 6 4- » " 

24. 2x- ^ '^ - 1 36, -^- -4. 

26. -feLr^. 86. (a)--^ + -2|--. 

j;i (v - a)» Tiv + br 

^^- 2^1-— ¥" • *) + 



^ 2 • ^ » - a r» (i? 4- 6)» ' 
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87. 1 + 0.00004 T + 0.0000009 t"; 1.0025025. 



38. - 



39. ; ± -y ; ± •^- - 48. (a) a:». (b) x* - aj. 



40. -IJII^I^. (c) Jx»-ix» + 2aj. (d)l.. 

9 Af2a« - 2«» « 

Art. 26. Page 66. 

1. a; - y + 2 - 0; x + y - 6. 

2. «iy + yio: - 2a»; y - Vi - ^ (a; - Xi). 
8. 2x-y-a; x4-2y-3a. 

4. 3x + 4y-25; 4x-3y«25. 

6. 3 y,V - 2axi (x - X,); V " Vi ^ " f^ (^ - *i)- 

6. y - yi =- - ^ (^ - ^x)) y - yi - ^ (« - a:,). 

Xi* y,* 

n— 1 

7. yyi**-* + xxi»»-» - a**; y - y, - ^^U^ - *i). 

1 
10. y - yi « (3 x,» - 3) (x - X,); y - y, 3^7173 (^ "" «i)- 

Art. 27. Page 67. 
1. 4; 4; 4X^2; 4 >/2. 

X, X| 

S. 1; }; f; |. 



*-3-(i?:rT)= 3v.(..'-i); ^^^if-^V9v-i8«.'-Hio; 



5. fa; 2a; a\/l3; | \^. 6.^; 2a; |V6;aV6T 



Vi \/9 X,* - 18 x,> + 10. 

3 " '"• "• 2 



'V?^ 
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Art. 20. Paff6 70. 

1. ad Vl + e^; ad^; aVl + 6*; a. 

.V pV4p* + (o + 2feg) ' . 2/>» . vTp^ + (g + 2 6^)' . a -\- 2be 

^ a + 2bd ' a + 2bd * 2p * 2p ' 

3. (a)|-; (b)(^» + <?); (c) 2 6 ^^^ 

Art. 30. Page 71. 

1. (a) 2 is a double root, (b) 1 is a quadruple root, (c) 2 is a double root. 

2. 4 p» + 27 r « 0, or r = 0. 

Art. 33. Page 76. 

1. 0.16 in. 2. -^-^ . 3. (b) -7 per cent. 

r * 

Art. 36. Pages 80-81. 

1. (a) r « Vq — ^; o — — g. 9. (a) 32 rad./sec; —32 rad./sec.*. 
(b) 123.4 ft./8ec.;-32.2ft./8ec.l 0>) 3i sec. 

(c)- 102ft./sec.;-32.2ft./flec.». ^^' (a) « - a - 3 6/»; a - -66<. 

2. 13H} sec; 751.5 ft. (b) « - ^^ ; « - - ^^ - 
8. 40 rad./sec; 10 rad./sec*. (c) w - 6 + 2c^; a = 2c. 

Art. 37. Page 83. 
1. 0.54084; 0.2344; 0.23348. 2. - 0.000067040; 0.00026816. 

4. «„ (a + 2 ^r). 

MiaeellaneonB Exercises. Pages 83-85. 

1. (a) 0; -1. (b)(0, 0); (4a,- V^). (c) x - 2a ± 2a Vl 

2. ±45". 



4. 

(a) 



(a) 12 a'a; - y - 20 a^ 12 a»y + x - 2 a 4- 48 a^ 

(b)x + 2y-2; 4x-2y-3. 

(c) 5y - 2r « 5; 2 y + 5 x = 31. 



[(a) } a \/l44 a« + J ; 4 a* >/l44 a* + 1 ; § a; 48 a^ 
(b)(b)}V5"; iv/5; 1; i. 
l(c)|\/29; |V29;V; »• 

6. (a) p-ik^+c (b)^ + -^ -c. 9. 1; \, 

P 

7. (a) 2 is a double root. 14. ^ + <» - 2a 

(b) No multiple roots. ' v (r - 6) r» 

(c) 4 is a double root. 20. 0.825; 0.805. 
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Art. 40. Page 



a b 



2a^ X 

6. fx'-x* + a:' + 7» + C. 10.-2 «~* - 4 x* + C. 

T. -i+4x-^ + ?^ + C 11. -^^ + i+C. 

18, ii*" _ i2*« + ^t|£L - 36a:» + ^Ij! + c. 

9 7 5 

14. iS£±^ + C. 17. ^£lx^* + C. 

3o 30 



16. (^ + 4)* ^ <7 !«• 2Va:« - 6x + 7 + C. 

3 ■ 19. i(a!>-6a; + 1)' +C. 

le. (2»'-g)' + C. 20. smViTtv ^ c 

Art. 42. Pages 90-91. 

1. y-3a; + C; y-ia:» + C; y-Jwix^ + C; y-Jax»-6x + C; 

2. y - x» + C. 6. ^ - ife/) + C. 
8. y - 6x + C. 6. m^ - ^ + *. 

4. y*- mx + C. 7. y - I x* + 5a: - 13. 

Art. 44. Page 93. 

1. 6.5 ft. /sec; 384 ft. 3.786.1ft.; 13H1 see. 

2. a - 2 < - 6; « - K - 3 i^ 4. (a) 671 red./aec. (b) i^ . (c) 1^, 

12 TT 2 9r * 

Miflcellaneoiu EzerciseB. Page 94. 

1. (a) ,»» (3 X - 5)» + C. (c) } (x» - 4)i + C. 

(b) A («• - 4)* + C. (d) J (3 x« - 5)* + C. 

2. 3 y - 12 X - x» - 15. 3. y» - 2 ax + C. 

*. (a) y - I a^ - 4 X + C. (c) y - } x* + C. 

(b)y-x»-ix» + 2x + C. (d)y-|x» + 2x + C. 

^- ^*^ 6 ' ^""^ 16 24 • 

/, V I?a^ Lx» , X* ,^x 3wZ«» tto* wD 

^^ -2- - T ^ T2 ■ ^^^ -IT - -J - -^ • 
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6. (a) a + ?i ; f.+ i + c. (b) -^^fct* + K. 

(c) 3(»-5; it*-|<»4-4< + C. 7. ar + i 6t^ + J cr*. 

Art. 48. Page 102. 

1. dy ^5x^dx, 9. dy - (6 «» - 12 «» + 10 «) cte. 

2. dy ^6xdx. (Qa^ -t-4)dx 

3. (iy-(9x>-10x + 6)(ix. 10. <^y- ^^^.^^J ^^ ' 



4. dy -(4x>-18j:»+22a;-6)<te. 



11. dr - i 0^de, 



5- ^y ^ ^T • 12. da - (2<rf + 6) (it. 

2da; ". dO-(6 + 2cT)dT. 

6. dy ':^- 



(x-5)»' 



14. du-.-(^^+^)dr. 



(a»4-x»)Va*-a:*' 15. dp - ^^^ 

^ ISx'Cx-a)** IB. dy -» frmn (a + 6a;")"^> x"-»dx. 

Art. 49. Pages 103-104. 

1 /„^ 2xy ^x _ 3 a:»y + 2 xy» + 4 y» . . Mx 

l-^*^3^_^. W ^ + 2a:»y+12xy>-4y»- ^ ^ a^ ' 

(d)-2^-±A. (e) -l^. 

a. - °^ + fy + ; . 8. i. 4. -^;f. 8. I. 

/w; H- oy + / 

6. (a) Subtan = 4 /)><?* - 2p^; subn 



ApO^ -2d 



(b) Subtan « 1 -'2pd; subn - :; — fi-— - . 

1 — 2/>^ 

7. (a)-2E. (b) e£^»JL±1«*. 
mv (6 — v) tr 

8 ra^ 2(1 +g)y + 2x + y' ^v _ ]L±1 r^^ 5 x^ - 12 x'y + 2xy^ 
• ^^ 2y(l -x)- (1 +x)»' ^ ^ 2xy * ^ ^ 3 x* - 3 xV + 20 y* 

Art. 60. Pages 106-106. 

/— 6. 31 mi./hr. 

- 24 8V^4 

^- T' 5 • 7. -^. 

2. -12x/5;6n/5. 8. x»-fcy«0. 

3. (a) 6ft,/sec.; (b) 10 ft./sec. 9. 8; 5, 

4. (a) e-ap. (b) p' = fc<?. JO 8064 ft./sec 

5. 2 r cu. in. /sec. * 
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Art. 51. Page 107. 

1. Jx* + C. ■'• " ^ + ^ - 7^ + C'. 

5 X 5ar 5x* 



8. lax" + 6a; -^ + C. 



2. I x> - 3 x* + C. 

8. Jx» - |x> + 4x + C. g - . — ^ 

4. -1 + C. 9. -A+i + 3a; + c. 

X 2x' X 

6. 5 x-> + C. 10. a< + J 6^* + J c^ + C. 

X 2x^ 2 12 30 56 



Miscellaneous Exercises. Pages 107-109. 



'• ^"^ (1 + x«)n+^ • (^) ^^vrn^ — ^• 

(0 f r 6^-H35x'-12x-56n ^^ 
3 L X* (x» - 4)* (x + 7)^ J 

2^ (^) 3x»-10axy . ^. 2x.(l - y»)i - 3 y (1 - t/*) 
5ax»-2l3^ 2y(l-y»)« + 3x 

(c) g (gx + by + c) - X .^. xjI 

6 (ox + 6y + c) - y • (6 + y) (a» - 6y - 2 y») - x»y ' 

8. (a) i (x« - 5)» + C. (b) I (3x» - 7)» + C. (c) 4 Va:» + 5 x +1 + C. 

(d) - Jx-^ + 6 X-* + 4 X* - V X* + C. 

6. 4 ft./sec; 3 ft./sec. 16. - 2.24 Ib./sq. in. per sec. 

7. I vTl ft./sec.;6§ft./8ec. -^ 0.8 ^. , . 

AO» — v3 in./min. 

8. 17J ft./sec. ; |VTIo5 ft./sec. 

— T 

9. 14 \/3 ft./sec. ; - 14 ft./sec. ^'^' "7^ • 

1 A C tan \ B g, , 

jta} •/^''' 1»- 0-1 ^0 (« + 2 6r). 

11- ^^4P ft./sec. per sec. 19. ^0 fc - 2<^t,) . 

50 (1 _ CT, + dr^^y 



20. (a) ± J- Ve. (b) 0.899 a. 



(c) y- |v'2V3"-3 - - (3 + 2 VS) ^^2 V3" - 3 



(-!)■ 
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Art. 62. Page 113. 

1— n 

1. a 0O8 ax. 18. a (sin n^ ^ cos n<?. 

2. - 3 sin* cos* X. ^. • <? . ^ 

19. a sec* — tan—. 



3 3 
20. 



I. ~|V-;sinVS. 



3. 2 (cos2x - 6in2x). 

4. 2 tan X sec' X. 

5. a cos ax cos &x — 6 sin ox sin 6x. 

6. Bb'*(3 + 9ec»x). ai. -«(A8in«« + Booe««). 

7 i- cos — oo - -:« fl fi j^ r cos ^ 



2 2 



22. rsin^fl + ^^^ 1 

L Vl» - r» sin» tf J 



8. i sec» %. 23. _«!Li_^ , 
2 2 1 — cos^ 

9. ix8ec'- + tan-. ^*' «* cos ^; o^ sin ^; tan ^. 

10. tan> d. 25. (a) ?^ ; cos ^. 

cos 6 

11. - 2 sin 2 X. 

/Lx a (1 — cos ^r ^ » i> 

-« 2C08X 0>) ^ .^ ^ — ^ ; o sm ^. 

12. — : . sin 

(1 - sin x)* 

13. -2asin2<?. (c) a sec» ^ cot -? j a sec* ^ tan 1 
,, ^ . ^ 2 2' 2 2 

14. o sin a. 

gjjj 27. tan x; a' sin x cos x. 

(1 - cos Oy ' 28. 90^ 

- -. 2 a (2 sin ^ — sin* d) <^^ . /n^/7^ 

16. ^ ;— ^. 29. arc tan (2 V 2). 

cos' 

^^ _ a Bin 2d 3^- l-^^- 

Vcm2e' 31. 0.00027; -0.00011. 

Art, 63. Page 117. 
1. , ^ 9. 






(1 + (') \/i-<» 



3. ^~ ■" , ^4 At sec X 



X 



'^**-<** 2(2-Jfc'tan«)Vi-i>tanx 



*• rf^ + ""* **° *• 12. •» 



5. - 3 



■v/e o»- 9 a" 



6. 2 



^2S-(3*-2>' "• - (a' 4- .») (a - xy 



Vi - x> 14. 1 

7. 0. 8, 1. » («' + «") 
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Art. 66. page 121. 



1. 2g-3 1. ^^ 



x» - 3x + 5 



8. - ^ 



(x>-m»)loga- 9. e^'^'cosx. 

— . IQ. . 

wx^— a} tanx 
4. 3 ac'c'* + e*. 



U. - 2 



6. 1 + log z. Vx' + r 

- 1 i« l-2x + 2x»-- 3 r» 

O. — ; . *^« , . 

X log I V 1 ^. 35* 

^3^ 3(x-5)^ (3x-4)> , 4 (x - 5)i (3 x - 4)* __ 6 (x - 5)* (3 g - 4)> 

2 (2 z 4- 5)* (2 X H- 5)» 5 (2 x 4- 5)« 

14. (3x»-l)(x'+l) 1^^ ^ (^^^ _ ^^^Wk ) 
x» (1 - x»)« 

15. J — . 17. C-* (5 - BH - Ak), 

(1 4- x) Vr- x» 

18. c~** [(wio — 6ft) COB rnt — (mb + aft) sin mfl. 

a a 

20. 4S»;ar«tani 21. y - «« + C. 

22. <» (^ + «"■> ; g («^ - «'^) . i{^ + '~') . 28. 1.4656, 

x __T 4 4 

Art. 66. Page 124. 

4. sinh' X. 6. tanh' x, 

6. (a) y — Vi = sinh ^ (x — Xj). (b) a coth — . 

a a 

Art. 68. Page 128. 

1. i(x + ay + C. 9. i tan» 6 + 0. 

2. H^ " a»)« + C. 11^ ^ (^^ ^ ^)l ^ ^ 

3. log (3 x» + o») + C. 7 a 

4^ ^ + (, 12. Jlog(2x»-5) + C. 

. 1 . ^ 13. Va» + x» + C. 

sin ^ - ^ 1 . ^ 

6. -Jcos'O + C. "• ^arcsmcx + C. 

7. J (arc tan x)' 4- C. 16. arc sec ax 4- C, 

8. - -i- Vl - m»x» 4- C. 16. -4t^ + ^• 

m nr log a 
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Art. 69. Pages 131-132. 

1. r- +C. 7. - --i— -h e. 

c — 1 3 sin* 

2 ^ ®« sin (x + a) + C. 

3Vm»+x» ^ 3arc8in^-5V9^r^+C. 

/ 3 

8. 2 V5 X - x» + C. 

4. V x'-4x-f5 + C. 10. ^-^^ + C. 

*^' i^' + ^- 11, log(4x» + 7) ^ ^^ 



6. i sin* ^ + C. 



12 



12. log Vx* + 2x»-4x»-6x-10 + C. 

13. log [X 4- 2 + Vx' + 4 X + 13] + C. 

14. J x» - J x» + X - log (x + 1) + C. 
16. log (x» + x) - J log (x» -f 1) + C. 

16. - 1 log (a 4- 5 cos x) 4- C. 19. log ^,^ "^ \ + C 

h (« + 1) 

17. — € + C. O-r-t-^ 

^ 20. arc sin ±^L±J + C. 

18. arc tan X - log Vl + x» 4- C. V67 



21. log [x + 3 4- Vx* + 6 X + 1 ] + C. 

22. _i.log ^^ + C. 23. - _L log^^^^ + C. 

2VQ « 4- V 6 4V3 V3^4-2 

24. arc sin (log x) 4- C 26. log [« + a 4- Vs* + 2 a«] 4- C. 



26. c log [u 4- m + V(u + m)' - n'] 4- C. 
2^ log sec (mx 4- 6) ^ ^ 31. log (6* + sin x + cos x) 4- C. 

32. L a« tan (2^U c. 

28. log-; ^ 4-C. ^^ ,_, ^ X {, 

7a + be-^ 33. - cos (x» - 7x) 4- C. 

29. log Oog x) 4- C. 34, 2 (^^ + 3) _j. ^ 

•/* 1 . X* y^ >/x 

30. — arc sin ^ + C. . 

6 a« 36. arc sin X 4- vl - x> 4- C. 

Art. 60. Page 134. 
1. y mm aainiot ; V ^ au cos orf ; a — — y«*. 

3. y -= a sin f w< 4- g- J ; Vy - a« cos f «« + r) J «v ■* - y*^- 
X - a cos j fcrf 4- 1- ) ; v« - - o« sin ( «* + |- J ; Ox - - xm'. 
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MiscellaneouB Xxercisea. Pages 137-139, 



4. (a) 2. + njr; ± ^ ; } ;r H- njc. 
4 4 



flTT 



jr , nx 



(b)^; arc tan (±2);^+ ^ 



3;r 



(c) ^ +nff; arc tan (± \/2); ^ +n3r. (d) x - 1; ^ ; nowhere. 
4 4 4 



6. (a) 0.80902. 
6. 16.7'. 



(b) -0.58779. 



8. (a) 



(d) 



X 

1 



X* (1+ x») 



(b) 



(e) 



V2ax + x* 



(c) 1.52786. 

^^ siniy . 0.5773; ». 
1 — cos 6 

(c) Va» - x» . 



e* + e-^ 



Q (1 -f COS <?) ' . 

®. (a) sin^ 5«8m^. 



(c) ^ p tan ^ ; a» sin 2 ^. 



(0 



(b) 



i 1 

_ g^ sec* g^ log o 
x» 



/9 B 

(d) poot-; /(tan-. 



10. (a)-L±^«. (b)i. (c)*5|». (d)«,tj. 
sin cr a 2 ^ 



12. mcos -; msm--. 
2' 2 

14. (a) arc tan e' + C. 

(b) 2 (e^ 4- D* {f - 2) ^ ^ 
3 

(d) § x* — X + arc tan x + C. 



(2x 



13. cot CJC. 



(e) -^ arc tan -^+ C. 
2V5 >/5 

(f) |arc8ec^ + C. 



(g) 1- arc sec 



X — g 



+ C. 



16. r ^ ^ « inv. sinh ^ + C; f ^ ^ - ± inv. cosh ^ + C; 
J Vx* + g' * -^ V X* — g* * 



L-i 



dx 



x* g 



- inv. tanh - + C. 



T 

"• (a) - P (I + 1?) • (b) 5^^5^ • ^"^ ^^"* '** """'^ *** ''^• 



18. C + e-°(A:t>„-C) 
A; 



* ^'^ + 1 
19. - ge-^j2?r6sin2ff (&« + c) + icos2jt(6< + c)j. 
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Art. 66. Pftffe 144. 
1. (a)6«-6. (^j a:' -2 



(1 - x*)! 
(e) 2Bec'x -- secx. 



(c) e«* [2 a 008 a; + (a* - 1) sin »J. (f) ?JL^ . 

2. (a) - . (c) 2 sec* a; (x + 3 tan X + 3 a; tan' x). 

(b) 6 flee* X - 4 sec* x. (d) 6 - 60 sin' x + 64 sin* x. 

3. (a) 12 x» - 21 x» + 5; 36 x» - 42 x; 72 X - 42; 72; 0. 

(b) (X + 2)-»; - (x + 2)-»; 2 (x + 2)-*; - 6 (x + 2)-*; 24 (x + 2)-». 

(c) 2 x* + 8 x" log x; 14 x» + 24 x» log x; 52 x + 48 x log x; 

100 + 481ogx; i^ • 

X 

4. (a) 0^ aog «)». (b) i^i|^' . (0 Lll£l^L-Li« . 

6. (a)-i^. (b)-Ji. 

U /-s 12(x^y + 7xV + 23xV + 38x*y* + 23x»y' + 7 x^' + xy') 
^ ^ (x» + 6xV + 3xy»)» 

(b) (a'-l)(y'-2axyfx' ) ^^^ .^ 

(y — ax>* 

8. (a) i- sinh - . (b) 2 esc* ^ cot ^. 

a' a 

(c) ^-csc*^ (3 C8c»^ - 2) - i-^ C8c» t cot ^(3 csc"^ - iV 
4 2\ 2 /2 2 2\ 2 / 

(d) an'e^^. 

Art. 66. Page 146. 

1. «5_5«+c,; - i^,+ C,x + C,; 

frr 2 tn o J 

2. ix»+xH- Ci;tJ,x*+ ix,+C,x + C,; i?|yx»+ ix»+} C,x» + C^x + C,; 
liiyic' + i^x* + iCjX* + i C^x* + C^ + C,. 

3. - 2^ + C7»; -i + C,x + C,; 1. logx + ^ + C^ + C^ 

A -. ikx",66-6n- a»A; + m*k ^ . 6 a n -- 6 fern -f ibo' m - karn 

4. y — H T-; r X + — . 

6 6 (o - m) 6 (a - m) 

6. C - 0; C" - 0. 
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Art. 67. Pages 150-161. 
1. Max. if X - 0; min. if x - 1. 4. Max. if x - - 1; min. if a: - 3. 

. Max. if X — }; mm. if x « 2. 

3. Max. if X = 2; mm. if x - 3. 2 w a/ 

7. Max. if X = ± 2nK, min. if x — ;r ± 2 7i;r. 

8. Min. if X = i. 9. Min. if x ^ , max. if x ^ 



« a H- 6 ' a - 6' 

10. No max. nor min. 12. Max. if x - 0. 

11. No max. nor min. 13. Min. if x - 2. 

14. Max. if X « 1 ; min. if x — — 1. 

Art. 68. Pages 162-166. 

1. ?and^. 6. ~. 
2 2 ^ 

6. 8 inches. 

2. — and -. 7. Length « diameter. 



2 2 



8. 1 



3. 45°. * \/i* 

9. (a* + 6«)*. 

4. - ^ + Vi + fi\ 10. Altitude -2xdiameter of sphere. 

12. (a) Base =• altitude « r V2, 

(b) a \/2 and 6 V2. (c) base - a Vs, altitude - | o. 

13. (a) Altitude » ) X altitude of cone. 

Radius of base = § X radius of base of cone. 

(b) Altitude = 1 a; radius of base "fa n/2. 

(c) Radius = J V2 X radius of base of paraboloid. 
Altitude = i X altitude of paraboloid. 

14. (a) Altitude = J ^3^ X slant height. 

Radius of base = § y/6 x slant height. 

(b) Radius of base - ^ J- . Altitude - J^ . 
16. Radius of base - ^ ^j^ ; altitude - -yj^ . 

16. 3 6. 17. 1 . 18. ^2^ ; 26.856. 19. f |. 20. a. 

21. Breadth = ^i^ in.; depth =ii^ in. 

3 3 

22. Breadth = 6 in.; depth = 6 V3"in. 

24. ^ « arc tan (± V2). 26. p - Vp^pT 
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Art. 69. Page 166. 

1. (a) Concave up if x > f ; concave down if a; < }. 

(b) Concave up if - ^ + 2 n?: < a; < ^ + 2 rwr; 

Concave down if ^ + 2 njr < a; < (2 n + 1) w. 

(c) Concave up if x < — 1 ; concave down if x > — 1. 

2. (a) Concave down at every point, 
(b) Concave up at every point. 

5. (a) Concave up at every point, 
(b) Concave down at every point. 

6. Concave up at evezy point. 

Art. 70. Page 168. 

2. (a) X = — V. (b) a; — 0, or — ^, (c) No point of inflexion. 

3. y«Jx» + a; + 3. 

4. (a) X - + 2 nn. (b) x « 0, or ± -^-| . (c) x - 0. 

5. » - 0.2299, or 0.00297. 

Art. 73. Page 166. 

fei' + a")' -, (4 y/ + xQ V^ 

• 1. ; . 11. . 

«' 2 y < - 4 x,<y, 
2 (9aV + 4x,')i aVx.CSa-Sx.)' 
3ayi(6ay,»-8xi«)* 12. ___^^ 

(a^,» 4- 6*Xi»)« 



3^ _,,,,,__^ 18.1^. 

[(X, + a)» + 1]« 



X, + a * 14. a sec ^ . 

a 



6. sec Xj. 

[1+ sech Xjtanh'xJ^ 15. - 15n/3"; (20, - 10>/2). 



6. 



16. 055)1; (2H, 15A). 



sech x, — 2 sech 'Xj 

7. cosh'x,. — gQ 

8. 3(axiy0*. 17. _i; (0,0). 






»--^^(»'-w)- 
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Art. 74. Page 168. 

1. <P.' + a')> . 5. Pi, 

Q o (5 — 4 co s gi)* - ^/^ — ; — : 

4.2a8ec»|i. 8. ^ (1 - e>coe' tf)' 

2 

Miscellaneous Exercises. Pages 169-171. 

1 /-\ - 6flV -f 54 g^ 4- 6aVv- 72aa:'y» 4- 12o»gV + 54 xy^-lSgy* 



(b) 2e' cx)8 



hi)- 



(ax» 


(0-2^1. 

3xV 






(e) sin X (2 — 


x') + 4 X ood X. 




(b)5.. 

X 





.,v a»(4a + 2x) 
^^^ (a; - a)* • 

5. (a) 4 a* (sin x — cos x). 

6. t, - «„ fr sin ^ + r-sm2d - | 

L 2Vl> - r» sin' (? J 

if.. «^o /J ^ r»L' cos 2 g 4- Hsin^^l 
a ■= Wo'l r cos a H I. 

L {U -r' sin' (?)i J 

8. ax» - (2a - 3) X. 9. y = -^, (x - 3 L). 

10. (a) J x» + 3 X + C,; A a^ + ! «' + C^i i«^ + Ca; 

A x» + J x» + i Ci x" + Cax 4- C3. 

(b) ^ + C,;5-^ + Cx + C. 5-^ + %f + Ctf! + C,. 

mm* m* 2 

(c) _ cosi^^:^) + C; - ?>ni^±0 + C,x + C; 

cosi^^+^ + C^ + C 

11. 0.5266. 12. (a) \ c cos a; cos' a. (b) c cos rt'; h? cos' a. 

(c) i/-=2L -gh;i- vnr?. 



440 ANSWERS 

IS. (a) Min. at a: = -— =_ ; point of inflexion at a; — — b. 

(b) Max. at 2 — 0; points of inflexion at a; -» db -^. 

y/2 

14. 20 \/2. 16. (a) ^^ — - . (b) - il . 

(aV + h*s^)^ 5« 

17. (a) } a sin 2 ^. (b) 8 6 sin } 6. 

Art. 76. Page 173. 

9. log\/3l 14. r arc sin — . 

a 

10. VJ- 1. 15. f (o' - 1)». 

11. i. 1«. 2. 

17 — 

12. 1. *^* 4 • 

13. 2. 18. lOv^lo"-! 

54 

Art. 78. Pages 175-176. 
1. i arc tan 4. 5, arc tan e - - 

2-r- 6. J. 



6 
3. }. 



7. llog»2. 

8. 1 



4. H«*-l). o»\/2' 

Art. 83. Page 187. 



1- ;r^ 

2a 
2 1 



3. 00. 

4 ^ 
*• 2- 



^ 8. I (1 + \^15). 

MiscellaneouB EzerciseB. Pages 187-189. 



1. (a) I V2 g8,\ (b) I a». (c) ft. 

3. (a) i (cos a + cos /?). (b) § a. 4. e« - e. 

5. ^^ 6. (a) j;-^* (b)/;. (c)/;'. (d)/V 



T 



8. (a) 2V2. 0>) J. (c) 00. 13. 42.5 and 31.25. 



14. (a) 1.5 (b) 



16. 5 \/5; } VS; 



max. if X = 3^v^ 

2 

^;« ;f -^ 3 + Vi f 
mm. II a; « 



(c) arc tan f. 
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Art. 86. Paffes 193-194. 

1. 78. 7. 5?^ Ib^' - a^ ];Ciogt 

m — 1 V / fl 

2. 106}. 

8. 10. 8. -i^'. 

4. 32. 9, a\ 

6. asinh^!. lo. 4 ^r'a'. 

a 

Art. 86. Page 196. 

1. (a) I itnhn, (b) J wmVi. 8. 144 tc. 4. jr. 

2. 27 ;r. 6. } to* (^ + 2 c - e-«). 

Art. 87. Page 198. 
8. 108 jr. 4. iTtabc. 6. a»/i (ir - J). 

Art. 88. Page 200. 
1. 6o. 3. |(e« -e « j. 



2 



Art. 89. Pag.8 201-802. 

1. 2«,. S. ^1+°' 

a 



a. viz? (,T- _ij . vl^'(,«_,"). 4.«. 

Art. 90. P>g« 204. 

1. 3^ (2 V2 - 1); ^ (5 V5- 2 V2). 8. ^ I(37)» - 1]. 

do 27 

2. ;m VmM^. 4. — (6» - e-" + 4), 

4 



Art. 91. Page 206. 

4. ^/l+log5»). 



1. I Vs. 

2. -5}. 

8. (a) -. (b) 0. 6. 34.601 Ib./sq. in. 

Art. 93. Page 210. 

1. 4303i m.-lb. 6, 83;219 ft.-lb. 

2. Mk + — . g^ 65,684 ft.-lb. 

4. TT - ^ («,« - «,«). 7* 3,273,000 in.-lb. 
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MiscellaneonB EzerdseB. Pages 211-212. 

1. (a) 372. (b)48. (c)e-l. 11. a'. 

12. 144; (73)^ -27^ 

16 



2. 


no} 
8 • 


3. 


log 2. 


4. 


a' 
6 • 


6. 


(a) « n. 


6. 


7ra» 
15" 


7. 


128 cu. in. 


9. 


2 • 



13. 


}mn'. 


U. 


2i, 


16. 


2p» 

• 



16. C log^22-:i-^ - «i2i^ii) . 

n + 1 
^^- J*'- 18. 56,530 ft.-lb. 

Art. 94. Page 216. 
2. logV(x + 5)»(a;-3) + C. 

6. ia:»-«- tlogx + |}log(x-5)- flog(x + l) + C. 
7. log p-^^M^-^) ]+C. 8. log[x>(x-2)l(x + 2)l] + C. 

Art. 94. Page 216. 
1. log ^ H- -L^ + c. 6. log2^1^^ -I + C. 

X X -- z y y 

4. log (X + 3) + -i— + C. 8. llog ^^iJL 1 + c 

« + 3 4^x4-1 2 (X + 1) ^ ^• 

9. log X - 2. + C. 10. mlog (m + x) + -^^ ^' + n 
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Art. 94. Page 217. 
1. log ^^ — — -— 1- + arc 4 tan « + C. 

^' ilo«f^--Ja-tanx + C. 4. ilogJ±^-HC. 



8. 



5 arc tan x x ,l.i-» Rli^-ic' + l 



6. - 



2 2(l+x») a; 

.e 



+ i-+C. 6. llog4^ + C. 

a; 6 x' + 4 



2* + l 

8 y - 1 g V3 V3 

o + ^ L vV + 6' ^ & J 

9. -irL + -Lar«tan-^l+C. 10. log ^^ + ?^5^^ + C. 

11. log (^;/ + f* --l 1 arctan2£^Uc. 

"* (1 + X)» 1+X y/s VS 

12. log ^ ^ + c. 13. log v^in: + 5-7~T-r.+ C', 

Vl + 2x» 2 (x» + 1) 

Art. 96. Page 220. 

1. 3 [^* - ^* + I - f* + ** - log (x* + 1)] 4- C. 

■ m» L 7 6 3 J ' 

. o * /"^^l .^ /. 6. log [x + I + Vx»4- 5x -3 ] + C. 

4. 2arc tan^^^ + C. ^^ ^^^^^^ _ ^ ^ y ^.,, ^, , ^ ^^ 

6. 6arctan^|5-2-f C. 8. ^ | arc tan ^ ||^ -f C 

9. 2 j^^^-i^ + 3Jx^ ^ (^ ^ Ijl ^ (^ _ i)W ^ ^ 

10. 3 Vx» -3 - log [x + Vx* -3] + C. 

11. log[x +14- \/x2 + 2 X + 5] + C. 

12. (Lll^ - (1 - x»)* + C. 14. - 2 V2 X - x » _ ^j^ ^gj^ X + C. 

3 X 

18. ^ ^^ + C. 16. log [x + i + \/x» + X] + C. 

\/x»+ 1 

16. 3 (x - 1)* + 6 (x - 1)* + 61og [(X - D* - 1] + C. 
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Miscellaneous Exercises. Pages 211-212. 

1. (a) 372. (b)48. (c)«-l. 11. a». 

12. i44;(73)*-g7, 

16 

13. imn\ 

14. ?i. 

x 

16. Clog^2i-=-^ - ^lEtZli) 

n4- 1 
1^- *<»•• 18. 56,630 ft.-lb. 

Art. M. Page 216. 
2. logV(x + 5)»(x-3)4-C. 



2. 


8 • 


3. 


log 2. 


4. 


a' 
6 • 


6. 


(a) « IT. 


6. 


Tta* 
15" 


7. 


128 cu. in. 


0. 


2 • 



6. i x» - X - t log a; H- JJ log (x - 5) - I log (x 4- 1) 4- C. 
7. log p + ^y"^) ]+C. 8. log[x»(x-2)l(x4-2)l] + C. 

Art. 94. Page 216. 
1. log ^^:^ + -J— + C. 

X X — 2 



4. log (x 4- 3) + — i-. 4- C. 

X H- 3 

9. log X - 2. 4- C. 10. m log (i 

* ' m 4- « 2(in+xy 



6. 


log 2^^111. 

y 


-1 + c. 




6. 


lo«^ 


X X-1 


+ c. 


7. 


^»«J^- 


^ 1 c 






a^-l ' ^ 


• 


8. 


llog*-l 
4 " a: -4- J 


1 


4-C. 




2 (X 4- 1) 


4- 


x>+ 2«' 


m» 


a- rr 
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Art. 94. Page 217. 
1. log ^^ — — —-^ + arc 4 tan a; + C. 

2.\\o^^-^l.r.t.nx^C. 4. llog^ + C. 

^ 5 arc tan x x .l.r, » li/^«^ + l.r» 

^. |log2^Jl| + |log(y + l) + -i=a«tan-2L + C. 
8 y - 1 8 >/3 Vs 

a' + 6' L vV + 6 ^ ^ J 

9. -ifl + ^^arctan-^l+C. 10. log ^^ + ^rc^^ + C. 

11. logi^^±# 1 J. arc tan 2^1 + C. 

12. log ^ ^ + C. 13. log\/?TT + } 4. c. 

Vl 4- 2x» 2 (x» + 1) 

Art. 96. Page 220. 

1. 3 r^' - ^^ + f. - f* + :c* - log (X* + 1)1 + C. 
L5 4 3 2 J 

' ni» L 7 5 3 J ■ 



4. 2 arc tan ^/ ? — ^ + C. 



\x-\ 
\3^ 



6. log [x + f + Vx» + 5 X - 3] 4- C. 

7. log [x - J 4- Vx' -7x4-4] 4- C. 



6. 6arctan^|5|4-C. 8. ^ | arc tan ^ |i|-|- 4- C. 

9. 2 j(^^-^ + ^ (^ 1 ^)* 4- (g - D* + (X - l)*j 4- C. 

10. 3 Vx» -3 - log [x 4- Vx> - 3] 4- C 

11. log[x 4-14- n/x» 4-2x4-5] 4- C, 

12. (^-^^ - (1 - x>)* 4- C. 14. - 2v^2x -x » _ ^^ ^^^^ ^ ^ ^^ 

3 X 

18. ^"^2 4- C. 16. log [x 4- i -f \/x»TT] 4- C. 

\/x»4- 1 

16. 3 (x - D* 4- 6 (x - D* 4- 6 log [(x - 1)* - 1] 4- C. 
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Art. 96. Page 223. 



1. c* (ar» - 2 X + 2) + C. 6. x inv. coah x db Vx» - 1 + C. 

2. log X - - — — -- + C. 6, TTTi + ^• 

m + 1 (m +1/ o' 4- 6* 

8. ^arc sin d + Vl - 0* + C. 7. log (1 + V2) - \/r+ 1. 

4. ^ arc cot ^ + log VTTl* + C. B. Bva 6 Qog sin - I) + C, 

9. g?arctanx-f'+ log (^ + 1) ^ c. 
3 6 6 

X 

10. «^fsin^ + co8^^ +C. 

2 \ a a / 

11. cos X + X sin X + C. 

12. Iftan ^ sec 5 + log tan ^^ + |.\1 + C. 

13. j[>/2 + log (1 + \/2)]. 14. ^*. 
15. 1-^(108 ^)' - 1 log X + j] + C. 16. J. 

Art. 97. Page 227. 
1. -(j + ^W^ " ^ + larosinx + C. 



x»-2 



2. E-;iievTir?+ c. 8. 



4. ^(5a»-2x»)Va» -x» + 2^* arc sin ^ + C. 
8 8 a 



a'x 16 3 z* 

8. _ »+A±V2 ox - x* + ?^'aK! veiB^ + C. 
2 2 a 



^ (2x-a)Vx'-a' _JL^^£^c. 
2 a V 2 a» a 

3 a«» 8 a6 (a + 6x»)> g (a6)» Va 

i2. ^ . ^,±1^' - ^'log(x + Vx' -H a«) + C. 
2 Vx»+o» 2 
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Art. 9a. 

1. J 8ec» a: + C. 

2. — cot a; — i cot* x + C. 

3. - i cot* a: - J cot* x + C. 

4. - J cot* a; + C. 

5. — J cos* a; + i cos* x + C, 

6. — J cot* X + log tan x -\- C. 



Page 231. 

7. J tan* a; — log sec X + C. 

8. i tan* X + C, 

9. — sin X — CSC X + C 

10. } tan* X + C. 

11. } sin* X — ^ sin^ « + C. 

12. tan X — cot X + C. 



Art. 99. Pages 234-236. 

1. Jcofi*x-cosx + C. 3. i^-Jsin2^ + C. 

2. sin X - J sin* X + i sin* X + C. 4. - J sin* ^ cos ^ + }- ^y sin 2 ^+C. 

6. J cos* X sin X + A cos* x sin x + ^f^ x + /j sin 2 x + C. 

6. § sin* X - i sin* X + C. 9. 2Vtanx - } (tan x)"* + C. 

7. -§co8*x+Jcos»x-fcos'x+C. 10. |(tanx)»+C. 

8. 1^-Asin4^ + C. 11. ^g^+?^-Jlogtan(|+^)+C. 



12, sec X + cos X + C 

13. i tan* x + log tan x + C 



16. tan X + } tan* x + C. 
16. log tan X - } cot' x + C. 



!*• -- o^^^f ^^ logtan|--HC. 17. - J cot* x - log sin x. 



2 8in*x 



18. itan^sec^H- Jlogtan /| +|^j + C. 19. -2cot2^ + C. 



20. ^^ + 



sin4^ + 



sin 8^ \ 
8 I 



+ C. 



Art. 100. Page 236. 



1. - 



a*x 
3. - 



+ C. 



2. 



V^ 



arc sin — + C. 
a 



Vx* - a' 



- + log (X + Vx* - a*) + C. 



4. |Vx»-a* + I'log (X + Vx» - a») + C. 



8 



6. f arc sin x — 



6. §(2x* -6a*)>/x*-a* + ^^* 



8 



log (x + >/x» - a*) + C. 



2x* + 3x 

8 



Vl - X* + C. 9. ^-, 

4 



7. J (** - 2) Vl + *» + C. 
X 3x* 



10. 



ii>/iF 

64 • 
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MiBcellaneoius Examples. Pages 237-240. 

1. (a) - /T^—J ^ +2a;)+C. (b) •Ir.arosin ^^ Z.^ + C. 
(c) A«** - i^* + ^- W t ("^^^ «)' - 4a (Vi"+ a)* + C. 



(e) (^ - l)v^2aM J, _^ ^ ^^^ (^ + «) eos c + sin elogsec (^ + «) + C. 
6 

2. (a) ^ (5 a» - 2 a:») Vo' - x' + 3|L* arc sin ^ + C. 

(b) ^ (2 x» - a») Va* - x» + ^ arc «iu ^ + C. 
^8 8 a 

4. (a) } tan* x — J tan' a; + log sec a: + C. (b) J tan" x — tan x + a; + C. 



6. (a) log ^^^=^ + C. (b) ix»arc cos aj- J Vr^ + i(l -«»)» + C. 

(c) J««^*an« 4^^ + C'. (d) Je*»(l +2sinxco8X + 2oofl»x) + C. 

Vl+x" 

6. i.rVi^'^r?* - a» arc cos ^1 + C. 8. (a) j-. (b)- f. (c) }. 

Q /'«\ ^ 1^^ Vl + x* + V2 X . ^ 

11. (a) ifc< - log(a ~x) -logg . lo g (& - x) - lofe6 log (c-x)-logc 
^ ^ (a - 6) (a - c) ^ (a - 6) (c - 6) (a - c) (6 - c) 

(b)a+ ^ 



V2kt + c 

13. jro5. 16. 3 7ra'. q^ .^ 

17. 8(0 -j;)\ 

14. } 7Mb. 16. 10 log 10 - 9. 15 Vm 

18. (a) VTTl + 2 - V2 + log ^ "^ ^ — . 

1 + VeMTl 

(b) V37 - VT+ log ^ (^ + ^) . (c) 2\/3. 

1 + V37 

19. |[;r Vl + ;r« + log (;r + Vl + ;r)]- 

20. 2a[V5^2-Vs\og^J-^l']. 

L 2V2+V6J 
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21. ina 22. 12 a. 23. inab\ 

24. 6^a>. 26. GTc'a'. 26. i ;r>. 

27. V^'- 2S- i'ra'^- 3d* }<>'^* 

80. 2 jr6 fft + — ^ arc cos - I , 2 ;ra fa H arc cos — | . 

L Va' - 6» « J L >/6» - a* '^ J 

31. I^ „a». 32. ^ . 34. i^ . 36. Briog^^ - CCn^iH (p„ ^ „) 
5 4 ;r Pa n 

Art. 102. Page 243. 

1. Discontinuous at (0, 0) with respect to each variable separately and 
together. 

2. At (0, 0) continuous with respect to each variable separately; discon- 
tinuous with respect to both taken together. 

3. Continuous separately and together. 

Art. 103. Page 247. 

1. (a) 2a5y*; 5a:V- (b) cos x cosy; — sinxsiny. 
(c) y«* + eV; e' + xev. (d^ 15 x* - 12x» + 1; 0. 

(e) y* log y; xy*-». (f) - ^ sec* ^ ; - sec* 2^ . 

2r XX X 

(g) y COS X + sin y; sin x + x cos y. 

(h) - 2 X C8C» (x» - 3/»); 2 y CSC* (x* - y»). 

2. (a) 5y»«"*;10xy«"*; - Jxy^i"'. (b) c^logyz; ^; ^. 

y « 

(c) cos X COS y — sin X sin z: 

. . /JX 1 1 1 

cos y COS « — sm X sm y; (d) ; ; — — , 

X + v X 4- v 2 

cos X cos z — sin y sm 2. * ^ ^ 

(e) (« + y) cos (y« + «x + xy); (« + x) cos (yz + «x -f xy); 

(x + y) cos (y« 4- 2X + xy). 

^- ~3"' "T- *• 2' 2- 

6. (a) 2 sec' (xy») tan (xy») y*; 2 y sec* (xy*) [2 xy* tan (xy*) + 1]; 

2 y sec* (xy*) [1 4- 2 xy* tan (xy*)]; 
2 X sec* (xy*) [1 + 4 xy* tan (xy*)]. 

(b)0; 1; ^; -%. 

y y y" 

(c) w (m — l)a^~*y'*; mna?'^'-^''^^ mruc"»-y»-*; n (n — l)a!'^"*. 

(d) 6x; 1; 1; - 6y. (e) e*+V; c*^; e«+V; «»+v. 
(0 0; -3y*;-3y*; -6xy. 
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Art. 105. Page 262. 

1. ix'|/» + F(x) + ^(y). ^ ;ra'c'(4 + C) 

2. - 6* COB y + F(z) + ^ (y). ' 80 

3. 14387f. 9. iy/2g(hj''hji)h. 

g g' (8 - ;r) 

7. t «i*. * 2 n + 3 * 

Art. 106. Pages 257-268. 

I. (a) 2 (X + cos xc>«*»'). (b) ^^^ "J) , (c) 



x^ + e^ \/x» + a» 

(d) c* (2 X cos X — cos X — X* sin x). (e) e*"* sin x (a* + 1). 
2. Increases 3) sq. units per sec. 

3 _6TO unite 4 _o 284 «»Jk. 6. ^iL=^; ?L^ !^C_ 
15 vii sec sec Rv^ Rn \ p 

Art. 107. Page 259. 

1. (a) e*y* dx + 2 e*y dy. (b) y* log y dx + xy«-» <ty. 

(c) cos X COS y dx — sin x sin y dy. (d) — ^-^ ^ . 

(e) a*ev flogadx + dy). (0 V^-^fV , (g) 2xdx + 2ydy. 

x* + y* 

2. (a) 2 [(x + yz) dx + (y '\- xz) dy -k- xy dz]. 

(b) «*v log « (y dx + xdy) + xy e**'-* d«. 

(c) 2 tan 9 sec' 6 tan' ^ tan' ^ d^ 
+ 2 tan <j> tan' ^ sec' ^ tan' ^ d^ 
+ 2 tan ^ tan' ^ tan' 4> sec' ^ d^. 

(d) cos X cos y cos' tdx — sin x sin y cos* zdy — sin x cos y sin 2 « di. 
f s zy dx -\- zx dy — xy dz ^f v 2xzdx+x*dg , zHdy 

8. dp - fi[— --^Y *.<«;- c/T"dp+npT"-'dr\. 
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Art. 108. Page 260. 

1 6a^ - y* 3. - _^ 5 psing 
*3y'-3x* + 2xy' ' nx' ' 2coBd - 3p' 

2 3 x* sin y + y* sin x ^ pw g _ ^ 
3 y* cos X — x* cos y ' * 6 — v ' * a^* 

Art. 109. Page 262. 

1. Approx. 2.6 and 0.26; actual 2.605904 and 0.260056004. 

2. Approx. 0.00117; actual 0.00116 +. 



4. ;r (aJ6 + 6Ja). 6. ^— — , 

Vhc Va» - (6 - c)> 

8. i (6Ja sin C + aJ6 sin C + a6JC cos C). 

Art. 110. Page 267. 

1. (b) and (f) are insxact. 6. (a) k(^ - l-V (b) |^(r,» - r,»). 

MisceUaneona Examples. Pages 268-270. 
1. (a) 2xy»z»; 3xy2»; SxVz*. 

(b) ^ ^ ^ 



(x» + y» + 2»)*' (x» + y» + «»)*' (x» + y» + «•)*' 
(c) 3 x*«'i' cos «; 2 x'e^ cos 2; — x'e'" sin z. 

/d^ g g _ x + y 

(x + y)> + «»' (X + y)» + «» • (X + y)» -f «» ' 



X 



4y*-3xV 



6»x 



^- (*) 2x»y - 16xy» + 15y*' ^^ ^ * 

(c) - ?£±^tL±±. (d) _ ^^"' 
6y + Ax + / a"y»-* 

8. (a) » + x* + aro tan x 



(1 + x*) Vx' + (arc tan x)» 

(b) 3 x'c* arc sin X + x'e* arc sin x -i — ^ 

Vl -x» 

(c) g-^(giag-co6x) (d)e«*8inx(a» + l). 

e-** + cos'x 

4. (a) 2xc»Vco8«*v-2xg*^sin c»v + a:»c»ycoee*v-3xVe*'»sine«v 

— a^e^^ cos e*V; 

2 y^^v cos c^ + xy'e^ cos c^v- 2 y^^ sin e*» 

- 3 xy*^^ sin c^ - xy*e«*v cos «*V; 
x"(c^oosc*v-3«*^sine*»-6*Vcos ^). 
(b) 0; - 10; 72 y. 

(d) — «* cos y ; — e* sin y; «* sin y. 

(e) x*y sin xy - 2 X cos xy; xy» sin xy — 2 y cos xy; «• sin xy. 
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7, - ky* -Icy ^^ 4- y* . A; ^ B . 2a _ BT 



9. -:^ ;^;^. 10. T -^; ± 



18 



^ 'v 'p' 3 Vll ' 5 vTl ' 

14 «^«^4. ^^dj/ ^[dji\ dz^, 2/1 _2^-x^\ 

17. \/3; 20. 18. dV - ;rr»J^ + 2wrfcJr ; ^^ + ?^ 



fnji2 tn^h^ hi 97i| As 



wis 
20. 0.00041241; 0.013142. 

22. (a) iajy(a:» + y») + 6(x) + 0(y). (b) } a:^ sin y + F(a;) + / (y). 



6. 12. 


9. 60.1 + 


• • «j.04i7> 


10. TtC*. 


8. 0.049. 


11. 7ra6. 



Art. 111. Page 273. 

^' ^*- 4. a> arc sin Jl -^'- 6 V^^^IftT 

. y or 

2. i&A. 

3. 21 J. *• |-(3'r-8). 

Art. 112. Page 276. 

2. ^^ . 3. ;r (r,» - r2»). 4. ^^ . 6. ^ . 7. 1.2146 a»; 2.7854 a\ 

4 "^ * 2^ 2 2 

Art. 113. Page 278. 
• — g — . "T ■ ~35~" fa'tan^. 

Art. 114. Page 280. 

^ 360 2 \ 2\/2 / 

Art. 116. Page 284. 



g - gn 



1. oa^Xo + 6yyo + c«!o + <i = 0; ? ^ « ^^^-2^ • 

oCq 6yo c«o 

2. 10x-9y+4V22 -72; 36 (x - 6) 40 (y + 2)-45(«\/2 - 1). 

o 10 -9 4V2 

3. arc cos ; arc cos ^ ; arc cos . 

V213 V213 V213 

4. 3a;-y-22 + 6-0;arccos ( ^\ . 

Art. 117. Page 287. 
1. izhWirr^, 2. 4r*m. 3. 8a». 4. 210.74 sq.m. 
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MisceUaneouB Examples. Pages 287-288. 

1. (a) 12.022. (b) 0.7478. (c) iitab. (d) |a». 

2. (a)^.a^ (b) a'(27v^+10.) (,),,,, 



c ' ctb \/ 



mn 



^ STTobc ^ 8jra? ^ mVa^b^ 4- 1 



o» 



;» ^« 4jr 



10. -^ . 13. ^ (a' - 6')?. 

sin a cos a o 



11. 1 ac + } (a* + 4 c») arc tan -~. 14. (a) |a*. (b) 



2c* ^ ' 2 ^ ' 8 



Art. 118. Page 290. 

3 6. } of density at base. 

Art. 120. Page 296. 

1 (a)/"?-^ O] (b) f « fS v/24-loR (3 --^2V2)] ^ 4 a [2x/2 - 1] \ 

\ 'f /■ \ 8 [V24-log (V2 + 1)] 3 [V2+log (V2 + 1)] / 



(d) 



(-¥) 



»•(¥'«)• «-(^'«)- »(W'«'«) 



(M)- ^- (¥■«)• ^»--v 



-r - 64a 



35 ;r 



13. 1^^ in. from base of cylinder. 
14. Take mass mj at origin and X-axis along the side containing mj and 



ma ; then jr - - a, y - -^ a. 
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Art. 121. Page 298. 

10. t;rifea«; J a'. 

Art. 122. Page 302. 

The squares of the radii of gyration are: 

1. (a) ia\ (b) f,a\ 

2. (a)^\ (b)^\ (c)l6". (d)^i^. 

4 4 4 

6. (a) io>. (b) }a'. (c)|-+5-. 

*. Ja». 

_ 6' + a< - t* 

6. A«'. y = 2(0 + 6-0' 

«. (a) *» - f/i°"*\*! . (b) V- ** -?. 

3 (o 4- 6 — 

Art. 123. Page 306. 

1. y^ = i h. 4. y^ = J A. 

Art. 124. Page 306. 

/ij - /i, 

MiacellaneouB ExerciseB. Pages 306-309. 

1. T^ of density at vertex. 8. 67.08 in.; 57.026 in 

2. I of density at base. 

3. 2;rV6; 4 n^ab. 9. k' - , W - ^ 

\/3V 3 \ 3; 10. 10.814 in. 

n. *(l+«- log ^-^J;*6(;. + clog ^-^J. 

jrV 4i2 ; 16. X- JOC, y-}OD,«- iOA. 
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Art. 126. Page 314. 

1. Convergent conditionally, — oo < x < oo. 
2 Convergent. 

3. Convergent if x* < 1. 

4 . Convergent absolutely, — oo < x < oo . 
«,* Divergent, — oo < x < oo. 

6. Absolutely convergent, — oo < x < oo . 

Art. 127. Page 317. 

1. Conveiiges uniformly. 

2. Converges uniformly within the given interval. 

3. Does not converge uniformly if < x < 1. 

Art. 132. Page 324. 

1. 1 + a; + f? + f^ + J + . . ., - 00 < X < 00. 
2! 3! 41 

/fS /y* I'D mJo 

8. 1 + xloga + ^ (^°S°>' + ^(^ + ..., -«<a;<oo. 

4. l+x + ^-|^ + ..., -oo<x<oo. 

B. log2 + |+^ + ^,..., -oo<x<oo. 



8. X 



x* . X* x' a^ 



"3-^5 -7^9-- •' -1^^ = ^- 



9. 1 - nf. + (3 n» - 2 n) ^*- . . ., - x < ^ < oo. 
21 41 

10. 1 + (? + <?» + ?^ + I* + . . ., - 1 < ^ < I • 

11 1 . ^ . 5 /?* 61 <?• . 277 g» . ^ ^ /I ^ T 

"• ^■*' 2 + 24 + 7^^ "SOeT ■*■•••' -2<^<2-- 

13. « - ^. + ^- . . ., - 00 < X < 00. 
31 51 
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^*- ("2 ■^12 + r5^2520"*'--V' ^^^<2- 

16. -x + ^+?^ + f^-f^ + ..., -oo<x<oo. 

^ o 4 O 

Art. 133. Page 327. 

3. x^-\-63*y + 15x^ + 203^ + 15 xY + 6xi^ + ^. 

4. arcsinx+— JL-^-H ^'^ 4- /^' d + 2a^) ^ ^ ^ ^ 

(1 - a:*)* 21 (1 - x»)' 3! (1 - x»)* 

6. log sinx + fccotx— ^ esc' ^c + 5- <»c* a; cot a; — ... . 

6. x* + 9 a:* + 23 a; + 22. 9. sinh x cosh y + cosh x sinh y. 

7. a:* + 5 X — 11. 10. cosh x coeh y + sinh x sinh y. 

11. sin a + (a? — a) COS a — ^^ ~" ^ ' ^ sin a — ^^ ~ ^^ cos a + ... . 

12. 6 (x - 1)» + 9 (x - 1)» + 4 (x - 1) - 10; 

6 (x - 3)» + 39 (X - 3)> + 100 (x - 3) + 74. 

13. (x-l)-£^:zJLIVi?^'-(^^ 0<x<2. 

^ «S 4 

U. I - ±^ + (^^ - (5-^ + . . ., < X < 2«. 
a a' a' a* 

Art. 136. Page 330. 

2. -^ co8f^x + -^);-Q0< X <oo. 4. a** (\og a)*' ^ ; -00 <x < 00. 
n! \ 2 / nl 

Art. 133. Page 332. 

1. x" (a + y)» + 3 X (a + y») fc» + 6 x» (a + y) Wfc + x»ifc» 

+ (a + y)* A* + 6 X (a + y) h^k + 3 x«:» + 2 (a + y) /i»As + 3 x^»ifc»+ AV. 

2. /(x, y) + fc (2 ox -\-by -{- d) + k(bx + 2ey + g) + ah* + bhk + cl^. 

3. y'^ (x + fc) + nAay"-». 
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Art. 137. Page 838. 

m4 /fi /fJ 

a. x + i + i + l +..., :«i<i. 



Art. 138. Pages 388-339. 

1. 0.25882,0.90593. 

2. 0.21256. 



8. 



8.35* 
7. 0.016 +. 
8. 11.008. 8. - 19*» 15' < X < 19** 15'. 



m' . m* 



4. 3.433967. 4.290459. 9. Error < —r + 

6. 0.009804; 0.010309. 10. 0.54930. 

11. (a) 10.472. (b) 10.50. Relative error » 0.0027. 



12. 5236 ft.; 0.0002. » 

14. ^ 

13. 2.0033 in.; 0.0001. < 

Art. 189. Page 341. 



r('-f) 



1. Min.if«-4 + 'i'f- *• Min. if«- -i-log-. 

4 2a p 



2. No max. nor min. 



6. Max. if ii >* 0. 

8. Max. if X— —tan x, -^ < x < ar. 



8. Max.if x-^;min.ifx--.5. Min.if x--tanx,4^ <x<2jr. 

3 3 2 

7. Max. if ^ — 0; min. if ^ — ;r, or aro cos VI* 

8. Min. if X - 0. 9. Min. if x - 1. 10. Min. if x - 0. 

Art. 140. Pages 344-346. 



1. 2. 


2. A. 




8. 


i. 




4.1og^. 


5. 0. 


6. 0. 


7. -1. 


8. 2. 




9. 


— 


2. 


10. }. 


11. log a. 


12. 00 


18. 0. 


14 ^ 
"• 8 • 




16. 


0. 




16. 1. 


17. 1. 


18. 1. 


19. «*. 


20. 0. 


26. 


21. 


i. 




22. - i. 

28. j 


28. 1. 
I. 


24. 00 
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MiscellaneouB Exercises. Pages 345-347. 

2. (a) Convergent if,x < J. (b) Convergent if — oo < z < co, 

(c) Convergent if — x < x < oo . (d) Convergent ii x j^ 0. 

3. (a) <? + - + -- 4- ^^ + . . . 

(c) 1 -^+ (3n»-2n)^ -... 
2! 4! 

8. 275 ±85 A + h^ ±h^; 

249.617; 258.048; 266.511; 283.509; 292.032; 300.563. 

12. X + § X* + T»5 X* + H a?' + . . . 

15. (a) 1. (b) 4. (c) 2. 

16. (a) 0.17365; 0.98481. 

(b) 2.833213; 3.433987; 4.110874. 

(c) 2.9994. 

18. (a)l-Hf-| + ?^... (b)x-f-Hf + ^ + ... 

Art. 142. Page 352. 

1. y - 3 X - 12. 3. 4 X + y = 12. 

2. (x + 54)' + (y - 26)> = 4000. 4. (x - 5y + (y -\- 2)» « 8. 

Art. 144. Page 357. 

1. The lines x = - 2, x = 8. 3. x' + y* - c*- 

2. X* + y* =» c*. 4. xy => ± i k^. 

5. (x -2a)» ^^ay^. 
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Art. 147. Page 362. 

1. 4 (m - 2p)» - 27 pn>. 4. (m + n)* + (w - n)* - 2aK 

2. (am)»+ (&n)* - (a> - 6»)^ g^ ^he catenary, n - | (e^+e"^). 
8. The origin. 2 

Art. 148. Page 366. 



1. y - a?. 



11. y « X + 2. 



2. X - a, y - ± (X + a). 12. x - 0; y - 0. 



3. X -> 2 a. 



13. y - X + i. 



4. y- ±^x. 14. x-2; y 2; x + y - 3. 

5. ^.2."* 16. x=±2;y-0;y«x. 

6. 3x + 3y-2. 16. x + y + a - 0. 



7. X ^ ±c) y ^ ±e. 

8. X « 1. 



17. y = 0; y - ± X - 1. 

18. y = ± X. 

19. xy = 0; X + y - 0. 



9. x^a',y~x+^',y x-|. ^^ x - - 1. 

10. X » 2a. 21. None. 

Art. 149. Page 367. 

1. p Bin fare cos i ± <? U ^ ^^ ^ "" ^^ . 

\ c / x/c» - 1 

2. ^ - 0. 3. psin^ - 2». 
4. psin (l - ^\ - a; psin (5iF_ A « a. 

8. No asymptote. 
6. psin^— ± ^; pco8^«±--. 

9. p8in^=«±-5^;pco8^-±-^. 
6. p sin ^ — 0. ^ 2 

T « «/^o /I _ o y, 10. p sin (? — ± ^ ; p cos (? — ± ^. 

T. p COB a =■ Za, 2 2 

Art. 151. Page 376. 

1. Node at (0, 0); y — ± X. 2. (0, 0) is a conjugate point. 

3. Cusp of first species at (0, 0); y* » 0. 

4. Tacnode at (0, 0);.y* = 0. 

6. Triple point at (0, 0); y « 0, y « ± x. 

6. No singular points. 

7. Node at (0, 0); V^y « ± x. 

8. Cusps of first species at (± a, 0) and (0 ± o); y*— 0, x* — 0. 

9. Cusp of first species at (± a, 0); y* — 0. 

10. Cusp of first species at (0, 0); y* — 0. 

11. Conjugate point at (— a, 0). 12. Conjugate point at (— b, 0). 

13. Cusp of second species at (0, 0); y' = 0. 

14. (0, 0) is a sing^ular point, y — — 1.233 x. 
16. Tacnode at (0, 0). y* - 0. 
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MisceUaneons Sxerciaes. Pages 376-377. 

1 f^\ i§5}! . / 80 343\ ^s (785)^ . / 5477 929\ 

^- ^^^ " 16 '(X'-l?]- ^^" 36"' ("9-' "36)- 

(c) -1; (0,0). (d) 2V2; (-2,3). 
2. y + 8 X - 17. 5. y - ± /x + |. j ; X - a. 

9. X + 1 - 0; y « x» - X + 1. 

11. (a) Node at (a, 0); y -± (x - a). 

(b) Conjugate point at (0, 0). 

(c) Node at (0, 0); y - 0, 4 y - 3 x. 

12. (a) y-x + f (b) y-±-^x. 

a 

16. y - ± x; y - 6 « ± \/a (x - a). 

16. ^ mloff6~2mn ^^'-^^^f^j. ^,,^;yafci. 

17. 2 firr* - 6 a (v - 6)» « 0; « « 0.2299 +, or 0.00297 +. 

19. 0;(±~, -4=V 20. (a) (0.040115,0.77192). (b) 34.303. 

\ 2 a Vg/ 

21, } V2 4- >/3. 

24. 4096 a»m + 1152 aW + 27 n* - 0. 26. x» + y* - p«. 

Art. 162. Pa«re 380. 

1. 0.523599. 4. 2 3c jl /i + i'\ 

2. 1.31105. 6. |«ta! + ^sm2x + Y|Y«n«<Ma^* + . .. 

3. 5.244 a. 6. 0.746824. 

Art. 164. Page 387. 

1. 2286; 2286; 2289; 2285.6. 4. 41610 ft. lb. 

2. 0.69315; 0.69312. 5 h ^^, ^ ^^^^ _^ ^,^ 

3. 0.5000075. 3 

Miflcellaiieolu Exercises. Pages 387-388. 
1. (a) 0.319. (b) 9.798. (c) 1.2527. 

*'-[KtM(t)'4(*)"--]- 

■ i»/S~rri 1 «' 5 o* 105 g' n 
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Art. 166. Page 391. 
1. (a)0-O. (b)x.g-2.g-2v-0. (c) | - cot *. 

Art. 168. Page 394. 
1. (a) 3y* - 4 «• + C. (b) y « 6 + C (a - x). (c) 3/» - 2 arc sin a; + C. 

(d) y - C<J* + 2. (e) pr =- C. (f ) tan a? - sec y « C. 

2. y = Cx^ 5. ^^Ih^c. 

3. y - c*. * 

Art. 159. Page 396. 

1. (y + «)'=- cy. 3. x» « y* log ct^, 

2. x» - 2 y» - cxi. 4. xy* - c (x + 2 y). 

6. logx — - = c. 

y 

Art. 160. Page 396. 
1. xy - C. 2. ylogx « C. 3. xcJ' - C. 

4. ax* + 2 ^y + 2 ^x + 6y» + 2/y - C. 

6. xy + e* sin y = C. 6. x» + 2 x*y — a:y* + y* — C. 

X 1 

7. (a) - — C. Integrating factor =- . 

y y* 

(b) xV — C Integrating factor xV . 

X 1 

(c) log y = C. Integrating factor ^ . 

y r 

Art. 161. Pages 398-399. 

1. 2 y Vl + x» - xVl 4-x* + log (x + Vl + x») + C 

2. xy — sin X — X cos X 4- C. 8. xy = } c* + Ce-*. 

3. y «= C sin X — cos x. ^^ 

4. y =. xn (e^ + C). g. « = ^ + Ce"; C - «, - ^ . 
6. y - X - 1 + Ce-^. ^ * 

Art. 162. Page 400. 

1 i- « 2 X* + Cx* 4. sec X = y (tan x + C). 

2. 2/^ - Aa^ + ^^-". 6. y* = f (x* - 1) + C (x* - l)"*- 

8. L-x+i + Ce^x. 6. y»-l-Ce-'. 
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1. y 

2. y 

5. y 

6. y 

7. y 

8. y 

9. y 
10. y 
12. y 



- c,e-» 



+ C3C-*»^. 



Art. 183. Pages 403-404. 

3. y = e*»^ (Ci + Cj,x) + cjc-*. 
c,c*p -h Cj^~**. 4. y = e--* (^^ + c^ + c,x» + c^). 

c^e* + e"*"^ (c^ cos ) vTx + c, sin i Vs^x). 
c, cos 2 X + Cj sin 2 x. 
e* (Ci + Cjo; + c, cos 2 X + C4 sin 2 z). 
e* [(Cj + Cjx) cos 2 X + (c, + c^x) sin 2 a;]* 
(Cj + CaX) cos VJax + (Cj + c^) sin V2 ax. 
c,e* + c,c-* + c,. 11. y — CjC** + c^-^ + c,. 

c** (c, + c^) + c^^. 



Art. 164. Page 406. 

1» y = A^ + i^ + J ^v"^ •\- c^ -\- c^. 

2. y — c* — sin X + c,x + c,. 

;=r log ^ 7^ + C,. 

2 V C, V C»V -f C, + V C, 



3. X « — ^=r log "// "^ ^» ^ + c,. 5. 3 (y + c,) - log 



3x + Ci 



4. 4=log[6+ay+\/a\/ay'+26y + Ci]-x+c,. 6. --^ - c,x 4- c,. 
va 1 - y 



7. y — c, arc tan x + c^. 



8. F — Cj log r 4- c,. 



MiBceUaneouB Exerciaes. Pages 412-413. 
1. («.-x.)(gJ.x.. 



1 



1 .-I 



2. y — -—■ (ce** + - c-**), a family of catenaries. 

^ K C 



3. (a) y - ce""^'^*'- (b) e» sin x = e* + c (c) y - x» (1 + a*). 

4. (y — m log X + c) (y + m log X — c) — 0. 

6. 

7. (a) y - c^x* + c^x. (b) y - c,x» + C3X>-»-^^+ c^-"^ 






8. (a)|Y/f,. 0>)''-Y/2fc(^-^) 



9. p — Ci«*^ + CjC-^, where 



Ct - J 
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Acceleration, 76. 

angular, 79, 143. 

curves, 77. 
Adiabatic expansion, work of, 210. 
Air compressor, work of, 155. 
Algebraic functions, 9. 
Angular acceleration, 79, 143. 

speed, 78. 
Anti-derivatives, 86. 
-differential, 106. 
Approximate integration by series, 378. 

value of small errors, 74, 261. 
Approximation curves of series, 314. 

formulas, 260, 336. 

Huygens', 338. 
Approximations for circular arcs, 337. 
Area of surface, 284. 

representing definite integral, 184. 
Areas, approximate determination of 
381. 

determined by summation, 176. 

of plane curves, 190, 192. 

of surfaces of revolution, 202. 
Astroid, 162. 
Asymptotes, 362. 

curvilinear, 375. 

oblique, 363. 

parallel to axes, 364. 

polar codrdinates, 366. 
Atmospheric pressure, 135. 

Beams, curvature of, 169. 
strength and stiffness of, 154. 

Cardioid, 162. 

length of, 201. 
Camot heat engine, 109. 
Catenary, 161. 

length of, 200. 



Center of curvature, 164. 

codrdinates of, 165. 
Center of gravity, 292. 

of pressure, 304. 

of stress, 304. 
Centroid, 292. 

of circular arc, 294. 

of cylindrical wedge, 295. 

of semicircle, 295. 

of surface, 308. 
Centroids, theorems concerning, 293. 
Circle of curvature, 164. 

osculating, 350. 
Circular arcs, approximations for, 337. 

functions, differentiation of, 110. 
Cissoid, 160. 

Coefficients of expansion, 81. 
Compound interest law, 134. 
Compressibility, 82. 
Computation by means of series, 334. 

of e and tt, 334. 

of logarithms, 334. 

of trigonometric functions, 336. 
Concavity of a curve, 155. 
Cone, second moment of, 301. 
Conjugate point, 370. 
Constant, 1. 

of integration, 86. 
Contact, order of, 348. 
Continuity, 17. 

of functions of several variables, 242. 
Convergence, uniform, 314. 

tests of, 312. 
Convergency of series, 310, 312. 
Cubical parabola, 159. 
Curvature, 163. 

center of, 164. 

circle of, 164. 
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INDEX 



Curvaturei radius of, 164. 

of beams, 169. 

of involutes, 358. 
Curve, concavity of, 155. 

length of, 198. 200. 

osculating, 350k 

slope of, 58. 

tracing, 158. 
Curves, areas under, 190, 192. 

derived, 61. 

integral, 88. 

of speed and acceleration, 77. 

system of, 353. 

with given properties, 89. 
Curvilinear asymptote, 375. 
Cusp, 369. 
Cycloid, 161. 

e volute of, 361 

length of, 200. 

radius of curvature of, 167. 

Damped vibration, 408. 

Deflections of beam, 152. 

Definite integral as limit of a sum, 177. 

definition of, 172. 

geometric Interpretation of, 183. 

of discontinuous function, 185. 

properties of, 173. 
Degree of differential equation, 389. 
De la Roche's equation, 376. 
DeMoivre's theorem, 347. 
Density, mean, 289. 
Derivative as a rate, 95. 

conditions for, 43. 

definition of, 40. 

of a constant, 45. 

of a function of a function, 52. 

of a product, 47. 

of a quotient, 48. 

of a sum, 45. 

of inverse functions, 54. 

total, 253, 256. 
Derivatives, miscellaneous applica- 
tions of, 81. 

partial, 244. 

successive, 140. 
Derived curves, 61. 

function, 41. 



Differential coefficient, 41, 97. 
Differential equations, applications of, 
406. 

derivation of, 390. 

exact, 395. 

homogeneous, 394. 

linear, 397, 400. 

of higher order, 404. 

of nth order, 400. 

order and degree of, 389. 

solutions of, 391. 

types of, 389. 

variables separable, 393. 
Differential notation, 96. 

partial, 258. 

total, 258. 
Differentials defined, 96. 

differentiation with, 101. 

exact, 262. 

inexact, 263. 

kinematic illustrations of, 97. 

successive, 141. 
Differentiation defined, 40. 

logarithmic, 119. 

of algebraic functions, 50. 

of circular functions, 110. 

of exponential functions, 117. 

of implicit functions, 102, 259. 

of inverse circular functions, 114. 

of series, 320. 

process of, 41. 

theorems on, 45. 

with differentials, 101. 
Discharge through orifices, 305. 
Discontinuous function, definite inte* 

gral of, 185. 
Diveigency of series, 310. 
Double integral, 251. 

point, 369. 
Durand's rule, 385. 

Efficiency of a screw, 153. 
Elasticity of fluids, 82. 
Electric currents, 136. 
Electrical resistance, 109. 
Ellipse, length of, 211. 

radius of curvature of, 168. 
Ellipsoid, volume of, 197. 
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Envelope of normalB to a curve, 377 
Envelopes, 353. 

analytic determination of, 355. 
Epicycloid, properties of, 377. 
Equation of normal, 64. 

of tangent, 64. 
Errors, approximate value of, 74, 261. 
Euler's formula for long columns, 413. 

theorem, 269. 
Evolutes, 359. 
Exact differential equations, 395. 

differentials, 262. 
Expansion of functions, 321. 

of functions of two variables, 331. 

by integration and differentiation of 
series, 333. 
Exponential functions, differentiation 
of, 117. 

Falling bodies, 92, 146. 
First moment, 291. 
Flow of air, 36. 

of gas, 170. 

of heat, 411. 

of liquid, 305. 

of water, 388. 
Formulas, approximation, 260. 
Function, definition of, 2. 

imperfect, 265. 

of several variables, 241. 

point, 256, 265. 
Functions, algebraic, 9. 

classification of, 7. 

continuity of, 17. 

explicit and implicit, 8. 

graphs of, 5. 

inverse, 9. 

monotone, 26. 

multiple-valued, 7. 

notation of, 4. 

rational and irrational, 8. 

single valued, 7. 

transcendental, 9. 
Fundamental differentials, 124. 

integrals, 124. 

Gases, work done by, 209. 
Geometrical interpretation of second 
derivative, 143. 



Graphs of functions, 5. 
Guldin, theorenus of, 293. 

Haimonic electromotive force, 133. 

functions, 132. 

motion, 132. 

vibrations, 407. 
Heat, flow of, 411. 
Helix, length of, 288. 
Homogeneous differential equations, 

394. 
Hooke's law, 208. 
Huygens' approximation, 338. 
Hyperbola, radius of curvature of, 166. 
Hyperbolic functions, 121. 
Hypocycloid of four cusps, 162. 

Imperfect function, 265. 
Implicit functions, 8. 

differentiation of, 102, 259. 

successive differentiation of, 142. 
Increments, 37. 
Independent variable, 3. 
Indeterminate forms, 27, 341. 
Inflexion, points of, 157. 
Infinite limits of integration, 185. 

series, 310. 
Infinitesimal, 16. 
Infinity, 16, 
Integral curves, 88. 

defined, 86. 

definite, 172. 

surface, 288. 
Integrals, fundamental, 124. 

in differential notation, 106. 

multiple, 250. 

of x^ and w**, 87. 
Integration, approximate, by series, 378. 

by inspection, 125. 

by parts, 221. 

by substitution, 128. 

by trigonometric substitution, 235. 

general theorems on, 87. 

of irrational forms, 217. 

of rational fractions, 213. 

of series, 319, 333. 

of trigonometric fimctions, 227. 

special methods of, 213. 

successive, 144. 
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Interchange of order of differentiation, 

247. 
Interval of equivalence, 322. 
Inverse circular functions, differen- 
tiation of, 114. 
functions, 9. 

derivative of, 54. 
hyperbolic functions, 122. 
Inversion of sugar, 136. 
Involute of circle, length of, 200. 
Involutes, 357. 

curvature of, 358. 
Irrational integrands, 217. 
Isothermal expansion, work of, 210. 

Kinematic illustration of differentials, 
97. 

La Rue's rule for radius of gyration, 

308. 
Law of the mean, 72. 
Leibnitz' theorem, 169. 
Lemniscate, 161. 
Length of a curve, 198, 200. 
Limit, definition of, 13. 

geometric interpretation, 15. 

of monotone function, 26. 

of product, 22. 

of sum or difference, 21. 
Limits, laws of, 20. 

of integration, 172. 
change of, 175. 
infinite, 185. 

special, 31. 
Linear differential equations, 397, 400. 
Liquid pressure, 302. 
Logarithmic differentiation, 119. 
Logarithms, computation of, 334. 

Maclaurin's expansion, 322. 

series, remainder for, 330. 
Mass, 289. 
Maxima and minima, 147, 339. 

applications of, 151. 
Mean density, 289. 

value, 204. 

value theorem, 72. 
Monotone functions, 26. 



Moment, first, 291. 

second, 297. 

of inertia, 297. 
Motion in resisting medium, 406. 

of simple pendulum, 410. 

rectilinear, 91. 

simple harmonic, 132. 
Multiple integrals, 250. 

roots, 70. 

Napierian base e, 34. 
Newton's law of cooling, 135. 
Node, 369. 
Normal, equations of, 64. 

length of, 65, 69. 

to surface, equations of, 282. 
Notation for functions, 4. 

Order of contact, 348. 

of differential equation, 389. 

of differentiation, interchange of, 
247. 
Orifices, dischaiige through, 305. 
Osculating circle, 350. 

Pappus, theorems of, 293. 
Parameter, 353. 
Parametric equations, 58. 
Partial derivative, 244. 

differential, 258. 
Pel ton water wheel, power of, 154. 
Pendulum, oscillation of, 380, 410. 
Physical interpretation of second de- 
rivative, 143. 
Plane areas by double integration, 

271^ 273. 
Point function, 256, 265. 
Points of inflexion, 157. 
Polar element of volume, 279. 

normal, 69. 

subnormal, 69. 

subtangent, 69. 

tangent, 69. 
Potential of a straight line, 268. 
Power series, 318. 
Pressure, center of, 304. 

of liquids, 302. 
Probability curve, 376. 

integral, 380. 
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Projectile, range of, 152. 
Proportional parts, rule of, 345. 

Radius of curvature, 164. 

expressions for, 168. 

parametric representation, 167. 
Radius of gyration, 297. 

of surface of revolution, 309. 

of system, 301. 
Range of projectile, 152. 
Rates, application of, 104. 
Rational fractions, integration of, 213. 
Rectification of curves, 198, 200. 
Rectilinear motion, 91. 

equation of, 406. 
Reduction formulas, algebraic func- 
tions, 223. 

trigonometric functions, 231. 
Regnault's experiments, 83. 
Remainder for Maclaurin's series, 330. 

for Taylor's series, 327. 
RoUe's theorem, 71. 
Roots, extractions of, 334. 
Rotation about a fixed axis, 92. 
Roulettes, 357. 
Routh's rule for radii of gyration, 308. 

Secant, slope of, 38. 
Second derivative, interpretations of, 
143. 

moment, 297. 
Second moments about parallel axes, 
300. 

theorems on, 299. 
Semi-cubical parabola, 159. 
Series, differentiation of, 320, 333. 

expansion in, 321. 

for log (x + h), 326. 

for sin x, 324. 

infinite, 310. 

integration of, 319. 

Maclaurin's, 322. 

power, 318. 

sum of, 310. 

Taylor's, 324. 

uniform convergence of, 314. 

use of, in computation, 333. 
Simpson's rules, 382. 



Singular points, 367. 

analytic condition for, 370. 

solution, 392. 
Slope of curve, 58. 

of secant, 38. 

of tangent, 44. 
Solid of revolution, volume of, 194. 
Solutions of differential equations, 39 1« 
Specific heat, formula for, 269. 
Speed, 39, 44, 75. 

angular, 78. 

curves, 77. 
Springs, compression of, 208. 
Standard integrals, 124. 
Strength of beams, 154. 
Stress, 302. 

center of, 304. 
Submarine cable, 153. 
Subnormal, 66. 
Subtangent, 66. 
Successive derivatives, 140. 

differentials, 141. 

differentiation of implicit functions, 
142. 

integration, 144. 
Summation, areas determined by, 176. 

process, value of, 181. 

volumes determined by, 196. 
Superheated steam, equation of, 240. 
Surface, area of, 284. 

centroid of, 308. 

integral, 288. 

of revolution, area of, 202. 
. radius of gyration of, 309. 
Systems of curves, 353. 

Tacnode, 369. 

Tangent, equation of, 64. 

length of, 65, 69. 

plane, equation of, 280. 

slope of, 44. 
Tan (p, cot ^, 67. 
Tangential acceleration, 76, 143. 
Taylor's expansion, 324. 

for functions of two variables, 331. 
Taylor's series, remainder for, 327. 
Test for uniform convergence, 316. 
Tests for convergence, 312. 
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Theorem of mean value, 72. 
Theorems on differentiation, 45. 

of Pappus and Guldin, 293. 

relating to centroids, 293. 

relating to second moments, 299. 
Total derivative, 253, 256. 

differential, 258. 
Transcendental functions, 9. 
Trapezoidal formula, 385. 
Trigonometric functions, computation 

of, 336. 
. differentiation of, 110. 

integration of, 227. 
Triple integral, 251. 

point, 369. 
Turbines, efficiency of, 170. 

Uniform convergence of series, 314. 

Van der Waals' equation, 59, 154, 212. 
Variable, 1. 

dependent, 3. 

independent, 3. 



Velocity components, 98. 
Vibration, damped, 408. 

harmonic, 407. 
Volume element, solid of revolution, 
306. 

polar, 279. 
Volume of circular ring, 306. 

of elliptic paraboloid, 277. 

of solid of revolution, 194. 
Volumes by summation of slices, 196. 

by triple integration, 275, 278. 

in polar coordinates, 279. 

Wave, velocity of, 164. 
Wetted perimeter, 109, 151. 
Witch of Agnesi, 160. 

area of, 187. ' 
Work of expanding gases, 209. 

or variable force, 206. 

represented by area, 207. 

Zeuner's equation for superheated 
steam, 240. 
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